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Preface

The aim of this book is to present in an elementary manner the basic notions related
with differentiable manifolds and some of their applications, especially in physics.
The book is aimed at advanced undergraduate and graduate students in physics and
mathematics, assuming a working knowledge of calculus in several variables, linear
algebra, and differential equations. For the last chapter, which deals with Hamilto-
nian mechanics, it is useful to have some previous knowledge of analytical mechan-
ics. Most of the applications of the formalism considered here are related to dif-
ferential equations, differential geometry, and Hamiltonian mechanics, which may
serve as an introduction to specialized treatises on these subjects.

One of the aims of this book is to emphasize the connections among the areas of
mathematics and physics where the formalism of differentiable manifolds is applied.
The themes treated in the book are somewhat standard, but the examples developed
here go beyond the elementary ones, trying to show how the formalism works in
actual calculations. Some results not previously presented in book form are also in-
cluded, most of them related to the Hamiltonian formalism of classical mechanics.
Whenever possible, coordinate-free definitions or calculations are presented; how-
ever, when it is convenient or necessary, computations using bases or coordinates
are given, not underestimating their importance.

Throughout the work there is a collection of exercises, of various degrees of
difficulty, which form an essential part of the book. It is advisable that the reader
attempt to solve them and to fill in the details of the computations presented in the
book.

The basic formalism is presented in Chaps. 1 and 3 (differentiable manifolds,
differentiable mappings, tangent vectors, vector fields, and differential forms), after
which the reader, if interested in applications to differential geometry and general
relativity, can continue with Chaps. 5 and 6 (even though in the definitions of a
Killing vector field and of the divergence of a vector field given in Chap. 6, the
definition of the Lie derivative, presented in Chap. 2, is required). Chapter 7 deals
with Lie groups and makes use of concepts and results presented in Chap. 2 (one-
parameter groups and Lie derivatives). Chapters 2 and 4 are related with differential
equations and can be read in an independent form, after Chaps. 1 and 3. Finally,
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for Chap. 8, which deals with Hamiltonian mechanics, the material of Chaps. 1, 2,
and 3, is necessary and, for some sections, Chaps. 6 and 7 are also required.

Some of the subjects not treated here are the integration of differential forms,
cohomology theory, fiber bundles, complex manifolds, manifolds with boundary,
and infinite-dimensional manifolds.

This book has been gradually developed starting from a first version in Spanish
(with the title Notas sobre variedades diferenciables) written around 1981, at the
Centro de Investigacion y de Estudios Avanzados del IPN, in Mexico, D.F. The
previous versions of the book have been used by the author and some colleagues in
courses addressed to advanced undergraduate and graduate students in physics and
mathematics.

I would like to thank Gilberto Silva Ortigoza, Merced Montesinos, and the re-
viewers for helpful comments, and Bogar Diaz Jiménez for his valuable help with
the figures. I also thank Jessica Belanger, Tom Grasso, and Katherine Ghezzi at
Birkhiuser for their valuable support.

Puebla, Puebla, Mexico Gerardo F. Torres del Castillo
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Chapter 1
Manifolds

The basic objective of the theory of differentiable manifolds is to extend the appli-
cation of the concepts and results of the calculus of the R" spaces to sets that do not
possess the structure of a normed vector space. The differentiability of a function
of R” to R™ means that around each interior point of its domain the function can
be approximated by a linear transformation, but this requires the notions of linearity
and distance, which are not present in an arbitrary set.

The essential idea in the definition of a manifold should already be familiar from
analytic geometry, where one represents the points of the Euclidean plane by a pair
of real numbers (e.g., Cartesian or polar coordinates). Roughly speaking, a manifold
is a set whose points can be labeled by coordinates.

In this chapter and the following three, the basic formalism applicable to any
finite-dimensional manifold is presented, without imposing any additional structure.
In Chaps. 5 and 6 we consider manifolds with a connection and a metric tensor,
respectively, which are essential in differential geometry.

1.1 Differentiable Manifolds

Let M be a set. A chart (or local chart) on M is a pair (U, ¢) such that U is a subset
of M and ¢ is a one-to-one map from U onto some open subset of R” (see Fig. 1.1).
A chart on M is also called a coordinate system on M. Defining a chart (U, ¢) on
a set M amounts to labeling each point p € U by means of n real numbers, since
¢ (p) belongs to R”, and therefore consists of n real numbers that depend on p; that
is, ¢ (p) is of the form

o (p) = (x'(p), x2(p), ... x"(p)). (1.1)

This relation defines the n functions x', x2, ..., x", which will be called the coordi-

nate functions or, simply coordinates, associated with the chart (U, ¢). The fact that
¢ is a one-to-one mapping ensures that two different points of U differ, at least, in
the value of one of the coordinates.

G.F. Torres del Castillo, Differentiable Manifolds, 1
DOI 10.1007/978-0-8176-8271-2_1, © Springer Science+Business Media, LLC 2012
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Fig. 1.1 A coordinate system in a set M; with the aid of ¢, each point of U corresponds to some
point of R"”. The image of U under ¢ must be an open subset of some R”

We would also like close points to have close coordinates, but that requires some
notion of nearness in M, which can be given by the definition of a distance be-
tween points of M or, more generally, by assigning a topology to M. We are not
assuming that the reader is acquainted with the basic concepts of topological spaces
and in most applications we will be dealing with sets possessing a natural notion of
nearness (see, however, the comment after Exercise 1.2). Hence, we shall not make
use of the concepts required for an adequate general discussion. For a more rigorous
treatment see, e.g., Crampin and Pirani (1986), Conlon (2001), Boothby (2002), and
Lee (2002).

These concepts have many applications in physics. For instance, if M is the con-
figuration space of a mechanical system with n degrees of freedom, a choice of the
so-called generalized coordinates is equivalent to the definition of a chart on M;
when M is the set of equilibrium states of a thermodynamical system, the coordi-
nates associated with a chart on M are, typically, the pressure, the temperature, and
the volume of the system.

The coordinates associated with any chart (U, ¢) must be functionally inde-
pendent among themselves, since the definition of a chart requires that ¢ (U)
(={¢(p)|p € U}) be an open subset of R". If, for instance, the coordinate x”
could be expressed as a function of x!, x2,..., x""! then the points ¢ (p) (p € U)
would lie in a hypersurface of R", which is not an open subset of R”.

Frequently, a chart (U, ¢) on M will not cover all of M, that is, U will be a
proper subset of M; moreover, it is possible that a given set M cannot be covered
by a single chart, as in the case of the circle or the sphere, where at least two charts
are necessary to cover all the points of M (see the examples below). Hence, in order
to cover all of M, it may be necessary to define two or more charts and, possibly,
some points of M will lie in the domain of more than one chart.

A function F : R" — R™ given by F(q) = (f1(q), f2(q), ..., fm(q)) is differ-
entiable of class CF if the real-valued functions f1, f2, ..., fm have kth continuous
partial derivatives; two charts on M, (U, ¢) and (V, ), are said to be Ck-related (or
Ck—compatible) if U NV = (the empty set), orif ¢ o x 1ix(UNV)—>oUNV)
and x 0~ : (U N V) — x(UN V), whose domains are open in R”, are dif-
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Fig. 1.2 Two coordinate systems whose domains have a nonempty intersection. A point p belong-
ing to U NV corresponds to two points of R”, ¢(p) and x (p); the charts (U, ¢) and (V, x) are
Ck-related if the maps ¢ (p) — x(p) and x(p) — ¢(p) are differentiable functions of class ck

ferentiable of class CK (see Fig. 1.2). If x!, x%, ..., x" are the coordinates as-
sociated to (U, ¢) and yl, y2,..., y" are the coordinates associated to (V, x),
the fact that (U, ¢) and (V, x) be Ck-related amounts to the fact that, for all
peUNV, y'(p),y?(p).....y"(p) be differentiable functions of class C* of
x'(p), x*(p), ..., x"(p), and conversely.

A C* subartlas on M is a collection of charts on M, {(U;, ¢i)}, such that for any
pair of indices i, j, (U;, ¢;) and (U}, ¢;) are Ck-relatedand M = U UU, U - - (so
that each point of M is in the domain of at least one chart). The collection of all the
charts C¥-related with the charts of a C¥ subatlas, on M, form a C k atlas on M.

Definition 1.1 A C* manifold of dimension n is a set M with a C* atlas; if k > 1, it
is said that M is a differentiable manifold. If k = 0, it is said that M is a topological
manifold.

In the space R", the pair (R"”, id) (where id denotes the identity map) is a chart
that, by itself, forms a C*° subatlas. The infinite collection of all the coordinate sys-
tems C*°-related with this chart form a C* atlas with which R" is a C°° manifold
of dimension n. When we consider R” as a differentiable manifold, it is understood
that this is its atlas.

For instance, the usual polar coordinates of the Cartesian plane belong to the atlas
of R%; one can readily verify that the pair (V, x), with V ={(x, y) € R2 | x > 0} and

x(x,y)=(y/x?+ y?, arctan y /x)

is a chart on R? with x (V) = (0, 00) x (—m/2, /2), which is an open set in RZ.
Taking (U, ¢) = (RZ,id), one readily verifies that (x o dH(x,y) = x(x,y) =
(v/x2 + y2, arctan y/x) and (¢ o x ") (r,0) = x ~1(r,0) = (r cos, rsin) are dif-
ferentiable of class C*° in ¢(UNV)=V and x(UNV)=x(V) =(0,00) x
(—m/2,m/2), respectively.

Let M be a manifold. A subset A of M is said to be open if for any chart (U, ¢)
belonging to the atlas of M, the set ¢ (A N U) is open in R".
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Fig. 1.3 The stereographic projection establishes a one-to-one correspondence between the points

of the n-sphere, excluding the “north pole” (0,0, ..., 1), and the points of the plane x"t1 = 0. The

point (a1 Jat, ..., a”*l) is a point of the n-sphere different from (0, 0, ..., 1)

Exercise 1.2 Show that the collection T of open subsets of a manifold M is a topol-
ogy of M, that is, show that M and the empty set belong to 7, that the union of any
family of elements of 7 belongs to 7, and that the intersection of any finite family
of elements of T belongs to 7. We say that this topology is induced by the manifold
structure given in M.

When a given set, M, already possesses a topology and one wants to give it the
structure of a manifold in such a way that the topology induced by the manifold
structure coincides with the topology originally given, one demands that for each
chart (U, ¢), in the atlas of M, the map ¢ be continuous and have a continuous
inverse; as a consequence, U must be an open set of M. (A map is continuous if and
only if the preimage of any open set is open.)

Example 1.3 Almost all the points of the n-sphere
S = {(al, ...,a"“) e R™ (al)2 4+ 4 (a"+1)2 = 1}

(n > 1) can be put into a one-to-one correspondence with the points of R"” by
means of the stereographic projection defined in the following way. Any point
(@', ...,a"*t") e S", different from (0,0, ..., 1), can be joined with (0,0,...,1)
by means of a straight line that intersects the hyperplane x"*! = 0 at some point
(b, ....b",0) (see Fig. 1.3). The condition that the three points (a',...,a"th,
0,0,...,1),and (bl, ..., b",0) lie on a straight line amounts to

(b',....b",0) = (0,0,..., ) =2[(a",....,a"™") = 0,0,...., D],  (1.2)

for some A € R. By considering the last component in the vector equation (1.2)
we have 0 — 1 = A(a™t! — 1); hence, » = 1/(1 — a"*!). Substituting this value
of A into (1.2) we find that the mapping ¢ : S"” \ {(0,0, ..., 1)} > R" defined by
p@',....a" = @', ..., b") is given by

¢(a1,...,a”+1)—é(al,...,a"). (1.3)

T — gl

The pair (U, ¢), with U =S" \ {(0,0, ..., 1)}, is a chart of coordinates, since ¢ is
injective and ¢ (U) = R" (which is an open set in R").
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In a similar manner, joining the points of S” with (0,0, ..., —1) by means of
straight lines, another projection is obtained, x : S” \ {(0,0,...,—1)} — R", given
by

1
1 +1y _ 1
X(a,...,a" )—m(d,...,d”) (14)
so that (V, x), with V. =8" \ {(0,0,...,—1)}, is a second chart of coordinates

which is C®°-related with (¢, U). In effect, from (1.3) and (1.4) we find that

1 noo
Tl )= ——ouo (2, 20", -1+ ) (B,

| i (1.5)
“1pl o)y =——— (a2 1= (b)),
) = st >0

and therefore
bl,....b"
(Xo¢—1)(b1,...,b")=(¢ox—1)(b1,...,b”)=%.

i=1(0")

We have U NV = S§"\ {(0,0,...,1),(0,0,...,—1)}; hence ¢(U NV) =

x(UNV)y=R"\ {(0,0,...,0)}, where the compositions x o ¢! and ¢ o x !
are differentiable of class C*°. Since S" = U U V, the charts (U, ¢) and (V, x)
form a C*° subatlas for S”.

The Cartesian product of two differentiable manifolds, M and N, acquires the
structure of a differentiable manifold in a natural way. If {(U;, ¢;)} and {(V}, ¥;)}
are subatlases of M and N, respectively, one can verify that {(U; x V;, p;;)} is a
subatlas for M x N, with p;;(p,q) = L (p), ..., x"(p), y'(q), ..., y™(q)), where

x'(p), ..., x"(p) =¢(p) and (y'(q), ...,y (@) =¥ (q).

Differentiability of Maps If f is a real-valued function defined on a differen-
tiable manifold M, f : M — R, and (U, ¢) is a chart belonging to the atlas of M,
the composition f o ¢~! is a real-valued function defined on an open subset of R”,
which may be differentiable or not (see Fig. 1.4). The differentiability of the com-
position f o ¢! does not depend on the chart chosen, since the charts of the atlas
of M are C¥-related (for some k > 1). From the identities

fo¢™ =(foxo(xod™).  foxT'=(fog e (pox™")

it follows that f o ¢! is differentiable if and only if f o x ! is. Hence, it makes
sense to state the following definition. Let M be a differentiable C* manifold.
A function f : M — R is differentiable of class C" (r < k) if f o ¢! is differ-
entiable of class C” for every chart (U, ¢) in the atlas of M.

For a fixed coordinate system (U, ¢) belonging to the atlas of M, and a real-
valued function f : M — R, letting F = f o ¢!, we have [see (1.1)]

fp)y=(fod (o) =F(p(p) =F(x'(p), x*(p),....x"(p)),
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Fig. 1.4 With the aid of a coordinate system on M, a real-valued function f defined on M is
represented by the function fo¢™! :R” - R

for p € U. Thus, we write f = F(x1 X2, x™); in this manner, the function f is
expressed in terms of a real-valued function defined in (a subset of) R”.

Exercise 1.4 Let M be a C¥ manifold. Show that the coordinates associated with
any chart in the atlas of M are differentiable functions of class CX. (Hint: if
d(p) = (p), x2(p), ..., x"(p)), then x' =7’ o p where 7' : R" — R is defined
by 7i@,d?,...,a" =d')

If M is a C* manifold and N is a C! manifold, a map v from M into N is differ-
entiable of class C” (with r < min{k, [}) if for any pair of charts (U, ¢) on M and
(V, x) on N, the map x o ¥ o ¢! is differentiable of class C”; thatis, ¢ : M — N
is differentiable if, for p € M, the coordinates of {(p) depend differentiably on the
coordinates of p (see Fig. 1.5). In fact, if x!, x2, ..., x" are the coordinates associ-
ated with the chart (U, ¢) on M and y!, y2,..., y" are the coordinates associated
with the chart (V, x) on N, we have

G P). Y (W) = x (¥ (P) = (x o v 0o d™ ) (o(p))
=(xov oo H)(x'(p),....x"(p)).

A diffeomorphism 1 is a one-to-one map from a differentiable manifold M to a
differentiable manifold N such that v and ¥ ~! are differentiable; two differentiable
manifolds M and N are diffeomorphic if there exists a diffeomorphism ¥ from M
onto N.

Exercise 1.5 Show that the set of diffeomorphisms of a manifold onto itself forms
a group with the operation of composition.

Let M be a C* manifold of dimension n. A subset N of M is a submanifold
of M, of dimension m (m < n), if there exists a C* subatlas of M, {(U;, ¢i)}, such
that

¢,-(NﬂU,~):{(a1,a2,...,a”)GR” |am+1:am+2:---:a”:0},



1.1 Differentiable Manifolds 7

Rm

R xowoo~!

Fig. 1.5 The map v : M — N is locally represented by the map x o ¥ o ¢~ 1. ¢ is differentiable
if the compositions x o ¥ o ¢! are differentiable for any pair of charts (U, ¢) on M and (V, x)
on N

Let 7 be the canonical projection from R” onto R” given by n(a!,a?,...,a") =
(a',a?,...,a™). The collection {(N N U;, w o ¢;)} is a C* subatlas on N, and N
becomes a CX manifold of dimension m with the atlas generated by this subatlas;
in other words, N is a submanifold of dimension m if there exist coordinate sys-
tems (U, ¢) on M such that if U intersects N,then NNU ={p e U | xm+1(p) =

x’”+2(p) =...=x"(p) =0}, where x!, x2, ..., x" are the coordinates associated

to (U, ¢).
With the aid of the following theorem we can construct or identify many exam-
ples of submanifolds.

Theorem 1.6 Ler f', f2,..., f™ be real-valued differentiable functions defined
on M.Theset N={peM]| fl(p)=f>(p)=---= f"(p) =0} is a submanifold
of dimension n — m of M if for any chart (U, ¢) of the atlas of M such that U
intersects N, the matrix with entries D,-(fj oqb_l)ld,(p) (I<i<mn1<j<m)isof
rank m for p € N. (D; stands for the ith partial derivative.)

Proof Let p € N and let (U, ¢) be a chart on M with p € U. Assuming that the
determinant of the square matrix D;(f/ o ¢*1)|¢(p) (1 <i, j <m)is different from
zero (which can be achieved by appropriately labeling the coordinates if necessary)

and denoting by x I x2, ..., x" the coordinates associated with (U, @), the relations
1 1 2 2
y=f, y=fo o Y=,
(1.6)
ym+1 = xm—i—l’ ., yn Exn

define a coordinate system in some subset V of U, that is, the x! can be written as
differentiable functions of the y’. In the coordinates y’ the points p of N satisfy
yl(p) =y2(p) =--- = y"™(p) = 0. Therefore, N is a submanifold of M of dimen-
sion n — m. U
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Fig. 1.6 A curve in M and its image in a coordinate system. C is differentiable if ¢ o C is differ-
entiable for any chart (U, ¢) on M

Example 1.7 Let M =R3 and N = {p € R?| f(p) =0} with f = x> + y? —z,
where (x, y, z) are the natural coordinates of R3. The matrix (D;(f o ¢_1)|¢( 7))
mentioned in Theorem 1.6, is the row matrix (2x(p) 2y(p) — 1), whose rank is
equal to 1 at all the points of N (actually, it is equal to 1 everywhere). Thus, we
conclude that N is a submanifold of R? of dimension two. However, in order to
see in detail how the proof of the theorem works, we shall explicitly show that N
satisfies the definition of a submanifold given above.

It is convenient to relabel the coordinates, so that f takes the form f = y? +
7% — x, because in that way the first entry of the matrix (D;(f o ¢_1)|¢(p)) is al-
ways different from zero. Then, following the steps of the proof of the theorem, we
introduce the coordinate system (u, v, w) [see (1.6)],

u=f=y'+z2-x, wv=y, w=z

on all of R3. From these expressions and their inverses, x = v2 +w? —u, y=v,
z = w, we see that the two coordinate systems are C°°-related, and in terms of the
coordinate system (u, v, w), each point p € N satisfies u(p) =0.

Exercise 1.8 Show that if x!, x2,...,x" are the natural coordinates of R”
(that is, the coordinates associated with the chart (R”,id) of R"), then S"~! =
{peR" | (x'(p)?+ *%(p)? +--- + (x"(p))*> = 1}, is a submanifold of R” of
dimension n — 1.

Definition 1.9 Let M be a C¥ manifold. A differentiable curve, C, of class C",
in M, is a differentiable mapping of class C” from an open subset of R into M; that
is, C : [ — M is a differentiable curve of class C" in M if I is an open subset of R
and ¢ o C is a differentiable map of class C" for every chart (U, ¢) of the atlas of
M (see Fig. 1.6).

In what follows it will be assumed that all the objects dealt with (manifolds,
maps, curves, etc.) are of class C*°.
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The set of all differentiable functions from M to R will be denoted by C*°(M).
This set is a ring with the operations given by

(f+&p)=f(p)+gp)

(af)(p) =af(p) (1.7)
(fe)(p) = f(p)g(p) for f,ge C®(M), acR, and pe M.

If ¢ is a differentiable map from M to a differentiable manifold N and
f € C°°(N), the pullback of f under ¥, ¥* f, is defined by

Yyrf=foy. (1.8)

From the relation (¥*f)o¢p™' = (fox 1) o(x oy op™!) it follows that * f €
C°°(M). Thatis, ¥* : C*°(N) — C°°(M) (¥* is applied to functions defined on N
to produce functions defined on M ; hence the name pullback for ¥*).

Exercise 1.10 Show that y*(af + bg) = ay*f + by*g and v*(fg) =
W* f)(y*g) for f,g € C*°(N) and a,b € R.

Exercise 1.11 Show that a map ¥ : M — N is differentiable if and only if * f €
C>®(M) for f € C*®°(N).

Exercise 1.12 Show that if ¢ : My — M> and Y : My, — M3 are differentiable
maps, then (Y2 o ¥1)* = ¥1* o Yro™.

1.2 The Tangent Space

If C is a differentiable curve in M and f € C*°(M), then C*f = f o C is a dif-
ferentiable function from an open subset I C R into R (see Fig. 1.7). If 1y € I, the

tangent vector to C at the point C(#y), denoted by C ;0, is defined by

_ i L(€®) — f(C))
= 11m .

oy =0 t—1o

(1.9)

d
Culf1= (€

Hence, C ;0 is a map from C°°(M) into R with the properties (see Exercise 1.10)

d
Cylaf +bgl = E(C*(“f + bg))

fo
d * *
= a(ac f+bC*g)

=aC,/0[f]—|—th/0[g], for f,g € C*(M), a,b eR,

0]
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A~

fo

Rn

Fig. 1.7 Composition of a curve in M with a real-valued function f. The derivative of f o C,
which is a function from R into R, represents the directional derivative of f along C

and

/ d *

1o

d * *
= S(@ne)|
= f(C()) C;,[g]+ &(Ct) Cy L], for f. g € CP(M).

The real number C t/o[ f11is the rate of change of f along C around the point C (¢p).
The properties of the tangent vector to a curve lead to the following definition.

Definition 1.13 Let p € M. A tangent vector to M at p is amap, v,, of C*°(M) in
R such that

Up[af + bg] :avp[f] +bvp[g]
vplfgl= f(p)vplgl+g(p)vplf],
for f,g e C*®°(M),a,beR.

(1.10)

For a constant function, ¢ (denoting by ¢ both the function and its value, i.e.,
c(p) =c forall p € M), we have

vplel = vple-1=cuvp[ll=cvp[l-1]
=c(1-vp[11+1-v,[1]) =2cv,[1] = 2vplcl;
therefore,
vple]l =0. (1.11)

The tangent space to M at p, denoted by T, M (or by the symbols 7),(M) and
M), is the set of all the tangent vectors to M at p. The set T), M is a real vector
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space with the operations defined by

(vp + wp)[f] = Up[f] + wp[f],

(1.12)
(avp)lfl1=a(vplfl),

forv,,w, e Ty,M, f € C*°(M), and a, b € R. Hence, 0,, the zero vector of 7, M,
satisfies 0,[ f]1=0 for f € C®(M).

If (U, ¢) is a chart on M, with coordinates xYx2, ... x"and p € U, the tangent
vectors, (8/8x1),,, (a/axZ),,, ..., (0/0x")p, are defined by

d - 00
(Q)p[f]zDi(foqﬁ Moy for feC=w), (1.13)

where D; denotes the partial derivative with respect to the ith argument; that is,

d 1 .
<—) [f]=}Ln6;[(fo¢‘1)(xl(p),...,x‘(p)+t,...,x”(p))
4

oxt
—(foo ('), ....x" (), ..., x"(P)]: (1.14)

Using the definition (1.13) one readily verifies that, in effect, (3/ axh) p satisfies the
conditions (1.10) and therefore (3/dx) p€TM.
Taking f =x/ in (1.14) and noting that

(x7 o) (x'(P). x*(p), ... x"(p)) = (x/ 07" (¢(p)) =x' (p)

and, similarly,

Joa—1\ (.1 2 i n _ x(p) iti#j,
(x o¢ )(x (p),x“(p)y....,x"(p)+t,...,x (p))_{xj(p)—l-t iz

(for ¢ sufficiently small, so that all the points belong to U'), we find that

5 | (0 ifie]
(—) [x]]:Sl.JE{ iHi (1.15)
axt J 1 ifi=j.

The set {(3/0x")p}_; is linearly independent since if a’(8/3x"), =0, (here
and in what follows, any index that appears twice, once as a subscript and once
as a superscript, implies a sum over all the values of the index, for instance,
a'(3/0x"), =Y""_,a'(3/dx"),), then using (1.15) we have

0=0p[xj]=ai(%> [xj]zaiSij —=al.
p
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Theorem 1.14 If (U, ¢) is a chart on M and p € U, the set {(E)/E)x’.)p};’=1 is a
basis of Ty,M and

- 0
= ! , 1.16
w=ul)(5) 116
forv, eT,M.

Proof We only have to prove that any tangent vector to M at p can be expressed
as a linear combination of the vectors (3/9x") p-Let f € C°°(M). The composition
F = f o¢~!is areal-valued function defined on ¢ (U), which is an open set of R”.
For an arbitrary point g € U, we have f(g) = (f o o Ho (¢ (q)) = F(¢(gq)) and,
similarly, f(p) = F(¢(p)). According to the mean value theorem for functions
from R” in R, for a real-valued differentiable function, F', defined in some open
subset of R", given two points (al, ...,a") and (b], ..., b") such that the straight
line segment joining them is contained in the domain of F, we have

F(b',....b") = F(a',....a") = (b' —d")DiFl1__ o), (1.17)
where (¢!, ..., c") is some point on the straight line segment joining the points
(@',...,a") and ',....p") [ie, (c!,....c") = (I — to)(a',...,a") +
tob', ..., b"), for some 1y € (0,1)]. Applying the formula (1.17) with
@,....a=u"p).....x"(p) =¢(p)and b',....b") = (x'(q).....x"(q)) =
¢ (q) we obtain

.....

Taking p fixed, the real numbers D; F |(c1
gi(q); then (1.18) amounts to

f@=fp)+[x'(@) —x'(p)]gi@

or, since ¢ is an arbitrary point in a neighborhood of p,

.....

=+ —xp]e. (1.19)

Using'(l.lo), (1.11), and the expression (1.19), taking into account that f(p) as
well as x' (p) are real numbers, while f, x*, and g; are real-valued functions defined
in a neighborhood of p, for any v, € T, M we have

vl F1=vp[F(P)] + [x' (p) — X' ()] vplgil + g (P) vp[x' — X' (p)]
= gi(p)vp[x'],

but g;(p) = Di Flgp) = (8/8xi)p[f] [see (1.13)]. Therefore

; d
Up[f] = vp[xl](ﬁ) [f]
p
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and, since f is arbitrary, we obtain the expression (1.16). As a corollary of this result
we find that the dimension of 7}, M coincides with the dimension of M. O

According to (1.16), the tangent vector to a differentiable curve C in M
(C: 1 — M), at the point C (tp) is given by

- 0
Ct/o = Ct/o[xl](axi)c(t )‘
0

But, from (1.9), Ct/0 [x'1=dx! o C)/dt|sy; therefore

d
(—l> . (1.20)
fo dx C(to)

Exercise 1.15 Let v, € T, M. Show that there exists a curve C such that v, = Cy .

d(x' o C)
Gy ="

If (V, x) is a second chart on M with coordinate functions y', y?, ..., y", and
p € UNV, then we have another basis for 7, M given by {(3/0y"),}?_,. From

(1.16) we see that
ay' » ay' » ax/ »

It is convenient to write (3f/dx"), instead of (3/0x"),[f], keeping in mind the

definition (1.13), so that (1.15) becomes (dx/ /dx’) p= 81.] and the foregoing relation
can be expressed in the simpler form

(3),=(57), ()
R R e N L (1.21)
'/, ay' ) ,\ox/ J
<i> :(ayl,) <i) , (1.22)
axl /), ax/ ), \ady' /),

which means that the two bases pf T,M, {(0/0x")p}!_, and {(3/0y")p}7_,, are
related by means of the matrix cl.J (p) = (3x/ / ay') p» Whose inverse is the matrix
&j(p) = (8y*/0x7) .

Let M and N be two differentiable manifolds, and let ¥ : M — N be a differ-
entiable map (see Fig. 1.8). The map ¢ induces a linear transformation between
the tangent spaces T, M and Ty, ()N called the Jacobian (or differential) of i at p,
denoted by ¥, (or by dyrp). If v, € T, M, v (v),) is defined as the tangent vector
to N at ¥ (p) such that for f € C°°(N)

and, similarly,

Vip ) f1=vp [ " 1. (1.23)
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N

Fig. 1.8 If v : M — N is a differentiable mapping from M into N, its Jacobian, or differential,
maps tangent vectors to M into tangent vectors to N

Exercise 1.16 Show that if v, € T, M, then ¥, (v,) € Ty ()N and that ¥, is
linear.

If (xl,xz,...,x”) is a coordinate system on M about the point p and
(y', y2,...,y™) is a coordinate system on N about ¥ (p), since Yup(0/0x") ), €
Ty (pyN, using (1.16) we obtain the relation

olam), =¥l D e
Toxt ), T o py Y ) ypy

But from the definitions (1.23) and (1.8), ¥, (8/9x") ,[y/] = (3/3x") ,[¥*y/] =
(8/8xi)p[yj o Y]; therefore

0\ _(3G7ow) (0
w“’(W)p_( ox! )p(ayf>¢,(p)' e

In other words, the matrix with entries (3(y/ o ¥)/9x") p represents the linear trans-
formation v, with respect to the bases {(3/dx"),}"_; and {(3/3y”)y(p) Ji (com-
pare with the usual definition of the Jacobian matrix in the calculus of several vari-
ables).

If Y1 : M{ — M3 and ¥, : My — M3 are differentiable maps between differen-
tiable manifolds, then, for v, € T,M| and f € C*°(M3), using (1.23) and Exer-
cise 1.12, we have

(Y2 0 Y)sp ) f1=vp[ (W2 0 Y1) * f] = vp[ (1™ 0 ¥2*) f]

=0, [V1I" W2" )] = Y1apWp) [¥2* f]
= V2uy1 () (Visp (0p)) [ 1,

1.€.,

(V2 0¥ 1)sp = V2sy (p) © Visp- (1.25)

This relation is called the chain rule.
If v : M — N is a differentiable map between differentiable manifolds and
C:1— M is a curve in M, the composition ¢ o C is a curve in N. According
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G

— R

—~

Iy

Fig. 1.9 The tangent vectors of the curve i o C are obtained applying the Jacobian of ¢ to the

tangent vectors of C
M
h

M

Fig. 1.10 The tangent bundle of M is formed by the union of the tangent spaces to M at all the
points of M. Each tangent space to M is represented here by a vertical line

to (1.9) and (1.23), the tangent vector to ¥ o C at the point (v o C)(f9) = ¥ (C(ty))
satisfies

d
(¥ 0 C)y [f1= a(f oy oC) W Cplf o]
= Cy [V" f1=Vuc) (CLf1,  for f e CP(N).

Hence

(¥ 0 O)jy = V(1) (Cyy) (1.26)

which means that the tangent vectors to the image of a curve C under the map v
are the images of the tangent vectors to C under the Jacobian of ¢ (see Fig. 1.9).

The Tangent Bundle of a Manifold The rangent bundle of a differentiable man-
ifold M, denoted by TM, is the set of all tangent vectors at all points of M; that
is, T™M = pem TpM. The canonical projection, m, from TM on M is the mapping
that associates to each element of TM the point of M at which it is attached; that is,
if v, € Ty,M, then 7 (v,) = p. Therefore, 7 (p) = T, M (see Fig. 1.10).
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n~ ' (U)
¢

¢
M RZn

Rn

Fig. 1.11 Each coordinate system on M, (U, ¢), induces a coordinate system on 7TM, (TN, ¢)

The tangent bundle has the structure of a differentiable manifold induced by
the structure of M in a natural way. If (U, ¢) is a coordinate system on M, each
vy € 7~ 1(U) is a linear combination of the vectors (3 /dx") p» with real coefficients
that depend on v,,. Hence, we can write

: 9
Up:ql(vp)<@> , (1.27)
p

which defines n functions ¢’ : 7~ 1(U) — R. (This notation comes from that com-
monly employed in Lagrangian mechanics, when M is the configuration space of a
mechanical system.) From (1.15) we also have

' (vp) = vp[x']. (1.28)

Defining the n functions g 77 (U) = R, by ¢/ = x! o = n*x!, the pair
(7~ (U), ¢), with

Py =(q"Wp)s s q" Wp), G (Wp), .., 4" (V).

is a chart on TM (see Fig. 1.11). (The image of 7~ (U) under ¢ is ¢ (U) x R",
which is an open subset of R?", and the injectivity of ¢ follows from the injectivity
of ¢ and the fact that if two vectors have the same components with respect to a
basis, they must be the same vector.)

Two coordinate systems (U, ¢) and (U’, ¢’) on M, Ck—related, induce the co-
ordinate systems (r~'(U), ¢) and (1 (U"), a) on TM, which are C¥~!-related,
since from (1.27) [or from (1.21) and (1.22)] it follows that the coordinates c]i and
¢'" are related by

~ . ax! . : ax’t
Yy ), g * ),
Q=i (ax,_,) i =g ( axj)
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where x! denotes the coordinates associated with U, ¢), x’ I those associated with
(U’, ¢"), while ¢’ and ¢"* are the coordinates induced on TM by (U, ¢) and (U’, ¢'),
respectively. Thus, if {(U;, ¢;)} is a subatlas on M, (= (U, 5,-)} is a subatlas on
TM that defines a differentiable manifold structure.

Since, by definition, 7*x! = ¢', the projection 7 is differentiable. Moreover,

from (1.24) we obtain

d d d
n*v(_i) = (_l) > n*v(_.i) =0, (1.29)
aq' /, 0x () aq' /,

Exercise 1.17 With the notation employed above, show that

L X" dg't . 3f AT* f)
T - | = - and 7| — | = -~
ax/ dg/ oxJ dq/

for f € C°(M).

forv e n_l(U).

The tangent bundle and the cotangent bundle (defined in Sect. 8.1) of a mani-
fold are two examples of vector bundles and fiber bundles. We are not giving here
the definitions of these more ample concepts, since we will not make use of them.
However, the vector bundles and the fiber bundles are two very useful concepts
in manifold theory and topology. Some introductory presentations can be found in
Crampin and Pirani (1986), Lee (1997), Isham (1999), and Conlon (2001).

1.3 Vector Fields

A vector field X, on M, is a function that to each point p of M assigns a tangent
vector X(p) € T, M. The tangent vector X(p) is also denoted by X,. A vector field
may not be defined in all of M (for instance, its domain may be the image of a
curve); but when a vector field is defined in all of M we say that it is defined globally,
otherwise we say that it is defined only locally.

Since a vector field gives us a tangent vector at each point of its domain and a
tangent vector can be applied to real-valued differentiable functions to yield real
numbers, given a vector field X and f € C°°(M), we can form a real-valued func-
tion X f, defined by

XNH(p)=Xplf] (1.30)
Since X, € T, M, from (1.10) it follows that

X(af +bg) =aXf+bXg and X(fg)= fXg+ gX/, (1.31)

for f,g e C*°(M) and a, b e R.
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A vector field X is differentiable (of class C*°) if for all f € C°°(M), the func-
tion X f also belongs to C°°(M). The set of all differentiable vector fields on M will
be denoted by X(M). Vector fields can be combined by means of the operations

(@X+bY), =aX, +bY,,
(fX)p = 10X,

for X, Y e X(M),a,b R, and f € C°°(M). Making use of the definitions above,
one verifies directly that aX + bY and fX are vector fields.

(1.32)

Exercise 1.18 Let X and Y be two vector fields on M. Show that
@X+0bY)f =aXf+DYYS, (1.33)
&X) f =gX[f), (1.34)

fora,beRand f, g € C*(M).

If (U, ¢) is ac.hart onM, we.have n vector fields, (8/8xi), i=1,2,....,n,onU
defined by (d/dx")(p) = (d/dx"),. These vector fields are differentiable since from
(1.30) and (1.13) we see that, for any f € C°°(M),

(8ii>f:[pi(fo¢—1)]o¢. (1.35)

Below (3/0x') f will be also written as df/dx’, keeping in mind that these functions
are defined by (1.35).

Since the tangent vectors (9/ axh) p form a basis of T, M, any vector field X
evaluated at the point p must be a linear combination of the vectors (9/0x"), with
real coefficients, which may depend on p. Therefore

. d
X,,=X’(p)(g) .

p

This relation defines 7 real-valued functions X!, X2, ..., X" in the intersection of U
and the domain of X. Making use of the operations (1.32) we have

. ) a
X, =X (@(g)(p) = [X’ <ﬁ>](p),

X = X"(i). (1.36)

hence

x!

(Strictly speaking, the left-hand side of this last equation is the restriction of X to the
intersection of U and the domain of X, denoted by X|y, where V is the intersection
of U and the domain of X.)
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Exercise 1.19 Let X = X'(d/3x"). Show that the functions X'i are given by
X' =Xx' and that X is differentiable if and only if the functions X' are.

Exercise 1.20 Let (xl,x?, ..., x") and (x”,)_c/z, .. .,gc/”) be two coordinate sys-
tems. Show that if X = X' (9/0x") and X = X'/ (3/9x'/), then

yi— xi dx'J
ox!

’

in the intersection of the domains of X and those of the two coordinate systems.
(This last expression is the definition of a contravariant vector field in the tensor
formalism.)

There is another operation between vector fields, called the Lie bracket, with
which X(M) becomes a Lie algebra over R (see Appendix A). If X and Y are vector
fields on M, their Lie bracket is defined by

X, Yl f=XXYf)-YXf) for feC®(M). (1.37)
Then [X, Y] = —[Y, X].

Exercise 1.21 Show thatif X,Y,Z € X(M) then [X, Y] € X(M) and [X, [Y, Z]] +
Y, [Z, X]] + [Z, [X, Y]] =0.

Exercise 1.22 Show that [fX,¢gY] = fg[X, Y] + fXg)Y — g(Y[)X, for
X,YeX(M)and f, g€ C®°(M).

If (U, ¢) is a chart on M with coordinates xl,xz, ..., x" from (1.35) we have
[(8/0x"), (3/9x7)]f
0 _ 0 _

~ (520 ){[2s(r 0700} = (5 )12 207)] 00)
={DiDj(fo¢™")—D;Di(fodp ")} oo

=0,

for f € C°°(M); hence
[(8/0x"), (3/3x7)] =0. (1.38)

Exercise 1.23 Show that if X,Y € X(M) are given by X = X'(9/9x") and
Y =Y/(9/0x’), then [X,Y] = (XY' — YX")(9/0x"). (Hint: use the result of the
first part of Exercise 1.19.)

Exercise 1.24 Compute the Lie brackets of the vector fields

a 1—r? B]
X:(l—l—rz)sin@a——i— ! cos@a—,

r r 0
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1—r? . 0
sinf —,
00

d
_ 2
Y=—(1+r )cos@—ar + .

7=—.
26

As shown above, each coordinate system gives rise to a set of n vector fields that
can be used to express an arbitrary vector field in the local form (1.36), and that sat-
isfy the relations (1.38). Nevertheless, an arbitrary vector field can also be expressed
in a form analogous to (1.36) in terms of any set of n vector fields such that at each
point of their common domain forms a basis for the tangent space. The use of this
kind of set of vector fields, not necessarily associated with coordinate systems, may
be convenient when there exists some additional structure on the manifold (e.g.,
a connection, a metric tensor or a Lie group structure), as shown, e.g., in Sects. 5.3,
6.2,6.3,64,7.2,and 7.5.

While any differentiable mapping from a manifold into another manifold allows
us to map tangent vectors to the first manifold into tangent vectors to the second
one (by means of the Jacobian of the map), not any differentiable map between
manifolds allows us to map a vector field on the first manifold into a vector field
on the second one. For instance, if a differentiable map v : M — N is not injective,
there exist two different points p and g, belonging to M, which have the same image
under ; however, for a vector field X on M, the tangent vectors ¥4, X, and ¥4, X,
need not coincide.

Let v : M — N be a differentiable map between differentiable manifolds. If
XeX(M)and Y € X(N), we say that X and Y are /-related if

YW(P) ZW*po, fOI'pEM. (139)
From (1.30) and (1.23) it follows that if f € C°°(N), then
YN P) = Yol f1=vepX, L f1= X, f 0 Y]
= (X(foy))(p), forpeM,

that is
Yoy =X(foy), forfeC®(N). (1.40)

For example, according to Exercise (1.17), the vector fields 3/dg/ and 3/dx/ are
m-related.

If X1, X5 € X(M) are yr-related with Y1, Y, € X(N), respectively, then [X, X7]
is y-related with [Y1, Y>], since, by hypothesis, (Y1 f) o v = X(f o ¥) and
(Ya2g) oy =Xo(g o), for f, g € C°(N) [see (1.40)]. Taking g =Y f, we have

[Y2(Y1 )] oy =Xa((Y1 ) o ¢p) =Xa(Xi(f 0 ¥)),

and a similar relation is obtained by interchanging the indices 1 and 2. Then

(Y1, Y21 f) oy = (Y1(Y2f) = Yo (Y1 /) o ¢
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=X (X2(fo¥)) = Xo(X1(f o))
= [X1, X2](f o ¥).
Since a vector field on M, X, is a function that maps each point p € M into an

element X, € T,M C TM, X is a function from M into TM such that 7 o X =idyy,
where 7 is the projection of the tangent bundle 7M onto M.

Exercise 1.25 Show that a vector field X on M is differentiable if and only if the
function p — X,,, from M into TM, is differentiable. (Hint: prove that if X is given
locally by (1.36), then X*¢' = x' and X*¢' = X', where the ¢' and ¢' are the
coordinates induced on TM by a system of coordinates x’ on M)

1.4 1-Forms and Tensor Fields
Let f € C°(M); the differential of f at the point p (p € M), denoted by df), is
defined by
dfp(vp) =vplfl, forv,eT,M. (1.41)
The map d f), is a linear transformation from 7}, M in R, since if v,,, w, € T, M and
a,b e R, from (1.41) and (1.12) we have
dfy(av, +bw,) = (av, + bw,)[ f]

= avp[f] + bwp[f]

=adfy(vp) +bdf,(wp).
This means that d f), belongs to the dual space of T, M, denoted by T); M. By defi-
nition, the elements of T;‘M are the linear transformations from 7, M in R, which

are called covectors or covariant vectors, while T;M is called the cotangent space
to M at p. The space T;M is a vector space over R with the operations

(Olp +,3p)(vp) Eap(vp)+,3p(vp), (aap)(vp) Ea(ap(vp))’ (1.42)

for ), B € T;‘M, v, €TpyM,and a € R.

A covector field o on M is a map that assigns to each p € M an element
a(p) € TI’,“M . The covector a(p) will also be denoted by «),. A covector field a
is differentiable (of class C*°) if for all X € X (M) the function «(X) defined by

(X)) (p) = ap(X,) (1.43)

is differentiable (of class C°°).

The function «(X) is also denoted by X« (which allows us to reduce the re-
peated use of parentheses with various purposes) and by i (X)«, ixc, or (X, «). This
operation is called contraction or interior product.
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The set of all differentiable covector fields on M will be denoted by AY(M). The
set A1(M) is a module over C*° (M) with the operations given by
(a +,3)p =0dp +,3p’

(1.44)
(fa)p = f(play,

for o, B € AY(M) and f € C®°(M). The elements of AY(M) are called linear dif-
ferential forms or 1-forms.

If f € C*°(M), the differential of f, denoted by d f and given by d f(p) =d f,
is a differentiable covector field or 1-form [i.e., df € A'(M)], since if X € X(M),
then from (1.41) and (1.30) it follows that

(df X)) (p) =dfp(Xp) =X, 1= X (p),
for p € M; that is,
df X)=Xf (1.45)

(or, equivalently, X 1d f = X f), which is a differentiable function for all X € X(M),
thus verifying that d f is, indeed, a differentiable covector field.

From (1.45), (1.31), (1.44), and (1.42) it follows that the map d : C*°(M) —
Al (M), which sends f into d f, satisfies

dlaf +bg)(X) =X(af +bg) =aXf + bXg
=adf(X)+bdg(X)=(adf +bdg)(X),

for X € X(M); therefore
d(af +bg) =adf +bdg, for f,gec C®(M)anda,bcR. (1.46)
Similarly, from (1.45), (1.31), and (1.42),

d(fe)X) =X(fg) = fXg + gX[f
= fdgX) +gdf(X)=(fdg+gdf)X), forXeX(M),

hence,
d(fg)= fdg+gdf, for f,geC®(M). (1.47)
If (U, ¢) is achart on M, then (1.41) and (1.15) imply that the differential of the
coordinate functions x!, x2, ..., x" satisfies

; 9 0 i1 «i
dxp((ﬁ)p) _ (E)p[x]_aj. (1.48)

This relation implies that {dxj;]}?:1 is a basis of TI’,“M , since if a linear com-
bination, with real coefficients, a; dxj,, is equal to the zero covector, we have
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0= (a; dx;)((a/axj)p) = a,-8§. =aj. Furthermore., if ap e T;,"M, for any tangent
vector v, € T, M expressed in the form v, = v,[x'](d/9x"), [see (1.16)], then we

find
o =a(wl)(5) ) =ulelon((5) )

but, according to (1.41), vp[xi] = dx;(vp). Therefore

el ; 0 .
p p

and since v, is arbitrary, we have

aP:aP((Bii) )dx;, (1.49)
p
[cf. (1.16)].

If « is a covector field on M, using (1.49), (1.43), and (1.44) it follows that the
covector x(p) € T;M is expressed as

a(p) = a(p)((%)p) dxi = [a((%))](p)dx"(p)
)

a=a((i)>dxi. (1.50)
ax!

Denoting the real-valued functions «((d/dx")) by «; we conclude that any covector
field is locally expressed (i.e., in the domain of a local chart of coordinates) in the
form

that is,

o = a; dx’. (1.51)

Exercise 1.26 Show that « is a differentiable covector field if and only if the func-
tions «; are differentiable.

Exercise 1.27 Let (x',x%,...,x") and (x'",x’2,...,x"") be two coordinate sys-
tems. Show that if « = «; dx’ and o = a; dx'/, then

in the common domain of « and the two systems of coordinates (cf. Exercise 1.20).
(This relation is taken as the definition of a covariant vector field in the tensor for-
malism.)
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The local expression of the differential of a function f € C (M ) 18, according to
(1.50), df =[df((d/0x"))]dx"; but, by virtue of (1.45), df((d/9x")) = (3/dx") f,
so that

df_idx (1.52)

which agrees with the expression for the total differential of a function of several
variables, as defined in textbooks on the calculus of several variables.

Example 1.28 The linear differential forms and the differential forms of degree
greater than 1, defined in Chap. 3, correspond to the integrands of the line inte-
grals, surface integrals, and so on, encountered in various areas of mathematics and
physics [see, e.g., Guillemin and Pollack (1974), do Carmo (1994), Lee (2002)]. If
C :la, b] — M is a differentiable curve in M (that is, C is the restriction to [a, b] of
a differentiable map of an open subset of R containing [a, b] to M) and « is a linear
differential form on M, then the line integral of o on C is defined by

b
/C o= / acw(C'(0)dr, (1.53)

where the integral on the right-hand side is the Riemann integral of the real-valued
function 7 — ac () (C'(t)). As is well known, the value of fc o depends on C only
through its image and the direction in which these points are traversed.

If « is the differential of a function f, according to the definitions (1.53), (1.41),
and (1.9) we have

b d
fdf /dfc(t)C(t) )dr = fC{[f]dt:/ E(C*f)dt

= f(C)) — f(C@).
Hence, if C is a closed curve [that is, C(a) = C(b)],

/Cdfzo.

For instance, if M =R?\ {(0, 0)}, recalling that

. d .
(dx )C(t)(C ) =Ci[x'] = 5(’61 oC)
[see (1.41) and (1.9)], the line integral of the 1-form
xdy — ydx
xZ +y2

on the closed curve C : [0, 27] — M, defined by C(¢) = (cost, sint), has the value

2T costcost + sint sinf
o= — dt =2m,
cos?t + sin“ ¢
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which is different from zero and, therefore, « is not the differential of some function
defined on M [see also Guillemin and Pollack (1974), do Carmo (1994)].

Tensor Fields A tensor of type (2) (or covariant tensor of rank k) at p is a multi-
linearmap 7, : TyM x --- x T, M (k times) — R. A tensor of type (?) is a covector.
The set of tensors of type (2) at p is a real vector space if for any pair of tensors of
type (2) at p, tp and s, we define

(aty +bsp) (v, ..., v) =aty(vy, ..., ) +bsp(vr, ..., vk), (1.54)

forvy,...,vx € TyM and a,b € R.
If 1, is a tensor of type (2) at p and s, is a tensor of type (?) at p, the tensor
product t, ® s is defined by

(tp ®Sp)(vl’ ] Uk+l) = tp(v19 R Uk) Sp(vk—l-l’ R Uk+[), (155)
forvy,...,vky € TyM. Thent, ® s, is a tensor of type (k(fH) at p.
Exercise 1.29 Show that

tp X (aslp +b32p) =atp ®S1p +btp ®32p’

(rp @sp) 1ty =rpQ(sp 1p).

If 7, is a tensor of type (2) at p and vy, ..., vt € T, M, making use of the multi-
linearity of 7,, of the definition of the tensor product, and expressing the vectors v;

in the form v; = v;[x/](3/9x7), = dx} (v)(3/0x7), (i =1,2, ..., k), according to
the definition (1.55) we have

. ) 0
tp(vlv ._."Uk) = l’p<dx;)(vl)(ﬁ)p’ ...,dle(vk)(ax_m>p)
. 0 0

=agon-agonn((g) () )

8 8 i m .
— Z’p ﬁ ) 8x—m dxp®®d-xp (Ul,---,vk),

p P
therefore,

= 9 9 9 dx! @ dx?, dx™ 1.56
tp—lp @ p, ax—J p,..., ax—m , xp® P®® xp. ( )

A tensor field of type (2) (or covariant tensor field of rank k), t, on M is a map
that associates with each point p € M a tensor of type (2), t(p) orty, at p. If ¢
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is tensor field of type (2) and X1, ..., X} are k vector fields on M, 1(Xy, ..., Xy)
is the real-valued function given by [#(Xy, ..., Xp)](p) = ,(X1(p), ..., Xk(p)).
We say that ¢ is differentiable if ¢ (X1, ..., X) is a differentiable function for all
X, ..., X eX(M).

Exercise 1.30 Show that 7 is differentiable if and only if the functions #;; », =
t(0/ox',0/0x/, ... ,.8/8xm) (the components of ¢ with respect to the basis induced
by the coordinates x') are differentiable.

The sum, the product by scalars, the product by real-valued functions, and the
tensor product of tensor fields are defined pointwise:

(at + bs), = atp + bs,
(fDp=fpiy,
(t®s)p =1ty sy,

for a,b e R, s, ¢ tensor fields on M, and f : M — R. Using these operations, any
tensor field of type (2) has the local expression

9 9 9 o
—((Z).(Z).. . (Z))dhodde- - od™. 1.57

If ¢ is a tensor field of type (2) on M and X4, ..., Xy are k vector fields on M,
owing to the linearity of 7, in each of its arguments, for any function f : M — R,

(X1, X X0 () = 1 (Xa () - (FXD (D), - Xk (p)

=1,(X1(p). ... F(PXi(p). ... Xx(p))
= f(P)tp(Xi(p), ... Xi(p), ..., Xk(p))
= f(P[tX1, ... Xy .. X0 ] (p),

for p € M, that is,

(X1, [ Xy X = ftXa, L X, X)), 1 <i <k
Similarly, we conclude that
Xy, L X X LX) =X L X X)X X X,

Note that, for instance, the Lie bracket is not a tensor since [X, fY] = f[X, Y]+
(X f)Y (see Exercise 1.22).

Conversely, if ¢ is a map that to each set of k vector fields on M associates a
function of M in R with the property that for any pair of functions f, g: M — R,

I(Xl,...,in-FgX;,---,Xk)
=ft(X1,...,X,’,...,Xk)-i-gl‘(X],...,X;,...,Xk),
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1 <i <k, then ¢ is a tensor field of type (2). In effect, the property for ¢ as-
sumed ensures that, locally, ¢ is of the form t = t((a/axi), ...,(B/me))dxi X
-+ ® dx™, since if Xy, ..., Xy are vector fields on M, writing them in the form
X; =dx/(X;)(8/9x7),i=1,...,k, we have

t(Xl,...,Xk)=t(dxf(xl)<%>,...,dx'"(xk)<i>)
xt ax™m
i m 9 K
=dx'(Xy)---dx (Xk)f<(8xi),---,<axm))
() () Jo' e o0
=tl(—)....(— ) |Jd&x' ®@---@dx" |(X1,..., X¢).
dx? ax™m

A tensor of type (]5) (or contravariant tensor of rank k) at p is a multilinear
mapping ), : T;M X e X T;M (k times) — R. The set of tensors of type (]5) at
p forms a vector space defining the sum and the multiplication by real scalars in
an analogous manner to the operations for tensors of type (2). Similarly, if 7, is a
tensor of type (’5) at p and s, is a tensor of type (6) at p, the tensor product 7, ® s,
given by

(tp ®Sp)(a17 e ’ak+l) = tp(alﬁ e 9ak)sp(ak+la R 7ak+l),
foroyq, ...,y € T;M, is a tensor of type (karl) at p.
If z, is a tensor of type (15) at pand oy, ..., 0 € T;‘M, expressing each covector

o; in the form o; = o; ((a/axi)p) dx,]; [see (1.49)], we have

0 - 0
tplar, ... op) = t,,(al((@) )dx;,, ...,ak<<ax—m> )dx;”)
p p
d 9 i m
:(Xl((@)p)”.ak((w—m)p)tp(dx ,...,dxp).

Defining v,(ap) = ap(vp) for v, € T,M and a) € T;M (which amounts to the
identification of 7, M with the dual space of T;M ), we have

. 0 d
tp(an, ..., o) = [tp(dx;, ...,de’)(—.) QR - ® <—) :|(oz1,...,ak),
ox! » ax™m »
and therefore

. 0 )
tp:tp(dx;),...,dx?f)<ﬁ) ®®(8x_’") .
p p

A tensor field of type (]5) (or contravariant tensor field of rank k), t, on M is
a map that associates to each point p € M a tensor of type ('6), t(p) or t,, at p.
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The tensor field ¢ is differentiable if for any k 1-forms, o, ..., @k, the function
t(ag,...,ag), defined by [t(aq,...,a)](p) = tp(a1(p),...,ax(p)), is differen-
tiable. Any tensor field of type (’(‘)) on M is expressed locally as

. 0 9
t:t(dx’,...,dx"”(@)®...®<ax_m)‘

Again, it turns out that ¢ is differentiable if and only if the functions '~ =
t(dxi, ...,dx™) are differentiable. Furthermore, any map ¢ that to each set of k
covector fields associates a function from M into R is a tensor field of type (’6) if
and only if for «, ..., «;, alf, ..., a, covector fields on M,

t(on, .oy fai 8o, ou) = fH(ar, ..., Q.o p) + 8@, ... 0, ... o),

for f,g: M — R.

A mixed tensor of type (;‘ ) at p, is a multilinear map from the Cartesian product
of k copies of T;‘M and [ copies of T, M in R. The tensors of type (f) at p form
a real vector space where the sum and the product by real scalars are defined in the
natural way. The tensor product of a tensor of type (f‘ ) by a tensor of type (f,/) isa

tensor of type (lﬁj,/). A basis for the vector space of the tensors of type (f‘) at p is

formed by the tensor products of k vectors (3/dx’) p and [ covectors dxﬁ,; therefore,

this space has dimension n**,

A tensor field of type (f‘) on M is a map that to each point p € M associates
a tensor of type ( ;‘) at p; a tensor field of type (8) on M is a function of M
in R. A tensor field, ¢, of type (f) is differentiable if for X1, ..., X; € X(M) and
oL, ...,Q € Al (M), the function of M into R that to each point p € M associates
the value of 7, on X (p), ..., X;(p), a1(p), ..., ax(p) (taken in an appropriate or-
der) is differentiable.

The sum, the product by scalars, the product by real-valued functions, and the
tensor product of mixed tensor fields are defined pointwise:

(at + bs), = at, +bs, (whent and s are of the same type)

(fOp=f(piy,
(t®s)p=tp sy,
fora,b eR, f: M — R, and ¢, s mixed tensor fields on M. The set of differen-

tiable tensor fields of type (f‘) on M, denoted by le (M), is a module over the ring
C®(M).



Chapter 2
Lie Derivatives

In this chapter several additional useful concepts are introduced, which will be ex-
tensively employed in the second half of this book. It is shown that there is a one-to-
one relation between vector fields on a manifold and families of transformations of
the manifold onto itself. This relation is essential in the study of various symmetries,
as shown in Chaps. 4, 6, and 8, and in the relationship of a Lie group with its Lie
algebra, treated in Chap. 7.

2.1 One-Parameter Groups of Transformations and Flows

Definition 2.1 Let M be a differentiable manifold. A one-parameter group of
transformations, ¢, on M, is a differentiable map from M x R onto M such that
o(x,0) =x and p(¢(x,1),s) =@p(x,t +s) forallx e M, t,s € R.

If we define ¢, (x) = ¢(x, t), then, for each t € R, ¢ is a differentiable map from
M onto M and @r45(x) = @(x, 1 +5) = @(@(x,1),5) = (@ (x), 5) = @5 (pr (x)) =
(@5 0 @r)(x), that is,

Pt+s = Ps 0Pt = Pt © Ps

(since t + s =5 + 1). o is the identity map of M since ¢o(x) = ¢(x, 0) = x for all
x € M. We have then ¢; o p_;, = ¢_; o ¢; = @9, which means that each map ¢, has
an inverse, ¢_;, which is also differentiable. Therefore, each ¢; is a diffeomorphism
of M onto itself. Thus, the set of transformations {¢; | ¢ € R} is an Abelian group of
diffeomorphisms of M onto M, and the map ¢ — ¢; is a homomorphism from the
additive group of the real numbers into the group of diffeomorphisms of M.

Each one-parameter group of transformations ¢ on M determines a family of
curves in M (the orbits of the group). The map ¢, : R — M given by ¢, () =
¢ (x, t) is a differentiable curve in M for each x € M. Since ¢, (0) = ¢(x, 0) = x, the
tangent vector to the curve ¢, at t =0 belongs to 7y M. The infinitesimal generator
of ¢ is the vector field X such that X, = (<px)6. In other words, the infinitesimal
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DOI 10.1007/978-0-8176-8271-2_2, © Springer Science+Business Media, LLC 2012



30 2 Lie Derivatives

generator of ¢ is a vector field tangent to the curves generated by the one-parameter
group of transformations.

Example 2.2 Let M = {(x,y) € R?|x > 0} and let ¢ : M x R — M be given by

(2x0,2ygcost + (1 — x0% — yoz) sint)
14 x02+ yo2 4+ (1 — xo2 — yo2)cost — 2ypsint

o((x0, y0), 1) = (2.1)

The map (2.1) is differentiable because it is the composition of differentiable func-
tions and the denominator does not vanish for xg # O (it can be verified that the de-
nominator in (2.1) is equal to 2[(xg sin(t/2))2 ~+ (yo sin(z/2) — cos(t/2))2]). Further-
more, ¢((x0, yo), ) € M for any (xo, yo) € M, t € R, and ¢((xo, y0), 0) = (x0, yo)-
Finally, a direct but lengthy computation shows that (2.1) satisfies the relation
@(p((x0, ¥0),1),5) = ¢((x0, ¥0),t + 5), and therefore we have a one-parameter
group of transformations on M.

For (xo, yo) € M fixed, ¢(x,,y,) () = ¢((x0, o), ?) is a differentiable curve in M
whose tangent vector at # = 0 can be obtained using (1.20), that is,

&)
=0\ 9y (x0.Y0)

d 0 d
(‘/’(xo,yo))é) = E(x © Y(xp,y0)) t=0(£>(x0,y0) + a(y ° P(x0,y0))

with

2x0
1+ x02 4+ y02 + (1 — x0% — yo?) cost — 2ygsint’

(.X o §0(xo,yo))(t) -

2.2
2yocost+(1—x02—y02)sint (2-2)

1+ x02 + yo% + (1 — x0% — yo?) cost — 2ygsint

(y o Qo(xo,yo))(t) =

[see (2.1)]. Calculating the derivatives of the expressions (2.2) with respect to ¢ at
t = 0, one finds that the infinitesimal generator of the one-parameter group (2.1), X,
is given by

d 1-— x02 + yo2 0
X(x0,y0) = (‘p(XO,yo))6 = X()y()<—) t— |
dx (x0,y0) 2 dy (x0,y0)

< 9 1—x2+y28>
= xy— + S
(x0,y0)

[see (1.32)]; thus,

3 1—x>+y%9
X=xy— 4 —m———. 23
*y ax + 2 ay @3)
The (images of the) curves defined by the one-parameter group (2.1), to which

X is tangent, are circle arcs. In order to simplify the notation, we shall write x and

y in place of x o @(x,yo) and y o @(x, y) respectively; then, from (2.2), eliminating
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the parameter ¢, we see that

1+x0%+302\> | 5 1+ x0% + 302\
x————— ) +y' = —— | —1,
2x0 2x0

which is the equation of a circle centered at a point of the x axis.

Exercise 2.3 Show that the following families of maps ¢, : R — R? form one-
parameter groups of transformations and find their infinitesimal generators:

(@) ¢r(x,y)=(xcost— ysint,xsint + ycost).
(b) ¢;(x,y)=(x +at,y+bt),witha,b cR.
(© ¢ (x,y) =(e"x,e"y), witha,b € R.

Exercise 2.4 Let ¢ be a one-parameter group of transformations on M and let
X be its infinitesimal generator. Show that if y = ¢, (f), for some ty € R, then

(px), = (py) and, therefore, (¢x); = Xy, (19)-

Given a differentiable vector field, X, on M, there does not always exist a one-
parameter group of transformations whose infinitesimal generator is X it is said that
X is complete if such a one-parameter group of transformations exists.

Integral Curves of a Vector Field

Definition 2.5 Let X be a vector field on M. A curve C : I — M is an integral
curve of X if C; = Xc(y), for t € I. If C(0) = x we say that C starts at x. (Accord-
ing to Exercise 2.4, if ¢ is a one-parameter group of transformations and X is its
infinitesimal generator, then the curve ¢, is an integral curve of X that starts at x.)

If (x!, xz., ..., x") is a local coordinate system on M and X is expressed in the
form X = X' (d/0x"), the condition that C be an integral curve of X amounts to the
system of ordinary differential equations (ODESs) [see (1.20)]

d(x' o C) .

X' oC. 2.4
gy o (2.4)

More explicitly, writing the right-hand side of the previous equation in the form
(X 0 C)(1) = (X" 09~ ")(p(C1)))
= (X' oo ) (x'(C)), X*(C®)),....x"(C®)))
= (X0 ) ((x' 0 C)(®), (x* 0 C) (1), ..., (x" 0 C) (1)),
one finds that equations (2.4) correspond to the (autonomous) system of equations

dx'oC)

< (X op ' )(x'oC,x?0C, ... ,x" 0 C) (2.5)
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for the n functions x’ o C of R to R. (Note that each composition X’ o ¢! is a
real-valued function defined in some subset of R".) According to the fundamental
theorem for systems of ODEs, given x € M, there exists a unique integral curve of
X, C, starting at x. (That is, if D is another integral curve of X starting at x, then
D = C in the intersection of their domains.)

Let C be an integral curve of X starting at x, and let ¢(x, t) = C(¢). The curve
D defined by D(t) = C(t + s), with s fixed, is an integral curve of X, since for an
arbitrary function f € C*°(M)

F(D(t+h) — f(D(1))
h
. fCUE+h+9)— fC@E+9))
= lim
h—0 h
=C, [ f1=Xc@+9) [ f1=Xpr [ f].

Dj[f1= lim

The curve D starts at D(0) = C(s) and by virtue of the uniqueness of the integral
curves, we have

D) =¢(C(s).1) = p(p(x,5),1).
On the other hand, from the definition of D,

D@)=C({t+s)=px,t+5s);

therefore,

p(px,9).1) =@, 1+5) (2.6)

(cf. Definition 2.1).

In some cases ¢ is not defined for all # € R, and for that reason it is not a one-
parameter group of transformations. However, for each x € M there exist a neigh-
borhood, U of x and an ¢ > 0 such that ¢ is defined on U x (—¢, €) and is differen-
tiable. The map ¢ is called a flow or local one-parameter group of transformations
and X is its infinitesimal generator.

If X is the infinitesimal generator of a one-parameter group of transformations or
a flow, the transformations ¢, are also denoted by exp #X. Then, the relation (2.6) is
expressed as exptX oexpsX = exp(t + 5)X.

Example 2.6 Let M = R with the usual coordinate system, x = id. The integral
curves of the vector field X = x23/dx are determined by the single differential
equation [see (2.4)]

w —x20C=(x0C)> 2.7)

[the previous equality follows from (1.7), which gives x2(p) = (x(p))?; hence,
(x%2 0 C)(t) =x%(C(1)) = [x(C(1))]> = ((x 0 C)(1))* = (x 0 C)*(¢)]. The solution
of (2.7)is (x o C)(t) = —1/(t + a), where a is a constant or, simply, since
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x =1id, C(t) = —1/(t + a). If the integral curve of X starts at xg, then C(0) =
—1/a = xo, 1.e., a = —1/x¢. Since ¢y, is the integral curve of X starting at xo (see
Definition 2.5), we have

1 X0
t—1/xg 1 —xot’

QOXO(I) =

and therefore
X0
1 — xot

@(xo,1) = (2.8)
is the local one-parameter group generated by x2 d/dx.

The expression (2.8) is not defined for t = 1/x¢, and therefore we are not dealing
with a one-parameter group of transformations, despite the fact that X is differen-
tiable. However, the flow (2.8) satisfies the relation (2.6), since, according to (2.8),

(o)1) = —LE0S) __wo/U—xs) _ x
A0 ) = oGt 1—1x0/(I—x05) 1 —xo(t +5)
=@(xp,t+5),

whenever all the expressions involved are defined.

Example 2.7 Let M =R? and let X = y 8/9x + x 8/dy, where (x, y) are the usual
coordinates of RZ. Equations (2.4) are in this case

d C d C
Aol _oe, 2O e
dr dr

By adding and subtracting these equations we obtain

d C C d C—-—yoC
(xo d_:yo ):xoC—|—yoC, (xo dtyo )=—(xoC—yoC),

whose solutions are (x o C +y o C)(t) = (xo + yp)e' and (x o C — y o C)(¢) =
(xo — yo) e, where xq and yj are the initial values of x o C and y o C, respectively.
Hence, (x o C)(t) = xgcosht 4 yg sinht, (y o C)(¢) = xg sinh¢ + yg cosh¢, and

®(xg,y0) (t) = (xo cosht + yg sinh ¢, xo sinhf + yo coshr). (2.9)

Since (x o C)? — (y o C)? = x> — yo2, the (images of the) integral curves of X
are hyperbolas or straight lines. The expression (2.9) is defined for all € R, and
therefore it corresponds to a one-parameter group of transformations. Substituting
(2.9) into (2.6) one finds the well-known addition formulas

cosh(t + s) = cosht coshs + sinh sinh s,

sinh(¢ 4 5) = sinh? cosh s + coshf sinhs.
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Exercise 2.8 Let v : M| — M> be a differentiable map and let ¢; and ¢, be one-
parameter groups of transformations or flows on M and M>, respectively. Show that
if g2; o ¥ = ¥ o ¢4, then the infinitesimal generators of ¢; and ¢, are yr-related,
i.e., show that ¥, X\ = Yy (r), where X and Y are the infinitesimal generators of
@1 and ¢y, respectively.

Example 2.9 An integration procedure distinct from that employed in the preced-
ing examples is illustrated by considering the vector field X = %(x2 —y2)d/dx +
xyd/dy on M = {(x, y) € R?| y > 0}. (The one-parameter group generated by this
vector field is also found, by another method, in Example 6.12.) The system of
equations (2.4) is

dx 1,, 5 dy

e 2(x y ), 5 =xy, (2.10)
where, in order to simplify the notation, we have written x and y in place of x o C
and y o C, respectively. Eliminating the variable ¢ from these equations (with the
aid of the chain rule) we obtain the ODE dy/dx = 2xy/(x? — y?). Noting that the
right-hand side of the last equation is the quotient of two homogeneous functions
of the same degree, it is convenient to introduce u = y/x, so that du/dx = u(1 +
u?)/[x(1 — u?)], which by the standard procedures leads to

dx (1 —u?)du 1 2u
— = === )du,
X u(l+u?) u 14u?

whose solution is given by x = cu /(1 + u?) = c¢y/[x (1 + y*/x?)], where ¢ is some
constant. Hence x2 4+ y? = cy, which corresponds to the circle centered at (0, c/2)
and radius c/2.

In order to obtain the parametrization of these curves, one can substitute x =
+./cy — y? into the second of equations (2.10), which yields dy/dt = £y+/cy — y2,
or, putting v = 1/y, dv/dt = F+/cv — 1; hence 2+/cv — 1 = Fc(t — ty), where 1y is
a constant. Thus, from the foregoing relations we find that

205 _
4e _ 23— o

YT —1? T T 4r 0 —n)2?

For the integral curve of X starting at (xg, yo), from (2.11) we have yop =4c/(4 +
c21p?) and xo = 2¢%t /(4 + c21p?), which imply that

x0% + yo? 2x0
=1 o="5"73
Yo X0~ + Yo
and, substituting these expressions into (2.11), we obtain

2(x0% + y02) (2x0 — (x0* + y0°)t, 2y0)
[(x0% + yo2)t — 2x0]* + 4y0?

¢((x0, y0).1) =
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_ (0 — (x0® +y0H)1/2. y0)
(1 —x0t/2)% + yo*(t/2)*

(2.12)

From (2.12) we see that the integral curves of X are defined for all ¢ € R, and there-
fore X is complete and (2.12) corresponds to a one-parameter group of transforma-
tions. Further examples are given in Examples 4.1, 6.11, 6.12, 6.20, 7.40, and 7.41.

. . . _ 1 il o
Exercise 2.10 Find the integral curves of the vector field X = m(xg — ya—y)

on R?\ {(0, 0)} and the one-parameter group of diffeomorphisms generated by X.

From equations (2.10) one notices that if one looks for the integral curves of fX,
where f is some real-valued differentiable function, on eliminating the variable ¢
the function f disappears and one obtains the same equation for dy/dx as obtained
in the preceding example. Therefore, the same circles are obtained. For any vec-
tor field X, the integral curves of X and fX, with f € C°°(M), only differ in the
parametrization. If ¢; denotes the flow or one-parameter group generated by X and
o is a function of some open subset of R in the domain of the curve ¢,, then the
tangent vector to the curve vy, = ¢y o o satisfies, for g € C*°(M),

i, d _4
(wX)to[g] o ag(w)c(f))‘t:m— dr ((g ° ¢x) OU)(I)‘IIIO
_ i( ) il = (@), [ ]d_a
BT 8 0 Qx oto) df to_ Px)o1p)L8 dt 0
do
=5 toxma(m)) [g], @.13)

where we have made use of the chain rule for functions from R into R and of the
result of Exercise 2.4. The expression (2.13) coincides with (fX)y(o 1)) [g] if we
choose ¢ in such a way that

do
& = (e (00)). (2.14)
Hence, if additionally we impose the condition ¢ (0) = 0, the curve ¥y = ¢ o 0 is
an integral curve of fX starting at x.

Example 2.11 The integral curves of fX, where X is the vector field considered
in Example 2.9 and f is any function belonging to C°°(M), can be obtained by
solving equation (2.14) with ¢, given by (2.12), i.e.,

do ((xo2 + 307 [4x0 — 2(x0> + yo*)o (1)]
dr [(x0% + y02)o (1) — 2x0]% + 4y0?
4y0(x0? + y0?) )
[(x0% + y02)o (1) — 2x01> +4y0? )

(2.15)
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If we take, for example, f(x,y) = y~!, equation (2.15) becomes

do [(xo® + yoH)o () — 2x0]* + 4yo®

dr 4yo(x02 + y02)

and with the change of variable (x02 + yoz)a(t) — 2x9 = 2yptanu we have
du/dt =1/2. Hence u = (t — t9) /2, where fg is some constant and

2x0 + 2yg tan %(t —1p)

o(t)=
x02 + yo?

(2.16)

The condition ¢ (0) = 0 amounts to 0 = xg — yptan %to, which, substituted into
(2.16), yields

1 |
2tan§t _ 2s1n§t

o(t) = (2.17)

1, — -1 1,°
Yo+ xotan 57  Xxosin ¢+ yoCos 5t

Thus, the flow generated by fX = y~![1(x? — y?)3/dx + xy 3/dy] is given by
¥ ((x0, ¥0), 1) = @((x0, y0), 0 (t)), where ¢ is the one-parameter group generated
by X, given by (2.12), and o is the function (2.17), i.e.,

¥ ((x0, ¥0), 1)

L N S
= o ((),)C() + yo )

+ 2L (2x0yo cost — (y02 — xoz) sint, (y02 — x02) cost + 2xyo Sinl‘)
Yo

(2.18)

[cf. (2.12)]. Even though the expression (2.18) is defined for all € R, the variable ¢
has to be restricted to some open interval of length 27t where ¥ ((xg, yo), t) # (0, 0),
taking into account that the manifold being considered is M = {(x, y) € R?|y > 0}.
It may be noticed that fX is differentiable on M because y does not vanish there.
Whereas X is complete, fX is not. The expression (2.18) shows that the images of
the integral curves of fX (and of X) are arcs of circles.

Second-Order ODEs A vector field X on the tangent bundle 7M such that, for
velM,

Ty Xy = U, (2.19)

where 7 is the canonical projection of TM on M, corresponds to a system of second-
order ODEs. (Equation (2.19) makes sense because v is a tangent vector to M at
7 (v), thatis, v € T )M, and 7y, applies T, (TM) into T,y M .) In effect, using the
local expression X = A’ 3/dq’ + B 8/3¢" as well as (1.29) and (1.27), the relation
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Ai(U)(—a ) ——c]i(v)< ? )
ox! dxi ’
(v) 7 (v)

that is, A’ = ¢'. Hence, any vector field on TM satisfying (2.19) locally is of the
form

(2.19) amounts to

o+l
aq’ ag!

in a coordinate system induced by a coordinate system on M (see Sect. 1.2), where
the B' are n arbitrary real-valued functions defined on 7M. The integral curves of

X are determined by the equations

X=4'

dii:qi ' _ g
dr ’ dr ’

which are equivalent to the system of n second-order ODEs

qui o dql dqn
— = (B’ ! gt — . — ).
dr? (B'o¢ )<q’ T dt)

Exercise 2.12 Let ¢(x, y,t) = (F1(x, y,t), F2(x, y,t)) be a one-parameter group
of transformations on R2 [which, among other things, implies that F| and F, are dif-
ferentiable functions from R3 into R such that F} (x,y,0)=x and F>(x, y,0) =y],
and let

D\F>+zDy F»
DiFi+zDy)Fy’
where D; represents partial differentiation with respect to the ith argument. Show
that oD (x,y,z,1) = (Fi(x, y,1), Fa(x, y, 1), F3(x,y, z,1)) is a (possibly local)
one-parameter group of transformations on R (known as the extension or first pro-

longation of ¢). Show thatif £ (d/0x) +n (3/9dy) is the infinitesimal generator of ¢,
then the infinitesimal generator of (! is

F3(x,y,z,t) = (2.20)

0 0 2,10 591
ga""]@"'[’?x"‘z(ny_gx)_z‘i:y]a’ (2.21)
where the subscripts denote partial differentiation (e.g., n, = dn/dx). [Strictly
speaking, in (2.21), in place of x, y, &, n, their pullbacks under the projection of
R3 onto R? should appear.] The prolongation of a one-parameter group of diffeo-
morphisms is employed in the study of the symmetries of an ODE; see, e.g., Hydon
(2000).

Canonical Lift of a Vector Field A differentiable mapping ¢ : M} — M; gives
rise to a differentiable mapping v : TM| — TM>, defined by

E(vp) = Yup(vp), forv, eT,(My).
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Since ¥4, (vp) € Ty (p) M2, we see that 5 o W = o 1, where 1 is the canonical
projection of TM| on M, and, similarly, 7, is the canonical projection of TM>
on M;. Making use of the chain rule (1.25), one can readily verify that if ¢ : M| —
M; and ¥rp : M — M3 are two differentiable mappings, then (Y o 1) = Jz o El.
Hence, if {¢;} is a one-parameter group of diffeomorphisms on a manifold M, the
mappings ¢; form a one-parameter group of diffeomorphisms on 7M.

The local expression of the transformations ¢; is given by the functions ¢;*x’,
where the x! form some coordinate system on M. Then, in terms of the coordinates
q', q¢' induced on TM by the x, the transformations @; are locally glven by the
functions @;*¢" and ¢;*¢'. Since 7 o 9; = ¢; o  and, by definition, ¢' = 7*x’, we
obtain

W*qi — (W* on*)xi — (JT o@)*xi — ((pt O7T)*)Ci =7T*(§0¢*)Ci)

and, making use of the definitions of ¢; and of the coordinates c}i [see (1.27)], we
find that

(@3 p) = 4" (@ (vp) =G (Prap () = (P1p Wp)) [x'] = vy [0 *x"]

ol ; ; 0
—qf<vp)(a ,) [sot*x’]=[q'fn < (‘;f, ))](v,,),

ki i (g ')
kol o]
Yrq =q° 7 < O >~

Recalling that the infinitesimal generator, X, of ¢;, is given by X = X 19/0x"
with X' = (d/ dt)(got*x’ﬂtzo, from the expressions obtained above we find that the
infinitesimal generator, X, of @7 is locally given by

9 . axXi\ 9
-+ gt ) (2.22)
gt dax’/ ) g}

1.€.,

X = (rr*X")

The vector field X is called the canonical lift of X to TM.

Exercise 2.13 Find the one-parameter group of diffeomorphisms on the tangent
bundle TR? induced by the one-parameter group of diffeomorphisms on R? defined
by ¢ (x, y) = (€ x,ePy), with a, b € R. Show that its infinitesimal generator is
ad d 0 0
1 2
—+bqg"— ta—~+b—,
“a dg! 1 dg*? . 9g! 02

where the ¢’ and ¢’ are the coordinates on TR? induced by the Cartesian coordi-
nates x, y.

Exercise 2.14 Show that [X, Y] = [X, Y], for X, Y € X(M).
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Exercise 2.15 A (time-independent) Lagrangian is a real-valued function defined
in TM. A differentiable curve C in M is a solution of the Euler—Lagrange equations
corresponding to the Lagrangian L if, locally,

i[(()_Lat)]—a—Lf(t) =0, i=1,2
4|57 (CO) |~ 5, (CO) =0, i=12....m,

where C is the curve in TM defined by E(t)_: C;. The vector field X on M rep-
resents a symmetry of the Lagrangian L if XL = 0. Show that if X represents a
symmetry of L, then

. oL —

X'(Ct)—(C(

(€0) 55 (C)
1s a constant of mot;’on, i.e., it does not depend on ¢. (Note that n(?(t)i)f C(),
hence q’(C(t)) = x'"(C(1)), and that, according to (1.28) and (1.20), qg'(C@) =
Cilx']=d(x' 0 C)/dt =d(¢q'(C(1)))/dt.)

2.2 Lie Derivative of Functions and Vector Fields

Let ¢ be a one-parameter group of transformations or a flow on M. As pointed
out above, the map ¢; : M — M, defined by ¢;(x) = ¢(x,t), is a differentiable
mapping. For f € C®(M), ¢ f = f o ¢; also belongs to C°°(M); the limit
lim;_, ¢ ‘p’*";—_f represents the rate of change of the function f under the family of
transformations ¢;.

If X is the infinitesimal generator of ¢, the curve ¢, given by ¢, (1) = p(x, 1) is

the integral curve of X that starts at x; therefore

<lim o f - f>(x) ~ lim Sl (x)) — f(x)
t—0 t t—0 t
_ flox, 1) — f(x)
= lim
t—0 t
— flox(@) — f(ex(0)
= lim
t—0 t
= ((0)6)()[](] = Xx[f]
= Xf)(x),
which shows that, for any differentiable function, the limit lim;_, o o ];_f exists and

depends on ¢ only through its infinitesimal generator. This limit is called the Lie
derivative of f with respect to X and is denoted by £x f. From the expression

exf=Xf (2.23)

one can derive the properties of the Lie derivative of functions.
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Exercise 2.16 Show that if X,Y € X(M) and f € C®°(M), then £x(£yf) —
EtvEx ) =£x v f-

Let M and N be differentiable manifolds and let ¢ : M — N be a diffeomor-
phism. If X is a vector field on N, then there exists a unique vector field Y on M
such that Y and X are -related. Indeed, since ¥ ~! o ¥ is the identity map of M,
using the chain rule (1.25) we find that (W_l)*w(x) is the inverse of 1., and, there-
fore, the condition that Y and X be v-related (i.e., ¥4x Yx = Xy (x)) has a unique
solution, given by

-1
Y= (w )*w(x)Xlﬁ(x)'
The vector field Y is, by definition, the pullback of X under i and will be denoted
by ¥*X, that is,
WX =), 0 Xvw- (2.24)

Note that since ¥ *X and X are -related,

W X)(W* f) =" (Xf), (2.25)
for f € C°°(N) [see (1.40)].

Exercise 2.17 Show that v*(fX) = (¢*f)(¥*X) and that ¥*(@aX + bY) =
ay*X + by*Y for X, Y € X(N), f € C®*(N), and a, b € R.

Exercise 2.18 Show that if ¥ : M — N is a diffeomorphism and ¢ is a one-
parameter group of transformations on N whose infinitesimal generator is X, then
=Y ' o o is a one-parameter group of transformations on M whose in-
finitesimal generator is 1 *X (cf. Exercise 2.8).

Exercise 2.19 Show that if ¢ : My — M, and v, : My, — Mj3 are diffeomor-
phisms, then (Y o ¥1)*X = (Y1 * o ¥ ™)X, for X € X(M3).

Let ¢ be a one-parameter group of transformations or a flow on M and let X be
its infinitesimal generator. For any vector field Y on M, the limit lim;_,¢ 14 i_Y , if

it exists, is called the Lie derivative of Y with respect to X and is denoted by £xY.

Proposition 2.20 Let X,Y € X(M); then the Lie derivative of Y with respect to X
exists and is equal to the Lie bracket of X and Y.

Proof Let f be an arbitrary differentiable function, then, using (2.25),

*Yf)—Y
£X(Yf):rh—r>r(l)w

@@ -V
= l1im
t—0 t
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*f— Y -Y
=}EI(1)[((p;kY)(ptf f+‘/’t t f:|

=Y(Ex f) + EY) f, (2.26)

but £x f = X f; therefore

X(YS)=£&x(Y) =YXS)+ (ExY) [,
hence

ExY)f=XXY/[)-YXS)=[X YIS,
which means that

£xY = [X, Y. (2.27)
0

As in the case of the relation (2.23), the formula (2.27) allows us to readily obtain
the properties of the Lie derivative of vector fields. Furthermore, the relation (2.27)
allows us to give a geometrical meaning to the Lie bracket.

Exercise 2.21 Show that if X, Y € X(M) and f € C®(M), then £x(fY) =
FE£EXY + Ex )Y [cf. (2.26)]. Also show that £x(Y 4+ Z) = £xY + £xZ. (Hint:
use (2.23), (2.27), and Exercise 1.22.)

Exercise 2.22 Show that if X, Y,Z € X(M), then £x(£yZ) — £y(£xZ) = £x,v|Z
(cf. Exercise 2.16).

Example 2.23 The Lie derivative frequently appears in connection with symmetries.
The vector field Y € X (M) is invariant under the one-parameter group of diffeomor-
phisms ¢ if £5Y = 0, where X is the infinitesimal generator of ¢;. For instance, in
order to find all the vector fields on R? invariant under rotations about the origin,
it is convenient to employ polar coordinates (r, 6), so that, locally, X = 9/36. The
condition £xY = 0 amounts to

ayl 9 ay? 9
0=1[(3/90), Y'(3/r) + Y*(3/30)] = — — + — —,

[@/26). Y @/3r) + Y2(0/30)] = = o+~ o

where Y, Y2 are the components of Y with respect to the natural basis induced by
the coordinates (r, ). Hence, Y is invariant under rotations about the origin if and
only if Y, Y2 are functions of r only.

Exercise 2.24 Show that if ¢; and y; are two one-parameter groups of diffeomor-
phisms on M that commute with each other, i.e., ¢; s = V¢, for all ¢, s € R, then
the Lie bracket of their infinitesimal generators is equal to zero (cf. Exercise 2.18).
(The converse is also true: two vector fields X, Y on M such that [X, Y] = 0 gener-
ate (local) one-parameter groups that commute.)
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2.3 Lie Derivative of 1-Forms and Tensor Fields

Let ¢ : M — N be a differentiable map. If ¢ is a tensor field of type (2) on N, the
pullback of ¢ under ¥, ¥ *t, is the tensor field on M such that

W) p(Up, ..o wp) =ty (p)(Wsplp, ..., YspWp), (2.28)

for up,...,w, € T,M, p € M. Given that v, is a linear transformation, it can
readily be verified that effectively {*¢ is a tensor field of type (2) on M.

Exercise 2.25 Let ¢ : M — N be a differentiable map and let « be a linear differ-

ential form on N. Show that
fore=] =
C YoC

for any differentiable curve C in M (see Example 1.28).

If f € C°°(N), the differential of f, df, is a tensor field of type ((1)). Therefore,
from (2.28)

(‘/’* df)p(vp) = de(p)(W*pUp),

for v, € T, M. But from the definitions of d f and of the Jacobian [see (1.41) and
(1.23)], we have

dfy(p) Wapvp) = Vappl f1=vp[¥* f1=dW™ ) (v)p).
Thus
Yyrdf =dr ). (2.29)
If ¢ and s are tensor fields of type (2) on N and a, b € R, we have
(v*(at +bs))p(up,...,wp)
= (at +Dbs)y(p)(Wsplp, ..., YspWp)
= (aty(p) T bsyp)) Wsptip, ..., Yspwp)
= aty(p)(Yupttp, -, YapWp) + b8y (p) Waplps - apw)p)
=a(™ ) y(up, ..., wp) +bW*s)p(up, ..., wp)
=@yt + by s)p(up, ..., wp),

forup,...,w, € T,M, that is,

U*(at + bs) = ayr*t + by*s. (2.30)
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Similarly, if f: N - R
(l/f*(ft))p(up’ cee wp) = (ft)lff(p)(w*pup’ cee w*pwp)
= f(w(P))tl/r(p)(lp*p“p, s Yrepwp)
= (‘/f*f)(p)(‘/f*t)p(up’ cees wp)
= ((w*f)(w*t))p(upa cee w]))5

hence

YD =W HW. (2.31)

Finally, if ¢ and s are tensor fields of type (2) and (?) on N, respectively, we
have

(V" ®9)), = ®)yp) Wsptip, - Yspwp)
= 1y (p) Waplhps - ) Sy (p) (s YapWp)
=W ) pup, .. )W) p(.. wp)
= (W D@ W), up. ... wp).

forup,...,w, € TyM, and therefore
VI ®s) =W @ WYrs). (2.32)

Exercise 2.26 Let | : M| — M3 and v, : My — M3 be differentiable maps. Show
that (Y2 0 Yr1)*t = (Y1* 0 Y2 *)t, for t € TY(M3).

Thus, if ¢ is a tensor field of type (2) on N, given locally by t =1¢; dy® --®
dy/, the pullback of # under 1 is given by

Vi =y*(idy ®--- @dy)
=W . N dy) ® - @ (Ydy/)
= W ) dW*Y) ©-- @ d(y*)y).
But d(y*y') = (d(y*y')/dx")dx!, where (x!,...,x") is a coordinate system on
M hence
AP*y) Bty

ax! ' ox™

V=Yt ) dr' @ -+ @ dx™. (2.33)

This expression shows that 1*7 is differentiable if 7 is.

Example 2.27 In the standard treatment of ODEs one encounters expressions of the
form Pdx + Qdy = 0. The left-hand side of this equation can be regarded as a
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1-form on some manifold, M, with local coordinates (x, y) (assuming that the func-
tions P and Q are differentiable) and the equality to zero is to be understood con-
sidering curves, C : I — M, such that C*(P dx + Q dy) =0. (Thatis, P dx + Q dy
is not equal to zero as a covector field on M; it is only its pullback under C that van-
ishes.) Then, for one of these curves, using the properties (2.29), (2.30), and (2.31),
we have

(PoC)d(xoC)+(QoC)d(yoC)=0. (2.34)

Since x o C and y o C (as well as P o C and Q o C) are functions from / to R,
we can write [see (1.52)]

d(xoC d(yoC
d(xoC):%dt and d(yoC)z%dr,

where ¢ is the usual coordinate of R. Hence, from (2.34), we get the equivalent
expression

(PoC) (d D 4 (0oy°O (y C) _o.

This equation alone does not determine the two functions x o C and y o C. If, for
instance, d(x o C)/dt # 0 in I (which holds if Q does not vanish), using the chain
rule (regarding x o C as the independent variable instead of ¢), one finds that

d(yoC)__PoC
dxoC)  QoC’

In this manner, writing x in place of x o C and similarly for the other functions, one
obtains the first-order ODE

dy Py
dr  Q(x.y)

where it is assumed that y is a function of x. According to the existence and unique-
ness theorem for the solutions of the differential equations, through each point of
M there passes one of these curves. In this way, equation (2.35) corresponds to the
expression Pdx + Qdy =0.

Now we want to find one-parameter groups of diffeomorphisms, ¢, on M such
that, when applied to a solution curve of the differential equation expressed in the
usual form, P dx + Q dy = 0, they yield another solution curve. More precisely, this
corresponds to finding the one-parameter groups of diffeomorphisms such that if
C*a =0, where « = Pdx + Qdy, then (¢5 0 C)*a =0, for all s € R. The previous
equality amounts to C*(¢s*a) = 0 (see Exercise 2.26), which is equivalent to the
existence of a function x; € C°°(M) (which may depend on s) such that ¢;*a =
Xsa. A one-parameter group of diffeomorphisms, ¢, such that ¢;*a = yso is a
symmetry of the equation o = 0. (As shown in Sect. 4.3, knowing a symmetry of the
equation o = 0, or its infinitesimal generator, allows us to find the solution of the
differential equation.)

(2.35)



2.3 Lie Derivative of 1-Forms and Tensor Fields 45

Let ¢ be a one-parameter group of transformations or a flow on M with in-
finitesimal generator X, and let ¢ be a tensor field of type (2) on M. If the limit

. -t . ... . .. . .
limy,_, o 2 ;— exists, it is called the Lie derivative of 7 with respect to X and is de-

noted by £xt. The properties of the Lie derivative of tensor fields of type (2) follow
from the properties of the pullback of tensor fields. That is, given two tensor fields
of type (2) on M, s, and ¢, it follows from (2.32) that

Pt ®s) —t®s
h
— lim (prt) @ (gys) —t®s
h—0 h

£x(t®s) = %1_1310

_ o5 —S @it —t
=1 “t
hl_r)%|:(§0h ) ® A + P ®s

=1® (£x5) + (£x1) 5. (2.36)

If ¢ and s are of type (2) and a, b € R, by (2.30) we have

@y (at + bs) — (at + bs)

£x(at 4+ bs) = lim
h—0

h
ag;t +beys —at — bs
= lim
h—0 h
= afxt + bfxs. (2.37)
For f € C*°(M), using (2.31) we have
e (fO)— [t
— lim Y
£x(f1) Jim %
— lim (o N @pt) — f
h—0 h
opt—t o f—f
=1 * t
m%)[‘/’hf P + h
= fExt) + Ex )1 (2.38)

Furthermore, by (2.29), the Lie derivative of d f with respect to X is

. gpdf—df
£xdf = lim 2——
xdf hl—% h
. d(g, f)—df
= hm _—
h—0 h

— d(ExS). (2.39)



46 2 Lie Derivatives

Using these properties of the Lie derivative we can find the components of the
Lie derivative of any tensor field of type (2). If 7 is given locally by r =¢; _jdx' ®
.. ®dx/, we have

£xt = £x(tijdx' ® - @ dx/)
= (Exti. )dx' @ - @dx/
+t4 j(Exd' @ @dx/ + - +dx' @ - ® £xdx)
=Xy j)dx' @ @dx/
+1ijla(Exx) @ @dxl 4 dx' @ @d(Exx!)].

Expressing X in the form X = X/ (3/9x') and using (2.23) we find that

i i [ 0 i.
£fxx'=Xx'=X xt = X1,
ax!
hence, d(£xx?) =dX’ = (38X’ /9x")dx!, and

£xt = (X1, ,—)dxf ®- - ®dx/

D¢ axXJ
t —dx!
e )

=X +1 + 41 ox’ dr' ® - @dx/. (2.40)
Ix! l...]8 F z.l8

Example 2.28 According to the results of Example 2.27, if X is the infinitesimal
generator of a one-parameter group of diffeomorphisms that maps solutions of the
differential equation P dx + Qdy = O into solutions of the same equation, then
£x(Pdx+ Qdy) =v(Pdx + Qdy), where v is some real-valued function. Writing

X=¢ 0 . 0
© 7 dx "ay’
by means of the relation (2.40) we find that

oP oP 8&
e Figy g O =

00 1Y 0&

= P— =0,
d ox + 8y Q + ay Vo

which can be conveniently expressed in the form (eliminating the unknown func-
tion v)

ﬂ of _om  (9n 98\ . 0f
é o 8y 8x+<8y 8x>f Byf’ 24D
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where f = —P/Q [cf. (2.35)]. This equation, for the two functions £ and 7, has
infinitely many solutions and turns out to be more convenient for finding the sym-
metries of the differential equation P dx 4+ Q dy = 0 than the condition ¢;* o = .
This is so since, whereas ¢ must satisfy the conditions defining a one-parameter
group of diffeomorphisms, the functions £ and n only have to be differentiable.
A practical way of finding some solution of (2.41) consists in proposing expressions
for & and n containing some constants to be determined (see, e.g., Hydon 2000).

If ¢ is a tensor field of type (2) on M and X is a vector field on M, the contraction
of ¢+ with X, denoted by Xz, is the tensor field of type ( k(jl) on M given by

XU0)p 0y oo wp) =kty(Xpa Vs os W), (2.42)

for vp, ..., w, € T,M (the constant factor k appearing on the right-hand side is
introduced for later convenience). If ¢ is a tensor field of type (8) on M, thatis, t is
a function from M into R, we define X /¢t = 0. Note that if ¢ is a 1-form on M, X«
is the function «(X) [see (1.43)].

The contraction commutes with the pullback under diffeomorphisms; for if
Y : M — N is a diffeomorphism, ¢ a tensor field of type (2) on N, and X a vec-
tor field on NV, then, since ¥*X and X are -related, we have

(@I D] (0, - wp) = kWD) p (U XD, 0, ., wp)

= kty () (Vap WX ps YapUp -+ Yrapwp)
= kty(p) Xy (p)s YapVp, - -, Yiepwp)

= XUy (p)WspVp, - s YspWp)

= [¥*XID], (p.....wp).

forvy,...,w, € T, M, that s,
Y XD =@ X . (2.43)
Hence, for X, Y e X(M) and r € TkO(M), we have
£x(YJt) = (ExY)Jr + Y (£x1). (2.44)

Thus, if ¢t € TkO(M ) and X, Y1, ..., Y € X(M), repeatedly applying this relation,
we obtain

X(t(Y1, ..., Yy))
= £X(I(Y1, ceey Yk))

1
= E£X(YkJYk_1J -~ 1Y)
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1
= F[(:EXYk)JYk_lJ e Yt + Y d (EXYr—1) I Yo -+ JY It
o+ Y Y JEXY D+ Y I Y e d - - Y (£Xf):|
:t(Yl9Y2’~a£XYk)+t(Y],Y2,,£XYk71,Yk)+.
+1(ExY1, Y2, ..., Yo + Ex) (Y1, ..., Yy)
k
= (ExOY1, ... YO+ ) 1Y ... £xYi, ..., Yp),

i=1
that is,
€Y1, Y =XV, . Y0) = D> (Y1 X Y] Y. (245)
i=l1

Exercise 2.29 Show that all the properties of the Lie derivative of tensor fields of
type (2) follow from (2.45).

Exercise 2.30 Show that if X,Y € X(M) and t € T)(M), then £x(£yt) —
£y (Ext) = £[X,Y]t-

Exercise 2.31 Show that if X € X(M) and 7 € T)(M), then £x (XJ1) = XJ(£x1).

Exercise 2.32 Let ¢ be a differentiable tensor field of type (f ) on M. Assuming that
the first k arguments of ¢ are covectors and defining £x¢ by

ExO)(ar, ..., Y1,...,Y))
EX(Z‘(OQ,...,ak,Yl,...,Yl))

k
—Zt(al,...,£xoli,...,O{k,Yl,...,Yl)
i=1

[
_Zt(al’---9ak7Y1’---9£XYi9---’Yl)7
i=1

foray,...,ar € AI(M), Yi,...,Y; € X(M), show that £x7 is a differentiable ten-
sor field of type (f ) and that £x( @ s) = (£xt) ® s + 1 ® (£xs) for any pair of mixed
tensor fields.



Chapter 3
Differential Forms

Differential forms are completely skew-symmetric tensor fields. They are applied in
some areas of physics, mainly in thermodynamics and classical mechanics, and of
mathematics, such as differential equations, differential geometry, Lie groups, and
differential topology. Many of the applications of differential forms are presented in
subsequent chapters.

3.1 The Algebra of Forms

Definition 3.1 Let M be a differentiable manifold. A differential form of degree k,
or k-form, w, on M, is a completely skew-symmetric differentiable tensor field of
type (2) on M, that is,

oXi, .. XX LX) =X, XL X LX), (Bl

1<i<j<k,forXy,...,X; € X(M);a0-form is a differentiable real-valued func-
tion on M.

Starting from an arbitrary tensor field, ¢, of type (2), one can construct a com-
pletely skew-symmetric tensor field of the same type. Let S; be the group of all
permutations of the numbers (1,2, ..., k) and let sgno be the sign of the permuta-
tion o € Si (sgno = 1if o is even, sgno = —1 if o is odd). We define <7t by

1
A1(Xi, X0 = 4 > (sgno) t Ko1)o Xok), (3.2)
" o€eSy
for Xq,..., Xy € X(M). It can readily be seen that </t is completely skew-

symmetric, and that if # and s are tensor fields of type (2), then &7 (t +s) = At + A s
and &7 (ft) = fo/t, for f: M — R; furthermore if ¢ is skew-symmetric, then
At =t, so that @7/% = o7 .

G.F. Torres del Castillo, Differentiable Manifolds, 49
DOI 10.1007/978-0-8176-8271-2_3, © Springer Science+Business Media, LLC 2012
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The set of the k-forms on M, which will be denoted here by Ak(M ), is a sub-
module of TkO(M ), since the sum of two k-forms, the product of a k-form by a scalar
and the product of a k-form by a function f € C®(M) = A%(M) are also k-forms,
as can be verified directly from the definition of the operations in TkO(M ). By con-
trast, the tensor product of a k-form by an /-form is skew-symmetric, separately,
in its first k arguments and in its last / arguments, but it is not necessarily com-
pletely skew-symmetric in its k 4+ [ arguments (except in the case where k or [ is
zero); nevertheless, from the tensor product of two differential forms one can obtain
a completely skew-symmetric tensor field with the aid of the map 7.

Definition 3.2 If w is a k-form and 5 is an [-form on M, the exterior, or wedge,
product of w by n, w A n, is defined by

wAN=(w®n). (3.3)
(Some authors employ the definition

(k +D)!
k1!

AN = A (0®n),

with which some numerical factors that appear in several expressions [e.g., (2.42),
(3.7), and (3.28)] are avoided, but it makes it necessary to introduce some factors
in other expressions. However, some important formulas, such as (3.27), (3.35), and
(3.39), are equally valid whether one makes use of the conventions followed here in
the definitions of the exterior product, the contraction, and the exterior derivative,
or in the alternative conventions.)

The exterior product of w by 5 is then a (k + /)-form. (Note that if w is a k-form
and f isaO-form, wehave f Ao = (fQw) = (fw)=fAdowo=fo=oAf.)

From the properties of <7 it follows that if w, w;, w; € AK(M) and n e AL,
then

(aw1 + ban) An=a(wi A1)+ b(wr A n) (3.4)
and
(fo)An=w A (fn)=f(oAn), (3.5)

for a,b € R, f € A°%(M). The exterior product is associative but not always com-
mutative [see (3.23)]. If «, B, and y are differential forms on M, it can be shown
that

@ABAy=aABArY)=d (R BRY). (3.6)

If o and B are 1-forms, applying the definition of the exterior product we have
(@A B)X1,X2) = o (a @ B)(Xi,X)

1
= 5[(oc ® B)(X1,X2) — (@ ® B)(X2, X)) ]
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[a(X1)B(X2) — a(X2) B(X1)]

N = N =

(a®ﬁ_ﬁ®a)(X1’X2)’ foer’XZEX(M)»

that is,

O(/\,BZ%(O(@,B—,B@O{):—,B/\O{, fora,,BeAl(M). (3.7)

Combining the definition of the contraction (2.42) with (3.7) one finds that if X is a
vector field on M, then for any v, € T, M,

[XJ(a A ,B)]p(vp) =2(a A B)p(Xp, vp)
=(@®@B—-—BRa)y(Xp,vp)
=apXp)Bpvp) — Bp(Xp)ap(vy)
= [XJa)B — XIB)e],(vp),
which means that
Xlarp)=Xla)g— XIB)e, fora,peA(M). (3.8)

Let (xl, ..., x™) be alocal coordinate system on M. A k-form possesses the local
expression [see (1.57)]

= ;dx'" ®- - ®dxk, (3.9)

ad ad
Wi ...iy :w<<8xi1)""’ <8xik>>' (3.10)

As a consequence of the skew-symmetry of w, its components w;, ._;, are completely
skew-symmetric in all their indices and w = &/ (w). Therefore, making use of the
properties of </ we have

with

w = (w)
= wj,..; 7 (X" @ - @ dx'™t)
= i, dx'T A AdxE, (3.11)
Since the differentials of the coordinates are 1-forms, from (3.7) it follows that
dxU Ao AdxY A AdXT A Adx
=—dx" Ao AdxT A AdXT A AdXE, (3.12)

and therefore dx’t A --- A dx’* = 0 if one of the values of the indices i Lyeves ik
appears more than once. Hence, if w is a k-form with &k > n then o = 0, since
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w= a)ilmikdx’.l A -+ Adxi*, and for k > n necessarily some value of the indices
i1, ..., 1, will appear more than once.

Example 3.3 Let M be a manifold of dimension two, with local coordinates (g, p).
Given a function H € C*°(M x R), there exists only one vector field, X, on the
manifold M x R, such that X7 = 1, where ¢ is the usual coordinate of R, and

XJ(dp Adg —dH Adr)=0. (3.13)
Indeed, the condition X¢ =1 is equivalent to X having the local expression

0 ad d
X=A—+B—+ —, (3.14)
aq ap ot

where A and B are functions of M x R in R. From (1.52) and (3.12) one finds that
(3.13) amounts to

oH oH
XIl{dpAdg — —dg Adt — —dp Adt | =0, (3.15)
dq ap
and making use of (3.8) one has

oH oH
0=dpX)dg —dgX)dp — a—dq(X) dr + 3 dr (X)dg
q q

oH oH
— —dpX)dt + — dr(X)dp
ap ap

oOH OH
= [dp(X) + — dt(X)] dg — [dq(X) - dt(X):| dp
dq ap

oH OH
- [— dg(X) + — dp(X)] dr,
dq op

which means that the expressions inside the brackets must be separately equal
to zero. Then, making use of (3.14) and (1.45), one obtains A = dH/dp, B =
—JdH/dq, that is,
0H 0 0H 0 0
X=——r-———+ —, (3.16)
ap dq 0dq dp Ot
thus proving the assertion above. The integral curves of X are determined by the
equations
dg 0H dp  0H
dt ap’ dt dq’
which, in the context of classical mechanics, are known as the Hamilton equations.
According to this, if (Q, P, t) is a second coordinate system on M x R such that

(3.17)

dp Adg —dH Adt =dP AdQ — dK Adt, (3.18)
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where K is some function of M x R in R [see (3.13)], then equations (3.17) are
equivalent to

dQ9 0K dpP 0K

de P’ d 90’
that is, the form of the Hamilton equations is maintained if (3.18) holds. (Note that
Q, P need not be coordinates on M, in the same manner as the polar coordinates
(r,0) on R2, which can be identified with R x R, are not formed by one coordi-
nate function on the first copy of R and one coordinate on the second copy of R.)
The relationship between the coordinate systems (g, p,t) and (Q, P, t) is called a
canonical transformation. (See also Sect. 8.7.)

Exercise 3.4 Show that the relationship between two coordinate systems on P x R,
(g, p,t) and (Q, P, 1), is a canonical transformation if and only if

oP 9 dP 9
dP3Q dPBQ (3.19)
dp dq  dq dp

(Among other things, this means that if the condition (3.19) holds, then there exists a
function K € C*°(P x R) such that equation (3.18) is satisfied.) Usually, a canonical
transformation is defined as a transformation satisfying (3.19).

From (3.12) it follows that if n = dim M, then the exterior product of n differen-
tials of the coordinates satisfies

dxlt Ao Adx =gt dx Adx? A A dx?, (3.20)
where
o 1 if (i, ..., i,) is an even permutation of (1, 2, ..., n),
ghtm=1{¥—-1 if(iy,...,I,)is an odd permutation of (1,2,...,n), (3.21)

0 if one of the values of the indices appears repeated.

Hence, if w € A"(M), using the fact that the components of w are totally skew-
symmetric and that there exist n! permutations for a set of n objects, we have

w=wi, i dx"" A Adx =nlop, ,de AdeP A AdX". (3.22)

Let w € AK(M) and n € A!(M) be given locally by o = w;,_;, dxt A --- A dx'*
and n =mnj, . j,dx/' A--- A dx/, using the associativity of the exterior product and
its skew-symmetry for the 1-forms [see (3.7)], we have

‘ ; ‘ .
o AN =wi N dx"T A AdxEAdX A Adx !
= (=DM, _injy dxdt A Adxd AdxT A A daE

= (D" ro. (3.23)
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This implies that a form of even degree commutes under the exterior product with
any form and that the exterior product of two differential forms of odd degrees is
anticommutative. The set of all the differential forms on M forms an associative
algebra with the exterior product.

Expression (3.11) shows that any k-form, with £ > 1, can be expressed locally in
terms of the exterior products of the differentials of the coordinates of some chart;
however, from (3.12) it follows that such products are not independent among them-
selves, so that the equation ¢;, _;, dxt A -+ A dxi* = 0 does not imply that the co-
efficients ¢;,. ;, are equal to zero, but only that the fotally skew-symmetric part of
Ciy...i» given by

1
Clir-.ix] = 7y Z (SgNO) Ciy 1)ty » (3.24)
’ oeSk

is zero. This fact follows from the definitions (3.2) and (3.3); for if ¢;, ;, dxit A
.-+ Adxi* =0, then

= iy 1 - i kB
0_(011...lkdx o )<axn’”"axﬂ<)
- [ i 2 . e 175 KB
= ['Q{(Cl]...lk dx ® ®dx )](ale L axjk>
l | .
— E Z (SgnU) Cil“-ikSZJ'(l](l) “e 8}/;(/()
O’ESk
1
= E Z (Sgl’ld) de(l)--.jg(k)-
T oeSk

Since ¥*(w ® n) = (Y *w) ® (Y *n) for any differentiable map v : M — N and
tensor fields w, n on N [see (2.32)], from (2.30), (3.2), and (3.3) it follows that

VoA =@ o) ATy, (3.25)
for w € AK(N), ne AL(N) and, therefore,
£x(w A ) = Exw) An+o A (Exn), (3.26)

for w € AK(M), n e AL (M), X € X(M).

If w is a k-form on M and X € X(M), the contraction X_w is a (k — 1)-form; in
other words, X_| is a map of AR(M) into A¥~1(M). The operation of contraction is
also called interior product and X | w is also denoted by i (X)w or by ixw. If Y is
another vector field on M, then we have YJ(X1w) = —X (Y] w), by virtue of the
skew-symmetry of w; therefore X J(XJw) =0, for w € A¥(M), X € X(M).

By means of a lengthy computation it can be shown that if w is a k-form and 7 is
an [-form, then

X lwAn)=Xlo) An+ (=Dfo A (XUn), (3.27)
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for X € X(M) [cf. (3.8)]. Owing to this relation it is said that the map
X : AK(M) — A*=1(M) is an antiderivation.

Exercise 3.5 Show that @f 0 = Wi, dxt A+~ Adx* and X = X/ (8/dx7), then
Xlo=kX/wji i, dx"t Ao Adxtet,

3.2 The Exterior Derivative

Definition 3.6 Let w be a k-form on M; its exterior derivative, dw, is given by

k+1DdoXy,..., Xk+1)

k+1 . R
= Z(—l)’“X,- (X1, ..., Xiy oo, Xig1))

i=1

+ 2D o(Xn X1 X X X Xe), (328)

i<j

for Xy, ..., X1 € X(M), where the symbol ~ on X; indicates that X; is omitted.
The coefficient (k + 1) on the left-hand side of the definition has the same origin
as the coefficient appearing in the definition of the contraction; both are included in
order for the contraction and the exterior differentiation to be antiderivations of the
algebra of forms of M.

It is convenient to present in a more explicit way the definition (3.28) for the
degrees that will be encountered more frequently in what follows. When k& = 0, the
definition (3.28) gives, for f € AO(M),

df(X)=Xf. (3.29)

Comparing with (1.45), we see that the exterior derivative of a function f is just the
differential of f. In the case of a 1-form o we have

2da(X,Y) = X(a(Y)) — Y(a(X)) — «([X, Y1), (3.30)
and for a differential form of degree 2, o,
3do(X,Y,Z) =X(0(Y,2)) + Y(0(Z, X)) + Z(w(X,Y))
—o(X,Y],Z) — o([Y,Z],X) - »([Z,X],Y), (331

where we have made use of the skew-symmetry of .

Exercise 3.7 Show that the expressions (3.30) and (3.31) effectively define differ-
ential forms. Using (3.29)—(3.31), show that for f € C*°(M), dd f = 0 and that if «
is a 1-form, then dda = 0.
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Exercise 3.8 Show that the definitions (3.29)—(3.31) imply that £xo = XJ dw +
dXJw), if w is a differential form of degree 0, 1, or 2, and X is a differentiable
vector field.

From the definition (3.28) it follows that dw is completely skew-symmetric and
R-linear in each of its k + 1 arguments [this is more easily seen in the specific
cases (3.29)-(3.31)]. In order to show that it is also a tensor field, it is sufficient
to show that dw is C°°(M)-linear in its first argument, do (X1, Xp, ..., Xg+1) =
fdo (X1, X, ..., Xkt1), since

do (X1, ..o, fXiv oo Xer1) = (=) N do (FX0, Xy ooy £ X Xer 1),

by virtue of the skew-symmetry of dw. Making use of the definition (3.28) we find
that, for f € A°(M) (= C®(M)),

k+1Ddo(fX1,X2,..., Xk+1)

= (XD (0Xa,.... Xk11))

k+1

+ ) EDTX (0 (XL X X))
i=2

> D o((fX X1 X, X X )
j>i

+ Y DX XL XL XX X))

l<i<j

Using now (1.34), the fact that w is a tensor field, and that [ X, X;] = f[X;, X;]—
(X; )X (see Exercise 1.32), this expression becomes

(k+1)do(fX1, X, ..., Xpy1)

=f [Xl(a)(Xz,...,XkH))]

k+1

+ ) DX (foXL L X X))
i=2

— Z(—l)ja)(f[Xl,Xj] — X HX1, X2, Xy, Xt
j>1

+ Y DT (X XL XL X X X )

I<i<j
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=f [Xl(a)(Xz,...,XkH))]
k+1

+ 3 EDT X (X X X))
i=2

+ X HoXi, e Xy X))

> D fo(Xn X1, X0, L XL X)
j>1

— X HoXi, ., X, Xeg )

e~

+ Y DT (X XL X X X X )

I<i<j

= flk+ 1)doX,..., Xrr1).

57

From the definition (3.28) we also see that dw is differentiable, and we conclude that
dw is a (k 4+ 1)-form or, equivalently, that d is a map from AX(M) into A*+1(M).
If w1 and wy are k-forms and a, b € R, from the definition of d we directly see

that
d(aw; + bwn) =adw; + bdw,.

On the other hand, for @ € AK(M) and fe A%(M) we have

(k+Dd(fo)Xi, ..., Xgq1)
k1

=Y DX ((fo) X, X X))
i=1

+Z(_l)i—’_j(fw)([xi’xj]’X]? ""X\i? ""X.;’ "'7Xk+1)

i<j
k+1 4 .
=Y =D fXi(X1, ... X0, ... Xpq1)
i=1
+XiHoXi, . X X

i<j
=(k+1)fdoXy,..., Xk+1)
k+1 .
+Y DX HoX, L X Xeg)

i=1

(3.32)
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=(k+1fdoXy, ..., Xk+1)

k+1

+ DX o XL X X))
i=1

=k+1fdoXy,.... X)) + k+DAf A0) Xy, .o, Xkt 1)s

that is,
d(fw)= fdo+df Ao. (3.33)

Expressing w € AK(M) in local coordinates as @ = Wiy iy dxt A -+ Adxik, with

wiy..ix € A%(M), from the properties (3.32) and (3.33) we find that
do = d(wj,._j,dx" A - Adx'®)
= wiyq d(dx A Adx®) +dejy g AdxT A AdxE
The exterior derivative of dx/! A --- A dx"fc is equal to zero, as can be seen by apply-
ing the definition (3.28) to qalculate d(dxt A Adxt)((9/0x71), ..., (0/0x/k+1)),
using that [(d/0x"), (0/0x7)] = 0. Thus, dw is given locally by
do = dwj,_; Adx A Adx

a . .
B (W) g A A XA A dxE, (3.34)
X

Exercise 3.9 Derive the expression (3.34) for the components of dw without em-
ploying (3.33), directly from (3.10) and (3.28). Making use of (3.34), demonstrate
the validity of (3.33).

With the aid of the local expression (3.34) for d one can show that the exterior
differentiation is an antiderivation of the algebra of forms, that is, if @ € Ak(M )
andn € AL(M), then

d(wAn) =dw An+ (—=D¥w A dy. (3.35)

Indeed, prressing w and n as w = wj,._j, dxt A --- A dx’ and n="nj.. dx/1 A
-+ Adx/, respectively, and using the expression for the differential of a product of
functions (1.47), from (3.34) we have

dlwAn) = d(wil...iknjl...jl dx" Ao AdXE AT A A dxj’)
=d(wi..ixnjy...j) A dx U Ao Adx AdeT A Adx T
= [[dwi,..i)nj .. + @i dnji ]

AdxUA - Adx* AdXIY A Ada
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= (i, AdxT A AdXE) A (), dxT A A dx)
+ (=D (@i, dx™ A= AdXE) A (dnjy AT A Adx )
=doAn+ (—l)ka)/\dn.

(Note that (3.33) is a particular case of (3.35).)

A k-form whose exterior derivative is zero is called closed; a k-form is exact if it
is the exterior derivative of some (k — 1)-form. Any exact differential form is closed
since if w = dn with n € A/ (M), locally we have

. . 9 . . .
w=d77i1...i, AdxT A AdxY = (—.)nil...iz dx/ Adx"" A Adx'

axJ/
with the functions 7;,_; being the components of n; then
9 i i i
do=d||—)ni,.i | Adx! Adx"" A--- Adx!
ax/
J 9 m j i i
= — | =— )mi,..i; dx" Adx! Adx"t Ao Adx!,
axm axJ

which is equal to zero since (9/0x™) and (9/ 9x/) commute, whereas dx™ A dx/ =
—dx/ A dx™. In other words, the exterior differentiation has the property that

=0 (3.36)

(see also Exercise 3.7). Note that there do not exist exact O-forms and that any
n-form is closed because any (n + 1)-form is zero.

Example 3.10 According to the first and the second law of thermodynamics, for a
given thermodynamical system there exist two real-valued functions, U (the internal
energy) and S (the entropy) defined on the set of equilibrium states of the system,
such that

TdS=dU + PdV.

This is the case if the only way in which one can do mechanical work on the sys-
tem is by compression, where T, P, and V are the absolute temperature, pressure,
and volume, respectively. Using the properties of the exterior derivative we obtain
dT AdS =dP A dV and therefore, dP A dV A dT =0, which implies that P, V,
and T cannot be functionally independent; that is, there must exist an “equation of
state” expressing, e.g., P as some function of V and 7. In a similar manner, com-
bining the expressions above, one finds that any set formed by three of the func-
tions T, S, U, P, and V is functionally dependent. (For instance, dU AdS AdV =
(TdS — PdV) AdS AdV =0.) Therefore, the manifold of the equilibrium states is
two-dimensional.
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Exercise 3.11 Compute the exterior derivative of the 2-form

1
O 2422

(xdy Adz 4+ ydz Adx 4+ zdx Ady) (3.37)

defined on R3 \ {(0,0,0)}, where (x, y, z) are the natural coordinates of R3. Find
the local expression of this form in terms of the spherical coordinates (7, 6, ¢) (with
x =rsinfcos¢,y=rsindsin¢g, z =rcosh).

Exercise 3.12 Consider the 1-forms w!, w?, »> defined by

o' =hdx! —x"dh — x?dx® + x3 dx?,

w® = hdx? — x*dh — x3 dx! +x1dx3,

0’ =hdx® — x3dh — x"dx? + x%dx',
in terms of a local coordinate system (x!, x2, x3), withh = /1 — Z?:l (x7)2. Show
that

do' = —20% A a)3, dw? = —20° A a)l, dow’ = —20' A 02,

(The forms «' arise in connection with the group SU(2); see Sect. 7.3.)

If M and N are two differentiable manifolds and v : M — N is a differentiable
map, then we have

Y*(dw) =d(y*w), forwe AF(N). (3.38)

In effect, expressing @ as @ = wj,__;, dy"! A --- A dy'k, where (y!,...,y™) is a
coordinate system on N, we have [see (3.25)]

Y*(dw) = ¥ (dwj,. i Adyt A= Adyk)
= ¥*(dwj, i) AP (dyT) A AYE(dy™),

but Y*(df) = d(y* f) for f € A°(N) [see (2.29)]. Using the fact that d is an an-
tiderivation and that d*> = 0 on functions [see Exercise 3.7 or (3.36)], it follows that

Y (o) = dWFoi,.q) APy A Ad(PFyH)
=d[(¥ o) (YY) A Ad(Pry)]
= d[( i, i)Y (") A A YT (dyH)]
= d[y* (wiy..;, Ay A Ady™)]
=d(Y*o).
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Exercise 3.13 Show that £x (dw) = d(£xw), for w € AX(M) and X € X(M).

The Lie derivative is related with the exterior derivative in the following manner.
(Cf. Exercise 3.8.)

Proposition 3.14 For X € X(M) and w € A*(M) we have

£xo =XJdw + d(XJw). (3.39)

Proof Making use of the definitions of the contraction and of the exterior derivative,
for X,Yy,..., Y, e X(M) we obtain

Xddw)(Yi,...,.Y) =k +1DdoX,Yy,..., Y

=X((Yy,...,Yy))

+) DY (X Y.L YL YY)
i=1

+ 3 DX YL YL YL YY)
j=1

+Y DHo(IYL YL X YL Y YY)

i<j
on the other hand,

(d(XJa)))(Yl vy YE)

k
1 . .
= % |:Z(—1)l+1Yi((XJa))(Y1, e Y, Yk))

i=1

+ > =D Xo) (Y Y, YL YL Y, ...,Yk)]

i<j

DY (X, Y, ..., Y., Y))

||M»

+Z(—1)"+1w(x, Yo, Y1, Y0, . Y, Y Y.

i<j

By adding these two relations and using the expression for £xw given at the end of
Chap. 2 [equation (2.45)] we obtain the proposed relation. (Another proof is given
in Sect. 4.1.) L]
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Exercise 3.15 Compute the Lie derivatives of the 2-form (3.37) with respect to the
vector fields
a d d 0 0 d

ya_Z_Za’ Za—xa, xa_)’£-

Poincaré’s Lemma Given a closed k-form, w, there does not always exist a
(k — 1)-form n such that w = dn. That is, not every closed form is exact. How-
ever, as shown below, such an n always exists locally, and this result is known as
the Poincaré Lemma. The global existence of 7 (that is, on all of M) depends on the
properties of M (see also do Carmo 1994).
A well-known, illustrative example is given by the 1-form
.1 A (3.40)
xX<+y
on M =TR?\ {(0, 0)} (which is the analog of the 2-form (3.37), considered in Exer-
cise 3.11). One readily verifies that « is closed:

d O (> Vi 2(_2 dx Ady=0
a=|—|—"— — = X =0,
0x \ x2 + y?2 dy \ x2 + y?2 Y

but there does not exist a function defined on all of M whose differential coincides
with o (see Example 1.28).

However, on the simply connected set R? \ {(x,0) | x > 0} (the plane with the
positive x axis removed), o« = df, where 6 is the standard coordinate function
used in the polar coordinates, with its values restricted to the interval (0, 27).
(Substituting x = rcosf, y = rsinf into the expression for o one finds o =
r2[r cos@(r cos® d +sin® dr) — r sin@(—r sin® dd + cos6 dr)] = dd.) On M, the
angle 0 is not a well-defined (single-valued) differentiable function.

In order to prove that a closed k-form, with k > 1, is locally exact, we consider a
one-parameter group of diffeomorphisms ¢; on M; then, for any k-form @ we have

. . QnTo— @
—¢r w=lim —

dr h—0 h
. ot —w
=¢,* lim ———
Pt P A
= <Pz*£XCU,

where X is the infinitesimal generator of ¢;. Making use of the relation
£xo =XJdw + dXJw), if w is closed

d
atp,*a) = (p,*[XJ dw + d(XJ a))]

= ¢ d(XJw)
= d[g* (X o))
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Rn

Fig. 3.1 The images in R" of the orbits of the group (3.42) under ¢ are radial segments

and integrating on the parameter ¢, from #y to 0, we find
0 0 d
d/ go,*(XJw)dt:/ (—(p,*u)) dt = — ¢y, 0. (3.41)
0 n \df

(Note that in this last integral, ¢ is only an integration variable; the product of the
differential form appearing in the integrand by dt is not an exterior product. See the
examples given below.) With the aid of the group ¢; given by

o fxt =e'x', (3.42)

where (x!,...,x") is some local coordinate system on M (see Fig. 3.1) [then
X = x/(3/0x")], we have ¢, * dx’ = ¢’ dx’; therefore, if

lim ¢, =0, (3.43)
thy—>—00
then from (3.41) it follows that
0
a):df o X w)dt, (3.44)
—00

assuming that the integrand is well behaved for ¢ € (—o0, 0] (see the discussion
below). Thus we express w as the exterior derivative of a (k — 1)-form.

For instance, one can verify that the 2-form w = 5xdy A dz — 3ydz A dx —
(x2 4+ 2z)dx A dy is closed. In order to apply (3.44) we start by computing the
contraction XJw

a ad ad
Xlo=|(x—+y—+z— J[Sxdy/\dz—?aydz/\dx — (x2+2z)dx/\dy]
ox ay 0z

= 5x(ydz — zdy) — 3y(zdx — xdz) — (x* 4+22) (xdy — ydx)

= (x%y — yz) dx — (x* + 7xz) dy + 8xydz.
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Then,

0 0
/ o Xdw)dt = f dr[(e*x?y — ¥ yz) dx
o0

—00 —

— (e¥x® + € 7xz) dy + e¥8xy dz]

[note that the integrand satisfies the condition (3.43)] and, with the change of vari-
able s = ¢’, we have

0 1
f o Xdw)dt = / ds [(s*x?y — syz) dx — (sx* + s27xz) dy + s?8xy dz]
0

—00

= <1x2 — 1 z) dx — (lx?’ + 17xz> dy + l8x dz
—\at T3 2" T3 YR
A direct computation shows that, indeed, the exterior derivative of this 1-form coin-
cides with the 2-form w originally given.

Note that the 2-form w, defined in (3.37), and the 1-form «, defined in (3.40),
are both closed and satisfy X /o = 0, XJa = 0, but they do not satisfy the condi-
tion (3.43) (in fact, both forms are invariant under the group (3.42), ¢;*w = w and
¢ o = a). Therefore (3.44) cannot be applied to them.

However, by simply making use of another coordinate system, we can locally
express these forms as exterior derivatives of some appropriate forms. For instance,
the 1-form « defined in (3.40) can also be expressed as

B (x/ + l)dy/ _ y/dx/
- (x' + 1)2 +y/2

’

in terms of the coordinate system (x’, y’) related to (x,y) by x' =x — 1, y' = y.
Dropping the primes we have

ey
(e'x+1)2 4 (e'y)?

N
(1243

Xl o Xda) =

Now, condition (3.43) is satisfied and, putting s = e’, we find

0 1 2 2 1
/ ¢t*(XJa)dt:/ ds Y arotan T EYI AN
oo o (sx+1)*4+(sy) y 5=0
Y
= arctan ,
x+1

provided that y # 0, or that x > —1 if y =0, so that the integrand does not become
singular for s € [0, 1] (in other words, (x, y) € R2 \{G,y)|x<—1,y=0}).

Example 3.16 Using the properties (3.32), (3.35), and (3.36), the condition (3.18)
defining a canonical transformation can be expressed in the form

d(pdg — Hdt — PdQ + K dr) =0,
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which is locally equivalent to the existence of a function F such that
pdg — PdQ + (K — H)dr =dF.

If ¢ and Q are functionally independent, then (g, Q, f) can be used as local coordi-
nates on P x R and from the last equation we have

_OF P oF K=H+ oF
P=%4 T 90 - or
Assuming that 32F /3 Qdq # 0, these expressions allow us to express P and Q in
terms of p, g, and ¢. For this reason, F is a generating function of the canonical
transformation.

Example 3.17 Using the notation and results of Example 3.3, if Y is the infinitesi-
mal generator of a one-parameter group of diffeomorphisms on P x R which maps
any solution of the Hamilton equations (3.17) into another solution, then there exists
some function v € C*°(P x R) such that £y(dp Adg —dH A df) =v(dp Adg —
dH A dt) (cf. Example 2.28). In particular, if £y(dp A dg — dH A dt) = 0, making
use of the identity (3.39) and the fact that the form dp A dg —dH A dt is closed, we
have

d[YJ(dp Adg —dH AdD)] =0,

which is equivalent to the local existence of a function, y, such that
Y.Idp Adg —dH Adr) =dy. (3.45)

The function y is a constant of motion, that is, its value is constant along the
curves in P x R which are a solution of the Hamilton equations (3.17); this amounts
to Xy = 0, where X is the vector field (3.16). In fact, making use of (3.13) and (3.45)
we have

Xy =XJdy
=XJYIdp Adg —dH A dr)
=-YJXJ(dp Adg —dH Adr)
=0.
Exercise 3.18 Using the definitions given in Example 3.17, show that the function

v appearing in £y(dp Adg —dH A dt) =v(dp Adg —dH A dt) is a constant of
motion. (See also Sect. 8.7.)



Chapter 4
Integral Manifolds

We have met the concept of integral curve of a vector field in Sect. 2.1 and we
have seen that finding such curves is equivalent to solving a system of ODEs. In
this chapter we consider a generalization of this relationship defining the integral
manifolds of a set of vector fields or of differential forms. We shall show that the
problem of finding these manifolds is equivalent to that of solving certain systems
of differential equations.

4.1 The Rectification Lemma

As shown in Sect. 1.3, any vector field, X, on a differentiable manifold M can be

expressed locally in the form X = X?(3/dx"), where (x I x2, ..., x")is acoordinate
system on M [see (1.36)]. As we shall see now, for each point of M where X does
not vanish, there exists a local coordinate system, (x’', x’2, ..., x”"), such that
0
X= ST 4.1)

This result, known as the rectification, or straightening-out, lemma, ensures that,
in some neighborhood of each point where X is different from zero, there exists a
coordinate system adapted to X, in which X has a very simple form.

Assuming that there exists a coordinate system (x'!,x’2,...,x™) such that
X =9/dx’!, the functions x%,...,x”" must satisfy Xx> =0, Xx” =0,...,
Xx = 0; that is, the coordinates x>, ..., x” must be n — 1 functionally inde-
pendent solutions of the linear partial differential equation (PDE)

of 2 Of af
X' 4+ x> 4. x" =0 4.2
ax! + 9x2 oot ax" 4.2
Given n — 1 functionally independent solutions of (4.2), the coordinates x’ 2 .., x"

can be chosen as any set of n — 1 functionally independent functions of them. In
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contrast, x’! must satisfy the (inhomogeneous) equation Xx’ I — 1, that is,

Xlax/l +X28x/1 N +Xnax/1
ax! 9x2 ox"

—1. (4.3)

Given a solution of this equation, one can obtain another solution by adding to it
any solution of (4.2).

The problem of finding the solutions of (4.2) is related to that of finding
the integral curves of X (see Sect. 2.1), because if X has the form (4.1), then
its integral curves are given by (x’' o C)(r) =t + const, x’*> o C = const, x> o
C = const, ..., x™ o C = const. Therefore, if we have the integral curve of X =
X'(3/dx") that starts at an arbitrary point of some neighborhood, in the original
coordinate system (x1 JxZ, x"), then we have n functions xioC satisfying the
system (2.5), which must contain n arbitrary constants (which determine the starting
point of the curve C). Combining these n expressions to eliminate the parameter of
the curve [the variable ¢ in equations (2.5)], one obtains n — 1 equations that are
equivalent to the n — 1 equations x’> o C = const, x> o C =const, ...,x" o C =
const.

The coordinate x’! (which is defined up to an additive function of x%, x'3,
...,x™) can be found noting that the contraction of X with any of the 1-forms
dx!'/x', dx?/X?,..., and dx"/ X", among many others, is equal to 1. Since any
1-form on a manifold of dimension one is locally exact and since the integral curves
of X are manifolds of dimension one, on these curves each of the 1-forms dx! /X 1
dx2/X?,...,dx"/ X", is, locally, the differential of a function that can be chosen as
X'l

Example 4.1 Let us consider the vector field X given locally by

0 0 0
X=—x2£—xy5+(xz—y)a—z, 4.4)

where (x, y, z) is a coordinate system on some manifold of dimension three. Its
integral curves are determined by the system of ODEs

dx d d
2 & —Xy, d_j =xz—Y, 4.5)

—_— = —X , =
dr dr

where, as in the previous examples, we have written x, y, and z in place of x o C,

yoC,and z o C, respectively. The first of equations (4.5) is readily integrated, giving

1 - 1
x(t)  xo

where xg is the value of the coordinate x at the starting point of the curve, or, equiv-

alently,

X0

x(t) = .
@) xot + 1

(4.6)
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Substituting this expression into the second equation (4.5) we find that

Yo
X()l‘+l’

y() = 4.7)
where yy is the value of the coordinate y at the starting point of the curve. Substi-
tuting now (4.6) and (4.7) into the third equation (4.5) we obtain a linear equation
whose solution is

z(t) = zo + (x0z0 — yo)t, (4.8)

where zg is the value of the coordinate z at the initial point of the curve. Eliminating
the parameter ¢ from (4.6)—(4.8) one finds that

x(1) X0

— = x(1)z(t) — y(t) = x0z0 — Yo,

y@®  yo
which means that the (images of the) integral curves of X are the intersections
of the surfaces x/y = const, xz — y = const, and that the coordinates x> and x'3
can be chosen as x/y and xz — y. (One can readily verify that X(x/y) = 0 and
X(xz—y)=0.)

According to the discussion above, on the curves x/y = const, xz — y = const,
the 1-forms —dx/x?, —dy/xy, and dz/(xz — y) (whose contractions with X are
equal to 1) are the differentials of possible choices for x'!. In fact, —dx/x* =
d(1/x), so that we can choose x’! = 1/x. Alternatively, by imposing the conditions
x/y = const, xz — y = const, we have, for instance,

S-i(E5)
xz—y xXz—y

which gives another acceptable choice for x'!, namely, x'! = z/(xz — y). The func-
tions 1/x and z/(xz — y) differ by —(x/y)~!(xz — y)~!, which is effectively a
function of x/y and xz — y only, as stated above.

In order to find the images of the integral curves of a vector field X (and to iden-
tify a set of coordinates x'2, ..., x) it is not necessary to integrate equations (2.5),
with the subsequent elimination of the parameter ¢; the parameter can be eliminated
from the beginning (see, e.g., Example 2.9), which leads to a set of equations that is
usually expressed in the form

1 2 n
a4 wo)
Xt x? xn
[see, e.g., Sneddon (2006, Chap. 2)].

The fact that a vector field can be expressed in the form (4.1) has several applica-
tions. For instance, it allows us to simplify the demonstration of some propositions
involving vector fields, as can be seen in connection with Proposition 3.14. If w is a
k-form and X is a vector field, on some neighborhood of each point where X does
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not vanish, one can find a coordinate system (x1 Jx2., x") such that X = 8/8x1,
using then the expression w = w;,. j; dxt A --- A dx* and the properties of the
Lie derivative of differential forms, we have £x dx! = d(Xx?) = 0 [see (2.39) and
(2.23)], hence, according to (3.26)

owj, ..i ; ;
£Xa):%dxll A Adxtk,
X

On the other hand, using (3.34) and (3.27)

9 dwi . .
Xdo = —= J( ZP0dk g A diit A - A dik
ox! oxJ

dwi, i 9 S .
= ZO0ie T (@l Adx't A A di)
axJ/  ax!

EYS . ) dwii, , . :
= —=h et A A — kA A X A A
0x x/

and
dXJw) = d(k o, dx2 A - A dx'k)

dwii, i . . .
=k — = ded Adx A Ad
X

Thus, £x0 = X Jdo + d(XJw).

The form (4.1) is also useful in the solution of ODEs. In many cases it is possible
to find explicitly a vector field, X, that generates some symmetry of a given ODE,
which means that the image of any solution of the equation under the flow generated
by X is a solution of the same equation [see, e.g., Stephani (1989), Hydon (2000),
and Sect. 4.3]. The form of the ODE is simplified making use of a coordinate system
in which X has the expression (4.1).

It should be clear that the expression (4.1) is not valid at the points where X
vanishes. Whereas the rectification lemma establishes that all vector fields look the
same wherever they do not vanish, there exist several different behaviors for a vector
field in a neighborhood of a point where it vanishes [see, e.g., Guillemin and Pollack
(1974, Chap. 3)].

If Y is a second vector field, it is not always possible to find a coordinate system
(x"',x"2, ..., x™), such that Y = 8/9x"?, simultaneously with X = 9/dx’!. A nec-
essary condition for this to happen is that [X, Y] =0, since [3/9x'',3/dx*] =0
[see (1.38)]. This condition is also sufficient; in general, if X, X, ..., X € X(M)
satisfy [X;, X;] =0, for 1 <1, j <k, then, in a neighborhood of each point where
{Xi, ..., Xy} is linearly independent, there exists a coordinate system x'!, ..., x”"
such that X; = 3/3x’!, ..., Xy = 8/3x’*. The proof is similar to that given in the
case with k = 1.
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4.2 Distributions and the Frobenius Theorem

As shown in Example 2.27, the solutions of the first-order ODE

dy PGy
de  Q(x,y)

are the images of the curves C such that C*(P dx + Qdy) = 0. A similar formu-
lation can be given in the case of an ODE of order m, making use of a set of m
1-forms on a manifold of dimension m + 1. For instance, given a second-order ODE
of the form

d? y
— = F(x,y,dy/dx), (4.10)
dx?

where F is a differentiable real-valued function of three variables, we introduce an

auxiliary variable z and define the two 1-forms
a'=dy—zdx and o’=dz— F(x,y,z)dx. (4.11)

Then, considering (x, y, z) as local coordinates of some manifold M, the solu-
tions of (4.10) are given by the images of the curves C in M such that C*a' =0,
C*a? =0 (see Sect. 4.3, below).

The 1-forms are also employed in classical mechanics to express constraints.
When a mechanical system is subject to a constraint represented by a 1-form «, the
possible curves in the configuration space must satisfy the condition C*« = 0, and
a mechanical systems may have more than one of such constraints.

For instance, for a block sliding under the influence of gravity on a wedge of
angle 6, which lies on a horizontal table, there are two constraints, given by

a! =dy —tan6(dx — dx),

o2 = dj. (4.12)
where 6 is the angle of the wedge, (x, y) and (x, y) are Cartesian coordinates of the
block and the wedge, respectively (see Fig. 4.1). The condition C*a? = 0, that is,
C*dy = 0, means that y has to remain constant along the admissible curves in the
configuration space.

Another well-known example of a mechanical system with constraints corre-
sponds to a vertical disk, of radius a, say, that rolls without slipping on a horizontal
plane (see Fig. 4.2). The constraints can be expressed by means of the 1-forms
al =dx —acosf d¢ and ol = dy — asinf d¢, where (x, y) are Cartesian coordi-
nates of the contact point of the disk with the plane, 6 is the angle between the x
axis and the plane of the disk, and ¢ is the angle between a given radius of the disk
and the line joining the center of the disk with the point of contact with the plane.

A final example is given by a sphere of radius a that rolls without slipping on a
plane surface; there are two constraints represented by the 1-forms

B! =dx + a(sin@ cos ¢ dyr — sin¢p db),

(4.13)
B2 =dy +a(sin@ sing dyr + cos ¢ db),
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my

Fig. 4.1 The block remains in contact with the wedge, which lies on a horizontal table

0

Fig. 4.2 The disk rolls without slipping on a horizontal plane. 6 is the angle between the velocity
of the disk and the positive x axis

where (¢, 6, ) are Euler angles (see, e.g., Sect. 8.6) and (x, y) are Cartesian coor-
dinates of the point of contact between the sphere and the plane.

An important difference between the sets of 1-forms (4.12) and (4.13) is that in
the first case the curves C in the configuration space satisfying C*a! =0 = C*a?
lie on a submanifold defined by y —tan 6 (x —Xx) = const, y = const (which is related
to the facts that ! = d[y —tan6(x — %)] and «? = dj), whereas, as we shall be able
to show below, in the case of the 1-forms (4.13) the curves C satisfying the condi-
tions C*B! = 0= C*B? are not contained in submanifolds of the form y! = const,
y2 = const (see Exercise 4.8, below). Owing to this difference, the 1-forms (4.12)
constitute holonomic constraints and the 1-forms (4.13) represent non-holonomic
constraints (a precise definition is given below).

Now we shall introduce some definitions. Let !, ...,ak be 1-forms on M
and let p € M such that {oz[]?, .. .,ozf;} is linearly independent. Then, the set of
vectors v, € T, M such that oe[lj(vp) = otf,(vp) =...= oc];)(vp) = 0 forms a vec-
tor subspace of T, M of dimension (n — k), with n being the dimension of M.
A distribution of dimension / on M is a map, ¥, that assigns to each point
p € M a vector subspace, &, of T, M of dimension /. Thus, a set of k indepen-

dent 1-forms {c!, ....,ak} defines a distribution of dimension (n — k) given by
Dy ={v, eTyM | a;(vp) =0, i=1,...,k}. The sets of 1-forms {e', ..., ¥} and
{ ﬂl, el ,Bk} define the same distribution if and only if there exist k? real-valued

functions b;, i,j=1,2,...,k,such that ,Bi = bj.ozj, with det(b;) nowhere zero.
An integral manifold of the distribution & is a submanifold N of M such that the
tangent space to N at p is contained in &, If the distribution Z is defined by the k
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1-forms o!, ..., ak, as explained above, the submanifold N is an integral manifold
of & if and only if i*a!' =0,...,i*a¥ =0, where i : N — M is the inclusion map
(cf. Example 2.27). (If N is a subset of M, the inclusion mapping, i : N — M, sends
each point of N into the same point, considered as an element of M.)

In classical thermodynamics, a quasistatic adiabatic process is (the image of) a
curve C in the space of equilibrium states such that C*(dU + PdV — pudv) =0,
where U, P, V, u, and v are the internal energy, pressure, volume, chemical
potential, and mole number, respectively. In this case, the space of equilibrium
states is a manifold of dimension three and the distribution defined by the 1-form
dU 4+ P dV — udv (the heat 1-form) is of dimension two.

A distribution & of dimension [ is completely integrable in U C M if each point
p € U is contained in an integral manifold of & of dimension /. An integral mani-
fold N of the distribution Z is maximal if any integral manifold N of 2, such that
N C N/, coincides with N.

The second law of thermodynamics states that the distribution defined by the
heat 1-form is completely integrable; its integral manifolds are given by S = const,
where S is the entropy [see, e.g., Sneddon (2006, Chap. 1)].

Lemma 4.2 Let o', ..., o be independent 1-forms on M. The distribution 9 de-
fined by {a', ..., ¥} is completely integrable in U C M if there exist k functionally
independent differentiable functions y' defined in U such that

o =l dy, (4.14)

where the cz. are differentiable functions. (Note that the condition that the 1-forms

o' be independent implies that the matrix (c;) be non-singular, that is, invertible.)

Proof The fact that the functions y’ be functionally independent implies that the
set N, formed by the points p € U such that y'(p) =a’, where a', ..., a* are fixed
real numbers, is a submanifold of M of dimension n — k (see Theorem 1.6). Let v,
be a tangent vector to N at p; then v, [yi] = (, since at the points of N the yi are
constant. Therefore, using (4.14) and (1.41)

ol (vy) = 5 (p)dyp (vp) = i (pIvp[y/] =0, (4.15)

that is, v, € &,,. Thus, N is an integral manifold of Z. O
In particular, a single 1-form, «, defines a distribution of dimension n — 1 at
the points of M where o does not vanish. According to the preceding lemma, the

distribution given by « is completely integrable if there exists a function, y, such
that

a=vdy, (4.16)

where v is some real-valued differentiable function. In the terminology employed
in the textbooks on differential equations, when a linear differential form « is of the
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form (4.16), it is said to be integrable (and one says that 1/v is an integrating factor
for a).

Theorem 4.3 A 1-form « is locally integrable if and only if
a Ada =0. 4.17)

(It should be noticed that o A da is a 3-form and therefore is identically equal to
zero if the dimension of M is one or two.)

Proof If o has the local expression (4.16) then
aANda=vdy A (dvAdy)=

Let us assume now that « A do = 0; and let n = dim M. If n = 1, the assertion
is trivially true since any 1-form has the local expression « = «q dx!. For n =2, we
have o = o) dx! + ap dx2. Making use of the functions «; and «» we construct the
first-order ODE

dx? o

— = (4.18)

dx 1 (0%)
whose general solution must contain an arbitrary constant. Assuming that
F(x', x%) = const represents the general solution of (4.18), differentiating implic-
itly with respect to x! and using (4.18), we have

OF OF dx> 0F o OF

O:— —_— = -,
ax! 9x2 dx! ax! o 0x2

thus

oF oF
dF = —dx + —d
ax! ax2

a1 oF IF ol 4 oF Ay
T ap 0x2 9x2

1 oF
_a—zg(aldx +(X2d)C)

o= _% dF
OF/9x?2

Therefore, any 1-form in two variables is locally integrable.
Considering now an arbitrary value of n, the 1-form « has the local expression
o = ¢ dx'. On the submanifold N given by x" = const = (x")¢, & becomes

n—1
=Y
i=1

that is,
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where the real-valued functions &; depend only on xU o x with (x™")p as a
parameter (see the example given below). More precisely, & is the pullback of «
under the inclusion mapping i : N — M and, by abuse of notation, we denote by
x!, ..., x"1 the restrictions to N (or pullbacks under i) of the coordinates of M.

Since i*(a A da) = ((*a) Ad@E*a) [see (3.25) and (3.38)], the 1-form @ satisfies
the condition & A da = 0; therefore, assuming, by induction, that the proposition
holds for manifolds of dimension n — 1, there exist real-valued functions p and f
which depend parametrically on (x")g, with

a =/L(xl,...,x”_1, (x")o) df(xl, U (x")o),

therefore, eliminating the restriction on x”,

a=pndf + <cxn —/Laa){n)dx"
=pudf +bdx".
Substituting this expression into the equation o A do = 0 we find that
0= (;Ldf—kbd)c”)A (d,u/\df—l—db/\dx”)
=dx" Adf A (udb—bdu)
= u? dx" /\df/\d(%),

which is equivalent to the fact that b/ is a function of x” and f only, b/u =
g(x", f). Then

b
a=u<df+ﬁdx">

= u(df +g(x", f)dx"). (4.19)
Since df + g(x", f)dx" is a 1-form in two variables, it is integrable and therefore
« is integrable. O

Example 4.4 Let
oa=2z(y+z)dx —2xzdy + [(y + z)2 —x- 2xz] dz,

where x, y, z are local coordinates of a manifold of dimension three. One can verify
that

de=2(x+y+2)dyAndz+2(x+y+3z)dzAdx —4zdx Ady

and that o A do = 0; therefore, « is integrable, at least locally.
Following the procedure shown in the proof of the foregoing theorem, making
Z = const = zg, we obtain the 1-form in two variables

a=2z0(y + zo) dx — 2xzody.
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Then, equation (4.18) is, in this case, the first-order linear (and also separable) ODE

dy y+z2o
d«  x

whose general solution is given by F(x,y) = (y + z0)/x = const and, as can be
verified directly, & = —2x%zg dF. Taking now F(x, y, z) = (y + z)/x we find that

o = —2x*7dF + [(y + z)2 — x2] dz

1 (y+2)?
= 2x2z{dF + | — — d
* Z{ + [21 2w |

) 1—F?
= —2X Z dF + dZ
27

[cf. (4.19)]. The 1-form inside the parentheses in the last equality is, in effect,
a 1-form in two variables, which must be integrable. In this case, we can see di-
rectly that

— F? dr dz
dF dz = (1—F? —=
g de=( )<1—F2+2z)

_(1—-F)? d[z(l +F)]
2z 1—F |

Hence,

(4.20)

a:(y+z—x)2d[w].

y+z—x

Going back to the more general case of Lemma 4.2, we can see that a necessary
condition for the existence of the functions y*, appearing in (4.14), is obtained by
applying the exterior derivative d to the relations o' = c’j dy’/. Expressing dy’ as

dy/ = Elj o!, where (5{ ) is the inverse of the matrix (CS')’ we have
do' = d(c’j dy’/)
= dcz- A dy’
= dcz- A (5{0{1)
= (EIJ dc;) Ao
!

EQ;/\O[

with 9; e AY(M),i,l=1,..., k. It turns out that this condition is also sufficient.
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Theorem 4.5 (Frobenius) Let {o', ..., ok} be a set of independent 1-f0rms. In
a neighborhood of each point there exist k independent functions y’ such that
o = c’j dy/ if and only if there exist k* 1-forms, o] € AN (M), such that

do’ =6/ Ao, (4.21)
Proof (Sufficiency) If {a!, ..., a*} is a set of k independent 1-forms on a manifold
of dimension k, the conclusion is trivial, since if (xl, e xk) is any coordinate

system, then, ol = ci. dx/, where (cz.) is a non-singular matrix.
We now consider the case n > k. If (xl, ...,x™) is a local coordinate system
on M, the k 1-forms o' have the local expressions ' = a;. dx/. Let us assume that

the 1-forms &' = Z;’;i at dx/, obtained from the o' on setting x" = const = (x"")o,
are independent, which can be achieved by relabeling the coordinates if necessary.
Then the condition (4.21) implies that d&' = 6 A @', considering x” as a parameter.

(Again, @ is the pullback of '’ under the inclusion mapping i : N — M, where N is
the submanifold defined by x” = const = (x")( and, by abuse of notation, we denote
by xt, ..., x"! the restrictions to N (or pullbacks under i) of the coordinates of M.)

Assuming that the Theorem holds for n — 1 dimensions, there exist k independent
functions, y/, which depend parametrically on x", such that ol = bj. dy/, where (bz.)
is a non-singular k£ x k matrix. Hence,

o = b dyl +a' dx" = b (dy/ + b/ a' dx") = b (dy + b7 dx"),  (4.22)

where the a' are functions and (l;lj ) is the inverse of (bé.). Substituting the expression
ol = bj. (dy/ + b7 dx™) into (4.21), we obtain

d(dy’ +b' dx") =6') A (dy! +b' dx"),
with 6’} € A'(M); hence,
db' Adx" =6} A (dy' + b dx"). (4.23)
From this equation it follows that
db' Adx" Adx" =6} A (dy! + b dx") Adx",
and, since dx" A dx" =0 [see (3.12)],

6y Ady! Adx" =0,

Im>

(see (3.24) et seq.). Substituting into (4.23) we obtain

which implies that 6’y = A} dy™ + B} dx", with A}, B} € C>®°(M)and Al = Al

db' Adx" Ady' A AdYF =0 A (dy BT dx") Ady! AL AdYF =0,

which means that b’ is function of x”, yl,...,yk; b :bi(x”,y',...,yk).
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Now we consider the system of ODEs made out of the functions b (x", yl,
k
YY)

dyi

' 1 k -
dxnz—bl(x”,y,...,y), i=1,2,... k. (4.24)
The general solution of this system must contain k arbitrary constants. Let
y'l, ...,y be independent functions such that y/ (x", y!,..., y¥) = const (j =

1,2,...,k) is a solution of the system (4.24). Then (by imp}icit differentiatipn as
in the proof of Theorem 4.3) one finds that dy’ + b’ dx" = fj’. dy’/, where (fj’.) isa
non-singular matrix; therefore we have, finally

ol = b;flj dy/l = cf dy/l. O

Exercise 4.6 Consider the distribution defined by the 1-forms «! = dy — zdx,
o? =dz — Fdx, where (x, v, z) are local coordinates of some manifold M, with
F € C®(M) [cf. (4.11)]. Find explicitly a set of four 1-forms 6, 921, 912, 922, such
that da’ = 0% A /. Hence, the distribution is locally completely integrable; its in-
tegral manifolds are one-dimensional submanifolds of M which represent the solu-
tions of the ODE y” = F(x, y, y'). (See, e.g., Example 4.15, below.)

It is convenient to notice that if the relations (4.21) hold, then, fori =1, 2, ..., k,
a' AP A AdE Ada =0 (4.25)

[cf. (4.17)], since, frequently, for a given set of 1-forms {ozl, e ak}, it is simpler to
verify that this condition is satisfied than to show the existence of 1-forms 9;. satis-

fying (4.21). Conversely, if the 1-forms ', ..., o satisfy (4.25), then (4.21) holds.
Indeed, locally there exist (n — k) 1-forms okt o™ such that {a!, ..., "} is

a basis for the 1-forms on M, hence, for 1 <i <k, do’ = Lva“ Aa’, where i, v

—fi .. are real-valued functions. Substituting this ex-
. . . n i 1 k _ .

pression into (4.25) we obtain } 7 4.1 f,@ Ao Aot Aak Aa” =0, which

range from 1 to n and f;iv =

implies that f;iv = 0for u, v > k, provided that k +2 < n (otherwise all the products

al A Adk At A are equal to zero); hence,
k k n
i ol A I
do” = Z fjma N +ZZ Z fma .

= j=l n=k+1

Jj.m
k
m= =

1
k n
i j i m
< fijtj"_2 Z fp,maﬂ)/\a ’
1\j=1

u=k+1

which is of the form (4.21). (In the cases where k =n or k =n — 1, the conclusion
follows trivially.)
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Example 4.7 Let us consider the set of 1-forms

1 2
o =(xw—yz)dx —xzdy + x~dw,
5 5 g Y (4.26)
o =—z7dy+ (xw — yz)dz + xzdw,

where (x, y, z, w) are local coordinates of a manifold of dimension four. By a direct
calculation one finds that

do! =xdx Adw+ ydx Adz+xdy Adz,
do? = zdx Adw + wdx Adz +zdy A dz.

Whereas it does not seem simple to determine if there exist 1-forms 0;. such that
equations (4.21) are satisfied, it can be seen that

al Aa? = (xw—yz)[—zzdx/\dy+xzdx/\dw—xzdy/\dz

+ (xw — yz) dx Adz — x*dz A dw],

hence a! A a? Ada! =0=a' Aa? A da?, and therefore the distribution given by
o' and o? is completely integrable, at least locally.

Following the procedure employed in the proof of the Frobenius Theorem, we
will start from the fact that a system of k 1-forms in k variables is locally com-
pletely integrable in a trivial manner; therefore, in this example, we have to reduce
the number of variables from four to three and, afterwards, from three to two. The
integration process will start, then, with two variables only.

Setting w = wy, z = zo (constants), the 1-forms a! and o? reduce to the 1-forms
in two variables, denoted by @' and @, that in matrix form are expressed as

al _[*wo—Yyz0 —X20 dx 427)
a?) 0 —z02 ) \dy )’ *

(This is already of the form o' = c; dy/.) With the aid of the matrix

—1 —zo2 XZ20
z202(xwo—yz0) \ 0  xwo—yzo/

which is the inverse of the 2 x 2 matrix appearing in (4.27), we find that, when only
w is kept constant (denoting by &', @ the corresponding forms), we have

al Xwog—yz —XzZ dx — 2 dz 4.28)
) \ o —z2 ) \dy — 2102 g '
[see (4.22)].

In order to express the column on the right-hand side of the foregoing equation
in terms of the differentials of two functions only, we now consider the auxiliary
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system [cf. (4.24)]

dx x
dz 7’
dy  xwp—yz
dz ~ 2

The solution of the first equation is x = ¢z, where ¢ is a constant, and using this
expression in the second one we obtain the linear equation

d clw
_y+)’_10
dz z Z

k)

whose solution is yz = cjwgz + ¢2, where ¢; is a constant. Hence, the solution of
the system is given by u = const, v = const, where

X
u=—, V= yz — Xwyp.
z
In fact, the 1-forms in the column on the right-hand side of (4.28) are

dx—idzzzdu, dy—xwo—z_yzdzzwodu+ldv’
Z z z
then, substituting into (4.28),
al Xwo—yz —XxZ z du
£ G [ b [ )
—yz?  —x du
- (—Z2w0 —Z> (dv)O

Finally, eliminating the condition that w be a constant, one finds that the original

1-forms are given by
ol —yz?  —x du
or) \ 22w -z dv /)’

without the presence, in this case, of additional terms. This final expression is of
the form (4.14) and the integral manifolds of the distribution defined by the 1-forms
(4.26) are locally given by x/z = const, yz — xw = const

Ni— O

The constraints of a mechanical system given by a set of 1-forms a!, ..., ok

are holonomic if the distribution defined by {a', ..., ¥} is completely integrable.
Otherwise, the constraints are non-holonomic.

Exercise 4.8 Show that the constraints (4.13), as well as those of a disk rolling on
a plane, are non-holonomic.
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Even though the distribution defined by the two 1-forms (4.13) is not completely
integrable, there exist one-dimensional integral manifolds of the distribution; a sim-
ple example is given by the curve C*x = const, C*y = at, C*¢ =0, C*0 = —t,
C*y = const, which therefore represents a possible motion of the sphere. The fact
that the distribution is not completely integrable means that it does not have three-
dimensional integral manifolds.

Involutive Distributions Given a distribution &, we shall denote by V4 the set
of vector fields X such that X, € &, for all p € M; one finds that if X, Y € Vg,
then aX + Y and fX also belong to Vg for any a,b € R and any real-valued
differentiable function f. That is, Vg is a submodule of X(M). Conversely, if B
is a submodule of X(M) such that &, = {X, | X € B} has dimension [ for all p,
then Z is a distribution of dimension /; we say that the distribution Z is involutive
if [X,Y] e Vg forall X,Y € Vg.

For a distribution & defined by k independent 1-forms {a!,..., ok}, Vg is
formed by the vector fields X such that ' (X)=0,i=1,2,..., k. If there exist
1-forms 9; such that do! = 9} Aol [see (4.21)], then the distribution Z is involutive
since, if X, Y € Vg, using the definition (3.30) we have

2do’ (X, Y) = X(' (V) — Y (' (X)) — o' ([X, Y1)
= —a' (X, Y]).

On the other hand, from (3.7)

2do’ (X, Y) =2(6] Ae')(X,Y)
= 6/ (X)o' (Y) — 6] (Y)a (X) = 0;
therefore, ozi([X, Y]) =0, thatis, [X, Y] € Vg.

Conversely, given an involutive distribution, &, let X1, ..., X; be independent
vector fields such that {X,,...,X),} is basis of Z,,. If X;41,...,X,, are n — [
vector fields such that {X1, ..., X,,} is a basis of X(M) and denoting by {a!, ..., "}
its dual basis, the distribution & is defined by the 1-forms {ozl“, ...,o'}; that is,
D, ={vp € TpM | o, (vp) =0,i=1+1,...,n}.

Since & is involutive, fori > and 1 < j,m <1, we have

2da’ (X, Xon) = X (@ X)) = Xon (@ (X)) — &' (X, X 1)
= —o' ([X;, Xpn]) =0,

which, substituted into the identity

do' = [do' (Xj, Xp)]o! Ae™ =2 "[do (X, Xp) e/ A,

j<m
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yields, for i > [,

do' =2 Z [do’ (X, Xn) ]/ A @™

j<m
m>1

— Z[Zchxi(Xj,Xm)aj] A

m>l= j<m

n
Z 0, Ao,

m=I[+1

which means that the distribution is completely integrable. Putting together the fore-
going results, the Frobenius Theorem can be expressed in the following form.

Theorem 4.9 Let 9 be a distribution on M. The distribution 9 is completely inte-
grable in a neighborhood of each point if and only if 9 is involutive.

The /-dimensional integral manifolds of a completely integrable distribution of
dimension / defined by the [ independent vector fields X1, ..., X; are locally given
by y! =const,i =1,2,...,n — [, where the y’ are n — [ functionally independent
solutions of the / linear PDEs

Xiy/ =0, i=1,2,...,I; j=1,2,....n—1. (4.29)

It may be noticed that these equations imply that [X;,X;]y" =0, for i, j =
1,2,....,1, m=1,2,...,n — [. On the other hand, any vector field Z such that
Zy/ =0for j =1,2,...,n — [ must be a linear combination of the X;, and there-
fore the Lie brackets [X;, X ;] must be linear combinations of the X, which amounts
to saying that the distribution must be involutive, as we already knew. The Frobenius
Theorem ensures that the converse is also true; that is, if the distribution defined by
the [ vector fields X1, ..., Xj is involutive, then there exist locally n — [ functionally
independent solutions y/ of (4.29), and the /-dimensional integral manifolds of the
distribution are given by y/ = const.

Note that any distribution & of dimension one is involutive and, therefore, com-
pletely integrable, for if X is a vector field that at each point generates &,, then
any pair of vector fields Y,Z € Vg is of the form Y = fX and Z = gX [with
f, g € C*°(M)] and therefore

[Y.Z] =X, ¢X]=(f(Xg) — ¢ Xf))X € Vg.

The integral manifolds of & are the images of the integral curves of X. For ex-
ample, one finds that all the vector fields satisfying the condition o (X) = 0 for
the two 1-forms (4.11) are of the form f(d/0x 4+ z9/dy + F d/dz), where f is an
arbitrary real-valued function. Thus, the integral manifolds of the distribution de-
fined by these two 1-forms are the images of the integral curves of the vector field
d/0x +z0d/dy+ Fd/0z.
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Exercise 4.10 Let w € A%(M) and let 2, ={vp, € TyM | v), Jw, = 0}. Show that
if there exists a @ € A (M) such that dw = 6 A w, then Z is completely integrable.

4.3 Symmetries and Integrating Factors

In the previous section we have seen how to find, in principle, the integral manifolds
of a completely integrable distribution. In this section we shall show how the knowl-
edge of one-parameter groups of symmetries of a distribution allows us to find its
integral manifolds.

Let ¢; be a (possibly local) one-parameter group of transformations on M and
let o be a 1-form on M. We shall say that « is invariant under ¢; if for each value
of ¢t in the domain of ¢, there exists some function different from zero, x;, such that

¢ o = xa. (4.30)
Then, ¢; maps each integral manifold of « into another integral manifold. For in-
stance, the one-parameter group of transformations on R” given by ¢, (x!, ..., x") =
e (x!, ..., x™), ie., ¢ x’ =e'x!, leaves invariant any 1-form o = o; dx’ whose
components are homogeneous functions of the same degree k [that is,
ai(kxl, LA = Aka,-(xl, ..., x™)] since

(p[*(ai dxl) — e(k+1)lai dxi.

Condition (4.30) implies that £xo = v, where X is the infinitesimal generator of ¢
and v is the partial derivative of x; with respect to ¢, evaluated at t = 0.

On the other hand, applying the relation (3.39) and the properties (3.27) and
(3.23) we find that, for X € X(M) and o € A1 (M),

aNExa=a A [XJ do + d(XJoz)]
= —Xl(a Ada) + XJa)do —dXJa) A a
= —Xl(a Ada) + (XJa)? d[(XJa) '],

where we have assumed that X |« is different from zero; therefore if « is integrable
(which, according to Theorem 4.3, implies that @ A do = 0), then

d[(XJo) o] = XJa) 2 A £xa,

thus showing that (X_J«)~! is an integrating factor of « if and only if X is the
infinitesimal generator of a (possibly local) one-parameter group of transformations
that leaves o invariant.

Hence, if an integrable 1-form, «, is invariant under the group generated by X
and X o 5 0, then there exists locally a function y such that

a=(XJa)dy. 431
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This result implies that a nonzero integrable 1-form on a manifold of dimension
greater than or equal to two possesses an infinite number of symmetries. For in-
stance, if X is the infinitesimal generator of a one-parameter group of transforma-
tions that leaves « invariant and Y is any vector field such that Yo = 0, then
[(X+Y)Jal ' = XJa) ! is an integrating factor of «, and therefore X 4+ Y is
the infinitesimal generator of another one-parameter group of transformations that
leaves o invariant.

Example 4.11 Since the components of the 1-form
oa=2z(y+z)dx —2xzdy + [(y + 2)2 —x’— 2xz] dz,

considered in Example 4.4, are homogeneous functions of degree 2, this 1-form is
invariant under the one-parameter group of transformations given by ¢;(x, y, z7) =
e’ (x, y, z), whose infinitesimal generator is X = x 9/dx + y d/dy + z9/dz. Hence,
an integrating factor for this 1-form is given by

1
-1 _
T ey

and, in effect, one finds that

! o =dln| & 2F02
2y +2)2—x2] y+z—x

[cf. (4.20)].

Example 4.12 Another way of finding an integrating factor for the 1-form o con-
sidered in Example 4.11 consists of using a coordinate system adapted to the vector
field X =x09/0x + yd/dy + zd/0z, which generates a symmetry of «.

Following the steps given in Example 4.1, or by inspection, one finds that y/x
and z/x are constant along the integral curves of X [i.e., X(y/x) =0=X(z/x)] and
that XIn |x| = 1; hence, in terms of the coordinates (u, v, w) defined by

Y

X

z
u , v= —, w=Inx,
X

we have X = d/0dw. In terms of the new coordinates, the 1-form « is given by
o =2e*v(u +v)de” — 2" vd(ue”) +e*[(u +v)* — 1 —2v]d(ve®)
= ew{[(u +v)%v — U]dw —2vdu + [(u +v)?—1-— 2v]dv}

dv = 2du+v) ]

= eSwv[(u + v)2 - 1][dw + m
1
= e3wv[(u +v)? — 1]d<w +In|v| +ln‘%‘),
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hence

(y+z+x)z

_ 2 274]
a=2z[(y+2)°—x"]dln R

which coincides with the expression obtained above. (It should be pointed out, how-
ever, that if there exists an integrating factor for a 1-form «, then there exists an
infinite number of integrating factors.)

Exercise 4.13 Show that the 1-form « = o; dx’ is invariant under the one-parameter
group of transformations generated by X = 8/dx! if and only if (assuming o] # 0)

9 (ﬂ>:o (=2.3,....n).

Bxl (04}

If X = 9/9x! generates a one-parameter group of transformations that leaves invari-
ant the 1-form o = o; dx’, then oy = X is an integrating factor of «. This means
that locally there exists a function y such that

n
oe:oq(dxl—l—ZZ—lldxi) =ady
i=2

(cf. Example 4.12).

In a more general way, the set of 1-forms !, ..., & is invariant under a (possibly

local) one-parameter group of transformations, g, if there exist k2 functions Aj. such
that

ool = Aj.af : (4.32)
therefore, there exist functions Nj. such that
£xa' = Nia/, (4.33)

where X is the infinitesimal generator of ¢ and N ; is the partial derivative with
respect to ¢ of Ai. atr =0.

If the system is completely integrable, then there exist k> functions c; such that
o = c; dy’ (4.34)

[cf. (4.14)]. By analogy with (4.31), the functions ci. can be expressed in the form
¢ =X o, (4.35)

in terms of k vector fields Xi, ..., Xy, which, however, are not uniquely det.er—
mined by these relations. Combining (4.34) and (4.35) one finds that c’j =X, o' =
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¢! (X;y™), which implies that
X;y" =287 (4.36)
Hence, [X;, X;]y" = 0 or, by virtue of (4.34),
X;, X;Ja" =0 (i,j,m=1,2,...,k). 4.37)

Using several properties of the Lie derivative [(2.23), (2.38), and (2.39)] from
(4.34) and (4.36) one finds that

£ontl = £Xj (C,lndym)
= (Xjcp,) dy™ + ¢, d(X;y"™)
= (X;cl,)éra’.
Comparing with (4.33), one concludes that each of the k vector fields X; defined

by (4.35) is the infinitesimal generator of a one-parameter group of transformations
that leaves invariant the system al, ..., of Now, we shall show that the converse is

also true.
Theorem 4.14 Let o', ... o be a set of independent 1-forms that define a com-
pletely integrable distribution. Let X1, ..., Xy be vector fields that generate non-

trivial symmetries of the distribution, i.e., the matrix (c’}) with CS' =X, ol is non-
singular, and let them satisfy the additional conditions [X;, X il a™ =0. Then,
locally, o' = c‘j dy/, where y', ..., y* are real-valued functions.

Proof According to the hypotheses, there exists a set of 1-forms «9} such that do’ =
95. Ao’ and
£x, 0" =X, da" + d(XmJar)
=X, J (0] Aa®) +dc),
= (X JO])o* — 3,67 +dc),
=N’ o, (4.38)

for some real-valued functions N, [cf. (4.33)]. The conditions [X,,, X;]Ja" =0
amount to

0= (£x, X))o =£x,, (X;Ja") — X, (Ex, @)
= ch;- — XN, =ch;- — N ¢

ms®©j?

hence

N’ =¢! X’ (4.39)

ms
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where (55.) is the inverse of the matrix (ci.). Thus, making use of (4.38) and (4.39)

d(¢a’) = dé; Aal + & da’
= —Eiéjm dc! Aol + 5;-9,{; Ao
= — &[N} — (X J0D)o® + 5,0 | Al +E 05 Aa™
= —&&7 (& Xne] — X, 10])a* Aat!
==& (Xme] —cf Xpd6))o® Aot/ (4.40)

N

On the other hand, from (3.30), we have
2do" (X, X)) =X (XIJO/) -X; (XmJo/) — X, X Jo" =Xpne; — Xicy,s
which must coincide with [see (3.7)]
2da” (X, X1) =2(6), A a?) X, Xp) = ¢ X607, — 5 X1 167,

Thus, the expression inside the parentheses in (4.40) is symmetric in the subscripts
m, [,
Xmep — cf X, 91’, =X, — ch X, 16",
and therefore, by virtue of the skew-symmetry of the exterior product o’ Aal, we
find that d(E’joeJ) =0. [l
Example 4.15 The distribution defined by the two 1-forms
al =dy — zdx, a® =dz — (x — y)z° dx,
is invariant under the one-parameter groups generated by Stephani (1989, Sect. 7.5)

0 0 0 0
Xi=—+—, Xy =(x—y)— —1)—.
! 8x+8y 2= y)8x+Z(Z )82

A direct computation shows that [X1, X7] =0 and
1—z —(x—=y)z
—x=»Z -D-Gx-y3)

)= 06,00 =

Hence det(c;) =—z[(z— 1?4+ (x— y)zzz] and therefore, except at the points where
z =0 or on the line x = y, z = 1, the conditions of Theorem 4.14 are satisfied.
A straightforward computation yields

(@) 1 (x—yPP—zcz—-1) —(x—yz
C.)= .
P2z =D+ (x — y)22?] —(x — )2 z—1
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As shown in Theorem 4.14, the 1-forms E;aj must be, locally, exact; indeed, we
find

ol = !
T 2z = D24 (- )22
x {22z — Ddx +[(x — )2 — 2z — D]dy — (x — y)zdz}
1
T -2+ (x— )22
x [2z = Ddx = y) + @ = DAy + (x = y)*22 dy — (x — y) de]

= d[y + arctan M]
z—1
and
i 1
20— N R ~
Y = e G oy T E e nTdy e = D]
22 z

-1
T ot =R [(x—y)d(x—y)Jr 3 dz]

jan{(1-1) -]
=—dn||1—-) +&x—y)|.
2 z

Thus, the integral manifolds of the distribution are given by

_ 1\2
y + arctan % = const, (1 — —) + (x — y)2 = const. 4.41)
z— Z

Symmetries of a Second-Order Ordinary Differential Equation The results
derived above can be applied to the specific case of a second-order ODE.
The second-order ODE
d?y
—5 = F(x,y,dy/dx) (4.42)
dx
is equivalent to the system of first-order ODEs

dx dy

dZ—F( )
dl‘_ L) d[ _Zs dt_ X,y,Z,

which, as shown in Sect. 2.1, determines the integral curves of the vector field

ad a a
A=—+z—+FXx,y,2)— (4.43)
0x dy 0z

on a manifold M with local coordinates (x, y, 7).
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The vector field A is the only vector field on M that satisfies
Aol =0, Ax =1, (4.44)

where
o' =dy — zdx, o’ =dz— F(x, y,z)dx. (4.45)

From the equation (£xA)J o’ = £x(Ala’) — AJ (£xa') = —AJ (Exa?) it follows
that the set formed by the two 1-forms «! and &? is invariant under the group gen-
erated by a vector field X if and only if

[X,A] = AA (4.46)

(that is, £xA = AA), for some real-valued function A.

In some cases it is possible to find by inspection symmetry groups of a sys-
tem of the form (4.45). For instance, the 1-forms dy — zdx and dz — (3xz3/y?)dx
transform into multiples of themselves when x, y, z are replaced by ax, a2y,
a3z, for a € R. This means that the system (4.45) with F(x,y,z) = ?))czg’/y2
(which corresponds to the second-order equation y?y” = 3xy’?) is invariant un-
der the one-parameter group of transformations ¢;(x, y,z) = (e'x, e 2 v, e 3t 2),
whose infinitesimal generator is X =x d/dx —2yd/dy — 3z9/0z.

Writing

0 d 0
X=&— — —, 4.47
§8x+n8y+§8z (4.47)
one finds that (4.46) amounts to two PDEs (for the functions &, 5, and ¢) whose so-
lution is difficult to obtain. However, by imposing the condition that the functions &
and n depend only on x and y (which corresponds to the so-called Lie point symme-
tries), a straightforward computation shows that the condition (4.46) is equivalent
to

¢ =nc+ 200y — &) — 26, (4.48)
where the subscripts denote partial differentiation [cf. (2.21)] and

SFx+77Fy+§Fz:§x+Z§y+F§z_(Sx‘i‘ZSy)F (4.49)

[cf. (2.41)]. Substituting the relation (4.48) into (4.49), in order to eliminate ¢, one
obtains a PDE for the two functions of two variables & and 7 [see also Hydon (2000,
Sect. 3.2)].

Knowing one or several symmetry groups of the system (4.45) allows us to find
the solutions of the ODE (4.42). For instance, if we have two suitable symme-
tries satisfying the conditions of Theorem 4.14, we can readily find the solutions
of (4.42). Nevertheless, if we know only one vector field X that generates a nontriv-
ial symmetry group of (4.45) (that is, X satisfies (4.46) but is not proportional to A),
we can calculate the 1-form

B=XJ(a' Aa?) (4.50)
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which is proportional to the differential of a first integral of (4.42), thatis, f = ndy,
where u is some function and Ay = 0. (If X is proportional to A, then § is equal to
Zero.)

In order to demonstrate the preceding assertion it may be noticed that from (4.45)
we have

d(a] /\ozz) = F,dx A (oz1 /\012)
(cf. Exercise 4.10), and from (4.33) it follows that
£X(ot1 A az) = (Nl1 + sz)al N
Hence, using (3.39) and the previous relations,
dp =d[XJ(a' Aa?)]

= £X(a1 /\0{2) - XJd(oz1 A az)

= (Nl1 + N22) a' na? — XJ[Fde A (al A az)]

= (N +N3)a' na? — F,(XJdx) A (@) Aa?) + F dx A B.

On the other hand, from (4.50) it follows that 8 is a combination of ol and o2,
therefore 8 A dB = 0, which is equivalent to the local existence of two functions
w and x such that 8 = udy (Theorem 4.3). Thus, from (4.50) and (4.44) we have
AlB=AIX](a' ra?) = —-XJAJ(a' Aa?) =0, ie, Al(ndyx) =pnAx =0,
as claimed above.

The condition A x = 0 means that each integral curve of A is contained in some
surface x = const (that is, in one of the level surfaces of x). The definition (4.50)
and the expression g = udy give (XJa')a? — (XJa?)a! = ndy, therefore on
a surface y = const, one of the 1-forms al is proportional to the other, hence on
the submanifold y = const, any nonzero 1-form, y, combination of the o', is inte-
grable because it is a 1-form on a manifold of dimension two. As in the case of 3,
the 1-form y is proportional to the differential of a first integral of (4.42) (since
Ao’ =0), which is functionally independent of x and these two first integrals give
the integral curves of A or, equivalently, the solutions of (4.42).

Example 4.16 The second-order ODE y” = (x — y)y’? corresponds to the system
of 1-forms
oelzdy—zdx, oezzdz—(x—y)Zde,

which is invariant under the one-parameter group of translations ¢;(x,y,z) =
(x +1t,y +t,z), whose infinitesimal generator is X = d/dx + 9/dy. The 1-form
(4.50) is in this case

XJ (o' Aa?) = (1 —2)dz — (x — y)2* (dx — dy),
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which is indeed integrable and is equivalent to

z3 , 1 2] 2 > (1)
_5d|:(x_y) +Z—2—Zj|——?d|:()€—y) +(E—1> ]

Hence, we can take x = (x — y)> + (% —1)2.

On the surface x = const we have 1/z =1 £ /c? — (x — y)2, where we have
denoted by ¢? the value of that constant, and on that surface, the 1-form «! becomes

dx B +/c? (x —y)?2 [ d(x —y) ]
1:|:\/02—(X—)’)2 1£/c? —)? $V —(x —y)?
_ EJeE—(x—y)? (X —Y
= oy [y T arcsm( . )i|

Hence, y F arcsin(*=2 y ) is another first integral of the equation, and therefore the

dy —

solution is 1mp1101tly given by y F arcsin(*=2) = const.

The set of 1-forms considered in this example is the one already studied in Exam-
ple 4.15. One can verify that, by eliminating z from (4.41), one obtains the solution
given above.

An alternative procedure, applicable in the case where the symmetry is a Lie
point symmetry, consists of using the rectification lemma in order to find a new
coordinate system. This coordinate system frequently is denoted by (r, s), instead of
(x, ¥), and it is such that the vector field & 9/dx +n d/dy takes the form d/dr (which
amounts to say that, in the new coordinates, £ is equal to 1 and 7 is equal to 0). In
that manner, from (4.48) one finds that { becomes equal to 0, while (4.49) reduces
to F = 0. As is well known, when F does not depend on one of the variables, the
order of the equation can be reduced.

Example 4.17 The vector field X = d/0x + 9/dy employed in Example 4.16 corre-
sponds to a Lie point symmetry [i.e., it is of the form (4.47) with ¢ given by (4.48)]
and a coordinate system adapted to X is (7, s, w) with

r=x, s=x—-y, w=z

(in the sense that Xx = 1, X(x — y) =0, and Xz = 0; hence, in the new coordinate
system, X = d/dr). In terms of these coordinates, the ODE y” = (x — y)y" takes
the form ds/d%r = s(ds/dr — 1)3, which does not contain the variable r. Hence,
using the standard procedures, this last equation can be transformed into a first-order
ODE, and finally one obtains the solution given above.



Chapter 5
Connections

5.1 Covariant Differentiation

The tangent space, T, M, to a differentiable manifold M at a point x is a vector
space different from the tangent space to M at any other point y, Ty, M. In general,
there is no natural way of relating Ty M with T, M if x % y. This means that if v and
w are two tangent vectors to M at two different points, e.g., v € T, M and w € Ty M,
there is no natural way to compare or to combine them. However, in many cases it
will be possible to define the parallel transport of a tangent vector from one point
to another point of the manifold along a curve. Once this concept has been defined,
it will be possible to determine the directional derivatives of any vector field on M;
conversely, if we know the directional derivatives of an arbitrary vector field, the
parallel transport of a vector along any curve in M is determined.

A connection, V, on M, is a rule to calculate the directional derivatives of the
vector fields on M. If X and Y are two vector fields, VxY denotes the vector field
whose value at each point x € M is equal to the directional derivative of Y in the
direction of X . In the following definition we copy the properties of the directional
derivative of vector fields in R”.

Definition 5.1 Let M be a differentiable manifold. A connection on M assigns to
each X € X (M) an operator Vx from X (M) into itself, such that for all X,Y,Z €
X(M),a,beR,and f € C*(M),

Vx(@Y + bZ) = aVxY + bVxZ,
Vx(fY) = f VxY + (X/)Y,
VaxssYZ = aVxZ + bVyZ,
VxY = f VxY.

The vector field VxY is called the covariant derivative of Y with respect to X.

If (xl,xz, ...,x™) is a coordinate system in some neighborhood, U , of M ,
any pair of vector fields X,Y can be expressed in the form X = X'(d/dx"),

G.F. Torres del Castillo, Differentiable Manifolds, 93
DOI 10.1007/978-0-8176-8271-2_5, © Springer Science+Business Media, LLC 2012
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Y =Y/ (d/dx/). Using the properties established in the definition it follows that

;0
VXY - in(a/axi) (YJ ax—J>

8/0x o)

_y Y7\ o yiv. . 0
N ox! @—'— 0/0x" 5xi |

The covariant derivatives V5. (3/ dx/) must be differentiable vector fields, which

implies the existence of n3 differentiable real-valued functions on U, F}‘i , such that

3 40
Va/axi ax] = FJIW (51)

This set of functions characterizes the connection V in the coordinate system cho-

sen, since
Tr/ay/\ o . 0
vxY = X! )\ — +y/rk—
X |:< dx! )8x1 * It 8xk:|

YL ) R -
=X\ o7+ )55 (5.2)

This formula shows that in order to calculate (VxY),, the value of VxY at a point
x € M, we only need to know the value of X at that point (since only the com-
ponents of X appear in (5.2), but not their partial derivatives) and the values of
Y in a neighborhood of x at the points of some curve to which X, is tangent
(since the partial derivatives of the components Y* only appear in the combination
X' (x)(3/9x"), Y* = X, [Y*]). Hence it makes sense to define the covariant deriva-
tive of a vector field Y with respect to a tangent vector v, € T, M as the value at x of
the covariant derivative of Y with respect to a vector field X such that X, = v,.. The
expressions dYX/ax! + I ]ki Y/, appearing in (5.2), are the components of a tensor

field [of type ( i)] traditionally denoted by Y k;i and also by V;Y k,

Exercise 5.2 Show thatif (x',...,x") and (x’!,..., x™) are two systems of coor-
dinates on M, then the relation

o axt ax/ ax'P P 92xk

ST 9x xS axk i axk 9xrox’s’ (5-3)
holds in the intersection of the domains of the two charts.
If a given manifold M can be covered by a single coordinate system (x!, ..., x")

(as in the case of R"” with its natural coordinates), a connection can be defined
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by simply choosing n> arbitrary differentiable functions, F?k, by means of (5.1)
(see Examples 5.4 and 5.5), but if {(U;, ¢;)} is a subatlas of M with more than
one coordinate chart, the functions F;k for each chart have to be related according
to (5.3). As shown in the following chapter and in Appendix B, when a manifold
has a metric tensor or the structure of a Lie group, there exists a naturally induced
connection on the manifold.

Parallel Transport Let C : I — M be a differentiable curve. If Y is a vector field
defined on the image of C, then its covariant derivative along C, V'Y, is the vector

field on C such that (V' Y)c@) = VC;Y forrel.

Definition 5.3 A vector field is parallel (to itself) along C if VoY = 0 and a curve
C is a geodesic if Vo C' = 0.

. d(x'oC) [ 9
C=—a \or
Cc()

(E‘( )

d(x o C) [0YF .
Vc/(,;)YZ ( )< - —|—F~l~YJ>
(a) ‘
C() dxk C(t)’

dr dx! J
hence, Y is parallel along C if and only if its components satisfy the system of ODEs

Since

d(x'oC :
- (c;[yk] + %F_};w)

d(Y*o C) N d(x' o C)
dr dr

(I'foC)(¥/oC)=0. (5.4)

For a given a curve C : I — M, these equations for Y ko C are linear; therefore there
exists a unique solution defined on / for any initial condition Y(C (¢p)) (see Fig. 5.1).
Furthermore, the map P; 4, : TcyyM — TcyM, defined by P; 4, (Yo) = Y(C(2)),
where Y is parallel along C and Y(C(f)) = Yo, is an isomorphism (Hochstadt
1964, Sect. 2.8) called parallel transport along of C from C(zg) to C(z).

Example 5.4 Consider the connection on R? defined by Fllz = 1 and the other
F;k equal to zero, with respect to the basis associated with the natural coordinates
(x!', x?) = (x, y). The equations for the parallel transport of a vector field (5.4) are

dv' dy

v'l=0,  ——=0,
dt+dt dr

dy? B

where, by abuse of notation, we have written Y 1 ¥2 and v, in place of Y s,
Y20 C, and y o C, respectively. From the second of these equations it follows that
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Fig. 5.1 The tangent vector Yy is transported along the curve C

Y? is constant along any curve, whereas the first equation implies that ¥'e is a
constant; hence, under the parallel transport of a vector field Y along a curve C
from C(t9) to C(t), the components of Y with respect to the natural basis {9/9x'}
are related by means of

Y (C@)) eY(C)—y(C)) YN (C(t9))
ricw) 0 1) \r3cwn)

The 2 x 2 matrix appearing in this last relation represents the isomorphism P ;,
mentioned above. In this example, the vector obtained by means of the parallel
transport depends on the coordinates of the end-points C(#9) and C(¢), but not on
the intermediate points. This is equivalent to the fact that under the parallel transport
of an arbitrary vector along any closed curve one obtains the vector originally given
at the initial point of the curve. (As we shall see, this corresponds to the fact that

the curvature, defined in the following section, of the connection considered in this
example is equal to zero.) (See Example 5.18.)

Example 5.5 Let us consider now the connection on M = {(x,y) € R?|y > 0}
given by F112 = F211 = F222 =—1/y= —Flzl, with the other F;k being equal to zero.
Equations (5.4) read

ar!'  1/dx_, dy_, ar? 1/dx_, dy_,
— (= y24 2yt =o, — 4+ —(—=r'—=r?)=0. (55
dr y(dt +dt ) dt +y<dt dt ) (5)

This system can readily be solved employing the complex combination Y! +i¥?2,
in terms of which we have

dy'+iv? 1/d dx
w:_ Qv (Yl—l—in),
dr y \ dt dr

and therefore

Yl 4+iy? Yl 4+iy?2 ot 1 dx
()= Jewhen(= [ 5 5a)

which means that the isomorphism P; ;, defined above is represented by

YNC®)\  y(C(r) [cos®@ —sin® (Y!(C(t)) 56
Y2(C@t))) y(Ct)) \sin® cos® |\ Y2(C(1o)) '
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with

t
@E_/ 1 d(xoC)dt'
n Y(C(@) dt

(It should be clear that the use of complex variables is not essential, but only a
convenience; one can verify directly that (5.6) is the solution of the system (5.5).)
Since @ is the line integral of y~! dx, which is not an exact 1-form, @ not only
depends on the end-points of the curve, but on the entire (image of the) curve itself.
This fact is equivalent to that after the parallel transport of a vector along a closed
curve, the final vector may not coincide with the original one (see Example 1.28).
Indeed, if C is a simple closed curve, using Green’s theorem one finds that the angle

© can also be expressed as the surface integral — [ dj;gy , where D is the region

enclosed by C. For a closed curve, (5.6) reduces to

(Yl(C(to))> (cos@ —sin@) (YI(C(tO))>

2 o 2 ’

Y“(C(ty)) final sin®  cos® Y“(C(ty)) ‘nitial

so that the only effect of the parallel transport is similar to that of a rotation in the
plane through the angle @ (in this example, as in the rest of this chapter, we are not

assuming the existence of a structure that allows us to define lengths of vectors or
the angle between vectors). (Cf. Example 6.29.)

A geodesic C is a curve whose tangent vector field, C’, is parallel along C.
Hence, from (5.4), with Y/ = d(x’ o C)/dt we obtain the geodesic equations

d2(xk o C)
dr?

By contrast with the equations for the parallel transport of a vector field (5.4) along
a given curve, which are first-order linear equations for Y’ o C, the equations for the
geodesics (5.7) are second-order equations for the functions x’ o C, which regularly
are nonlinear.

d(x/ 0 C)d(x' 0 C)

0. 5.7
dt dt .7)

(o)

Example 5.6 Considering the connection locally defined by

| 2r p_rr=1

) 1—r?
nl=——"_ =2
S T 27 142

2 _ —
) FIZ_FZI_m’

with all the other functions F; « being equal to zero, with respect to the basis induced
by the polar coordinates (r,0) = (x!, x2) of the Euclidean plane, equations (5.7)

take the form
a2r 2 [(dr 2+r(r2—1) do 2_0
d2 14,2\ dr 1+72 \dte /) 7

d?0  2(1—r?)drdo
d2 " r(14+r2)drdr

(5.8)
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2 a9

1377 ar] =0; therefore

The second of these equations amounts to %[

do (1+r?)?
— =L 5.9
dr r2 (5-9)
where L is a constant. If L = 0, then 6 is constant, and the first equation (5.8)
reduces to

1+ (9 g
de\1+r2ds)
1 dr

Hence T2da =6 where ¢ is another constant and, therefore, r = tanc(t — 1),
which means that the (images of the) geodesics with L = 0 are straight lines passing
through the origin.

When L # 0, substituting (5.9) into the first equation (5.8), we have

0.

&r 2r (dr)2+L2(r2—1)(1+r2)3_

d7_1-|—r2 5 r3

Multiplying the previous equation by (1 4+ r2)~2dr/dt, the result can be written in

the form
artr 1 (dr 2+L2(1—|—r2)2 o
de [ 2 (14722 \ dt 2r2 o

Thus we have

2 2 25\2
1 (dr) M —E, (5.10)

1
2(1+r2)2\ dr 272
where E is a constant. Equation (5.10) is an equation of separable variables that

determines r o C, which substituted into (5.9) leads to 6 o C.
The image of C can be obtained by combining (5.9) and (5.10), which yields

(1+r?)dr N (1+r?)dr

2 [2E  (14r%)? 2 [2E (1—r2)2
rNE T YA

. . 2 : :
and with the change of variable 17’ =,/ 2L—§ — 4 cos v, this equation reduces to

d6 = +dv; hence,
R
—r- = ﬁ — rCOS(9 — 0())

do ==+
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or, in terms of the Cartesian coordinates,

+,/E | 92+ +,/E 1'92 E
X —— — 1 cos —— — 1sin =—,
212 0 YTy 0) =512

which corresponds to a circle enclosing the origin.

Exercise 5.7 Considering the connection given in Example 5.4, show that the
geodesic starting at the point (xo, yo), with the initial velocity a(9/0x)(x,,y,) +
b(3/9y)(xy,y0)- 18 given by x = xo +a(l — e P /b, y = yo + bt.

Covariant Derivative of Tensor Fields The covariant derivative of a tensor field
of type (2), t, with respect to a vector field X, denoted by Vx¢, is defined by the
relation

X(t(Y1,..., Yo) = (VxO)(Y1, ..., Yi)

k
+ >t Yr L Y, VY Y0 Y, (5.)
i=1

for X, Y1,..., Yy € X(M) [cf. (2.45)]. The covariant derivative of ¢ with respect to
X is also a tensor field of type (2) since (see Sect. 1.4)

(Vxt) (X1, ..., fYi, ..., YY)
=XtY1,..., fYi, ..., Yr)

k
=Yt (Y0 fY L VXYL Y
B
—I(Yl,...,Vx(fY,'),...,Yk)
=X(ft(Y1,...,Yi, ..., Yp)

k
=Y fr(Yi YL VXY YD
o
—t(Y1, oo, XY + XYoo, Yi)
= f(Vxt)(Y1,....Y;, ..., Yy, for feC®M).
When k = 0, that is, when ¢ is a function of M in R, we define Vxt = X¢. From the

definition of Vxt it follows that V yxt = f Vxt and that V x4yt = aVxt + bVyt,
fora,beRand f € C*(M).
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Exercise 5.8 Show that
Vx(ft) = fVxt + (X[f)t,
Vx(at 4+ bs) = aVxt + bVxs,
Vx(t®s)=(Vxt) ®s +1t® (Vxs).

If (x!,...,x™") is a local coordinate system and Y = Y?(3/0x') is an arbitrary
vector field, applying the foregoing definition we have

; ad . .
(Va/axi dXJ)(Y) = 8—(de (Y)) —dx/ (va/axiY)

X!

ayJ (oYK 9
= _ — dx’/ — 4+ rkym) —
0x! <( dx! + i )8xk)

GV CAN ) A
=5 (G i)

= _Fn{i y”
= I dx™(Y),
that is,
Vo dxd = =7, dx™. (5.12)

Exercise 5.9 Show thatif X = X'(3/dx") and t =¢; _;jdx' ® --- ® dx/, then

oti. . .
Vxt = Xk< lek] - ,’Z}l‘mj - an]zti...m) dx' @ ®@dx’.

(The components 8tl~._,j/8xk — Ity j—— Fjrzti.,,m are denoted by #; _;.x or by
Viti..j-)

Exercise 5.10 Show that Vx(Y_r) = (VxY)Jr + YJ(Vxt) for any tensor field ¢ of
type () and X, Y € X(M).

5.2 Torsion and Curvature
The torsion, T, of the connection V is the map from X(M) x X(M) into X(M)
given by

TX,Y)=VxY—-VWwX—-[X,Y], forX,YeX(M). (5.13)

Clearly, T is skew-symmetric, T(X,Y) = —7T (Y, X), and T is a tensor field since,
making use of the result of Exercise 1.22, if f € C°°(M) we have
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T(fX,Y)=VexY —Vy(fX) - [fX,Y]
=fVxY - fWX—-YHX- fIX, Y]+ (Y )X
=fTrXY).
(The object T defined above does not satisfy the definition of a tensor field given in
Sect. 1.4 since T(X,Y) is not a function, but a vector field; however, T is equivalent
to a tensor field of type (%), T, defined by T(X, Y, o) = a(T (X, Y)), for any pair

of vector fields X, Y, and any covector field «.) A connection V is symmetric, or
torsion-free, if its torsion tensor is zero.

Exercise 5.11 Show that if X = X/(3/3x') and Y.=.Y-"(8/8xj) are two arbi-
trary differentiable vector fields, then 7(X,Y) = X'Y/ Tl]]‘ (8/9x%), where Tk =

ij —
r }‘i — Fl]]‘ . Show that V is symmetric if and only if Fl]; =TI Jkl

The curvature tensor, R, of the connection V is a map that associates to each pair
of vector fields an operator from X (M) into itself, given by

R(X, Y) = VXVY — VYVX — V[va], for X, Ye :f(M) (5.14)

It can readily be seen that R(X,Y) = —R(Y,X), R(aX + bY,Z) =aR(X,Z) +
bR(Y,Z),and R(X,Y)(aZ+bW)=aR(X,Y)Z+bR(X, Y)W. The curvature ten-
sor 1s indeed a tensor field, since
RX,Y)(fZ) =VxVy(fZ) — VyVX(fZ) — Vix,y|(fZ)
= fVXWZ+ Xf)VYZ+ (Y f)VXZ+ (X(Y [))Z
— FYYYXZ — (Y/)VXZ — (X)VYZ — (YX]))Z
— FVixviZ— (X, YIf)Z
=fRX,Y)Z

and

R(fX,Y)Z =V xVyZ — VyVxZ — Vi rx y|Z
= fVXVWZ — [ VyVXZ — (Y f)VXZ
— fVxyiZ+ (Y f)VxZ
= fRX,Y)Z, forX,Y,ZeX(M), fe€C®(M).
(As in the case of the torsion, R does not satisfy the definition of a tensor field
given in Sect. 1.4; however, R is equivalent to the tensor field of type (é) R defined

by R(X, Y,Z,a) =a(R(X,Y)Z).) A connection V is flat if its curvature tensor is
Zero.
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Exercise 5.12 Show that if X = X’(3/9x"), Y =Y/ (3/9x/), and Z = Z*(3/9x%),
then R(X, Y)Z = XY/ ZFKR™;;(3/3x™), where

or  arm
kj k P p
— ! +F’”ij —F;}Fki.

R ij = . ~
/ dx! axJ Pt

Exercise 5.13 Show thatif R(X, Y)r = VxVyt — VyVxt — V|x yjt, for any tensor
field ¢ of type (2), then
RX,Y)(ft) = f RX,Y)t,
RX, YY)t ®s) = (R(X, Y)t) Rs+1tQ® (R(X, Y)s).

Exercise 5.14 Show that for X, Y,Z, W e X(M),

R(X,Y)Z+ R(Z,X)Y + R(Y, )X
= Vx(T(Y,Z)) + Vy(T(Z,X)) + Vz(T (X, Y))
+T(X,[Y,Z]) + T(Y.[Z,X]) + T(Z,[X, Y]) (5.15)

and

Vx(R(Y,Z)W) + Vy(R(Z,X)W) + Vz(R(X, Y)W)
= R(Y,Z)VxW + R(Z,X)VyW + R(X, Y)VzW
+R(IY,Z, X)W + R(IZ, X1, Y)W + R(IX, Y, Z)W.  (5.16)

The relations (5.16) are known as the Bianchi identities.

Parallel Transport in Terms of the Tangent Bundle Each curve C : [ — M,
where I is an open interval of the real numbers, gives rise to curves in the tangent
bundle of M, defined with the aid of the connection of M. Let p = C(#y), where f
is some point of 7, and let v, € T, M. As discussed in Sect. 5.1, the existence of
a connection on M allows us to define an isomorphism P ;, : Tco)yM — TcnyM
representing the parallel transport of tangent vectors to M along C. The curve fvp
in the tangent bundle of M will be defined by Cy, (t) = Pt 4, (vp), so that Cy, (¢) €
TcyM and, therefore, m o C v, = C, where 7 is the canonical projection of TM
on M. Furthermore, Cy, (1) = v, (see Fig. 5.2).

In terms of the coordinates (¢*, ¢') on TM, induced by a local coordinate sys-
tem x' on M (see Sect. 1.2), we have qi(fvp (1)) = x'(C(¢)) and the functions
g'(Cy, (1)) satisty [see (5.4) and (1.27)]

43, ) | dg' o, ()

k = B
dt d rj;(C®)4¢’(Co, ) =0,
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G

v P

M

Fig. 5.2 The image of a;,, is formed by the tangent vectors obtained by parallel transport of v,
along C

with ¢/ (C, ,(10)) = gt (v p). According to the foregoing relations and (1.20), the tan-
gent vector to C, , att =to is

( a) +d(c‘1"ofv,,) (i)
) aql Up dr fo aqz Up

[(i> ~rkmé’w )(i) ]
0 36]’ o Ji p aq'k ;

The n real numbers d(x’ o C) /dt|;=s,, appearing on the right-hand side of the last
expression, are the components of the tangent vector of C at ¢t = fy and do not
depend on v, while the n tangent vectors to TM at v,

(8) —F-"-(p)q‘f'(v)(i) (i=1,2....n)
dqi ), Ji P\ agk ), P B

p p

d(g' 0 Cy,)
dr

_d( 0 0)
o dr

p

which do not depend on C, form a basis of an n-dimensional subspace of T, ,(TM),
which is called the horizontal subspace of T,,(TM). A curve in TM is a horizontal
curve if at each point of the curve its tangent vector belongs to the horizontal sub-
space at that point. Thus, a horizontal curve o in TM represents a parallel vector
field along the curve m o ¢ in M. It may be noticed that defining a connection on
M is equivalent to defining the horizontal subspace of 7,,(TM) at each point v;, of
TM. However, if v, and w, belong to T}, M, the horizontal subspaces of Tvp (TM)
and T, (TM) are not independent of each other.

Exercise 5.15 A differentiable curve C in M defines a curve ¢ — C; in TM, such
that 7(C/) = C(t). Show that C is a geodesic if and only if the curve ¢ — C; is
horizontal.
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The n vector fields X; on TM locally given by

_ 0 * kY o d
generate an n-dimensional distribution on 7M and one readily finds that
k(% pm 9
[Xi, Xj1=—¢"(7*R kij)W, (5.18)

where the R™;; are the components of the curvature tensor with respect to the basis
{a/ ox! } (see Exercise 5.12); hence, according to Frobenius’ theorem, the distribu-
tion is locally integrable if and only if the curvature vanishes.

When the connection if flat, the integral manifold of the distribution defined by
the vector fields (5.17) passing through v, is formed by all tangent vectors to M
obtained by the parallel transport of v, along some curve in M passing through p.

Example 5.16 In the case of the connection considered in Example 5.4, the vector
fields (5.17) are
X, — d X, — d .1 0
l_aql’ 2_86]2 q 8(}1.
One can readily verify that the Lie bracket of these vector fields is equal to zero,
which implies that the connection is flat. One can also verify that the functions g2
and g'e? * are two functionally independent solutions to the linear PDEs X; f = 0,
i = 1,2, and, therefore, the integral manifolds of the distribution generated by the
horizontal vector fields X; are given by
¢* = const, q led” — const.
According to the definition of the coordinates g' [see (1.27)], this means that
Y =Y'9/0x" is a parallel vector field if Y 2 — const, and Y 'e” = const, which agrees
with the result found in Example 5.4.

5.3 The Cartan Structural Equations

In order to represent a connection, or any tensor field, we can employ bases not in-
duced by some coordinate system. Let {ey, ..., e,} be a set of differentiable vector
fields defined on some open subset U of M such that, at each point x € U, the tan-
gent vectors (e;), form a basis of 7. M, and let the set of 1-forms {#!, ..., 6"} be its
dual basis (that is, 6' (e i) = 5;). If there exists a coordinate system (x!,...,x") such
that e; = 8/9x’ or, equivalently, 6’ = dx’, we will say that the basis {ef, ..., e,} is
holonomic. A necessary and sufficient condition for a basis {ey, ..., e,} to be locally
holonomic is that [e;, €] = O or, equivalently, d®? = 0. As shown in this section and
in the following chapters, when M possesses a connection, a metric, the structure of
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a Lie group, or some other structure, it is convenient to make use of nonholonomic
bases adapted to the structure present.

As pointed out in Chap. 1, in some manifolds there are no coordinate systems
covering all the points of the manifold (that is the case, e.g., of the circle S' and of
the ordinary sphere S?) and therefore, in those manifolds there are no global holo-
nomic bases. For some manifolds, it may even be impossible to find nonholonomic
bases defined globally (e.g., the sphere S%; but in the case of the circle S! one can
find a nowhere zero differentiable vector field). A manifold M is parallelizable if
there exists a set of differentiable vector fields such that at every point of M they
form a basis for the tangent space to M at that point. (As we shall see in Chap. 7,
every Lie group is parallelizable.)

In the rest of this chapter, {eq, ..., e,} will represent a local basis for the vector
fields, holonomic or not. If V is a connection on M, the connection forms, I i j» with
respect to the basis {ey, ..., e,}, are the n? 1-forms defined by

r';(X)=6'(Vxe;), (5.19)

for X € X(M). From the properties that define a connection it follows that the I'! j
are, in effect, linear differential forms. The definition (5.19) is equivalent to

Vxe; = I';(X)e;, (5.20)
for X € X(M). Defining the n? functions Fijk by
Iye=T"(e) (5.21)
(.e., I''j = I' ;x6%), one finds that (5.19) and (5.20) amount to
Veej =% jiey, (5.22)

which is of the form (5.1), but now we are considering the possibility of dealing
with a nonholonomic basis.

Exercise 5.17 Show that Vx6' = —I"" ;(X)6/.
The torsion 2-forms, T!, with respect to the basis {eq, ..., e,}, are defined by
i 1
T'"X,Y) = 59 (T(X, Y)). (5.23)
Since the torsion is a tensor field satisfying the condition 7 (X, Y) = -7 (Y, X), for
X,Y € X(M), each T" is a 2-form and making use of the definitions (5.13), (5.11),
(3.30), and (3.7) and the result of Exercise 5.17, we obtain

. 1 .
T'X,Y) = Eel(T(X, Y))

1 ;
= 56 (VxY — VyX — [X. Y))
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(X(6'(Y)) — (Vx0')(Y) = Y(6' (X)) + (Vy0')(X) — 6" (IX, Y1)}

N = N =

[2d6°(X, Y) + I ;(X)67 (Y) — I ;(Y)67 (X))

—_

do' +I'; A7) (X,Y),
that is,
T'=do' + T ; A6/, (5.24)

These equations are equivalent to the definition of the torsion tensor and are known
as the first Cartan structural equations.

In a similar manner, defining the curvature 2-forms, 74 j» with respect to the
basis {eq, ez, ..., e,}, by

(X, Y) = %ei (R(X,Y)e;), (5.25)

the properties of the curvature tensor imply that each %' j is a 2-form and from
(5.25), (5.14), (5.20), (5.19), (3.30), and (3.7) one finds that

4 1.
Z' (X, Y) = Eel(VXerj — VyVxe; — Vix ye;)

1 1
=0’ (Vx (¥ (Yex) — Vy (I'*;(X)er)) — ST (X, YT)

1 . .
= SAX(I0) + 1) T (V)

—Y(I'' ;X)) = I (Y) I'* 5 (X) — ' (1X, Y1)}
=dI' (X, Y) + (I A TF) (X, Y),

ie.,
R j=dI"j+ T AT (5.26)
These relations are known as the second Cartan structural equations.

If the components of the torsion and the curvature with respect to the basis
{e1,...,e,} are defined by means of T'(e;,e;) = Tik.ek and R(e;,e;)e; = le,-jel,
respectively (cf. Exercises 5.11 and 5.12), then the definitions (5.23) and (5.25)
amount to

S . |
T = Tjb! A o and #'; = Ele"’ek N (5.27)
In the domain of {ey, ..., e,}, knowing the torsion forms or the curvature forms

is equivalent to knowing the torsion tensor or the curvature tensor, respectively. As
can be seen in the following examples, the Cartan structural equations constitute a
very convenient way of calculating the torsion and the curvature of a connection
(further examples can be found in Chaps. 6 and 8, and in Appendix B).
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Example 5.18 The connection considered in Example 5.4 corresponds to the con-
nection forms F 1 = dy,. rt, = r?, =r2, =0, with respect to the holonomic
basis ¢; = d/0dx' (hence 6 = dx'). From (5.24), (3.36), and (5.26) we have
T'=ddx)+ I Aade/ =dy Adx =—0' A 62,
T? =d(dy) + I'*; Adx/ =0,
which shows that the only components of the torsion different from zero are Tl1 =
—1= —Tzll. On the other hand, %' j = 0 and, therefore, the connection is flat (cf.
Example 5.16).

In a similar way, the connection forms in Example 5.5, with respect to the holo-
nomic basis e; = d/dx’, are rt = —y_1 dy = r’, ri, = —y_1 dx = —I?, so
that from the first Cartan structural equations one finds that

T! :d(dx)+F1j Adx’
= —y_ldy/\dx —y_ldx/\dy=0,
T2 =d(dy) + I'*j Adx/

=y ldx Adx —y 'dy Ady =0,

and

Z' =d(—y ldy)+ Ty ATk =0,

Ay =d(—y ldx)+ T ATH,
=y 2dyAdx 4y 2dy Adx + y 2dx Ady
=—y20! A G2,

H* :d(y_] dx) + T2 ATk
=—y2dyAdx —y 2dx Ady — y2dy Adx
=y20' A 62,

B =d(—y~'dy)+ I’k AT*;=0.

(5.28)

Comparing (5.28) with (5.27) one finds that the only components different from
zero of the curvature tensor are determined by Ry =— y_2 =—R% 5.

Exercise 5.19 Compute the curvature of the connection given in Example 5.4 with
the aid of (5.18).

Applying the operator of exterior differentiation, d, to the first Cartan structural
equations and making use of the first as well as of the second structural equations
we find the identities

AT' + T AT =% A 67 (5.29)
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Hence, if the torsion of the connection is equal to zero,
R ; NG =0. (5.30)

Similarly, applying d to the second Cartan structural equations we obtain the identi-
ties
A% ;=R AT — T N (5.31)
Equations (5.29) and (5.31) are equivalent to (5.15) and (5.16), respectively; there-
fore (5.31) is an expression of the Bianchi identities. . .
Substituting the second equation (5.27) intq (5.30) we obtain R' ;07 A
0k A 0! = 0, which amounts to the conditions R’ k] = 0 [see (3.24)] or, using

the fact that R’ jy; = —R' jx, it follows that when the torsion is equal to zero, the
components of the curvature satisfy

R ju + R'yj + R'yjk =0. (5.32)

The fact that the connection V is flat is equivalent to the local existence of n
linearly independent vector fields whose covariant derivatives are equal to zero. In
effect, if Y1, Yo, .. . Y, are vector fields such that VxY; = 0 for all X € X(M),
then writing Y; = b/ 9/0x/, from (5.2) it follows that

ob!
ox k

b =0, (5.33)

where the 1"”]; « are the components of the connection with respect to the holonomic
basis 3/dx/ given by some coordinate system. Applying 8/dx! to the previous equa-
tion and using it again we find that

el ar’

0 asz J m mk J miyr m
ol ok Tk — 00 = Db = b

therefore, the integrability conditions of equations (5.33), given by

o ob] 9 ob]
axl axk  axk gxl’

are (3I7),/9x* — 3], jox! + I I, — L)) b =0, o, simply, RV b =0
(see Exercise 5. 12) The vector fields Y1, Yz, ...,Yn are linearly 1ndependent if
and only if det(bj ) # 0, which means that the matrix (bJ ) has an inverse, so that
RI i b =0 amounts to RJ i1 = 0.

Conversely, if R’ ,,;; = 0, equations (5.33) are integrable and the integration con-
stants appearing in the solution of this system of equations can be chosen in such a
way that det(bij ) is different from zero and, according to the preceding derivation,

the n vector fields given by Y; = bl.j d/dx/ are covariantly constant, VxY; = 0.
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Thus, the curvature of a connection is equal to zero if and only if there exists
locally an invertible matrix (bl.j ) such that

. - 9bt
ri =-br ﬁ (5.34)

where (I;ij ) denotes the inverse of the matrix (b{ ) [see (5.33)] or, equivalently (not-
ing that 0 = 98" /ox* = (b}, ") /dxk = b, 9D Joxk + b7 b}, /0xb)

i i 8};;”
In terms of the connection 1-forms I' = F;kdxk for the holonomic basis 9/9x/,
equations (5.33) and (5.35) are equivalent to

b} =", T =bj,dbY, (5.36)
respectively.

Exercise 5.20 Show that the matrix (bij ) is defined by (5.33) up to a multiplicative
constant n X n matrix.

Example 5.21 With the aid of (5.26) one readily verifies that the connection 1-forms

2 _udu—i—vdv

| vdu —udv
Fh=ln=—nrn R

r'y=-r?=
2 ! u? +0?

, (5.37)
where u, v is a coordinate system of a manifold M, correspond to a flat connection
[without having to specify which are the vector fields appearing in (5.22)]. Assum-
ing that these connection 1-forms correspond to the holonomic basis {d/du, d/dv},
the components, Y, of a covariantly constant vector field Y = Y'9/0u + Y2 d/0v,
are determined by dyi + YjFij =0 [see (5.33)], that is,

udu +vdv vdu —udv
vl =yl ——— ¥y —
M2+U2 M2+U2
vdu —udv udu +vdv
dr? = y! 2
M2+U2 M2+U2

By combining these equations one obtains

Ylay' +v2dyr=—[(¥")" + (v") ]—u2+v2
which implies that
const

1\2 12 _
(YH) +(r) = (5.38)
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and
v2ay! - ylay? = [(v'): 4 (v1)?] el e,
u? +v?
hence,
arctan Y—l = arctan Y + const
Y2 u ’
which leads to
Yoy (5.39)
Y2 cv+u’ ’
where c is a constant.
From (5.38) and (5.39) one finds that
Y1=K(:—cu)’ Y2:K(cv+u)’
u? 4+ v? u? 4+ 02

where K is another arbitrary constant and therefore any covariantly constant vector
field is a linear combination (with constant coefficients) of the vector fields

1 0 d 1 ad . 0
—u——v—|, —|v—4u— .
uz4+v2\ du v uz4+v2\ ou v
Hence, as a consequence of the vanishing of the curvature, there exists a basis for
the vector fields formed by covariantly constant vector fields.

5.4 Tensor-Valued Forms and Covariant Exterior Derivative

A k-form w on M is a totally skew-symmetric C°°(M)-multilinear map of X (M) x
<o X X(M) (k times) in C°°(M). We can also define differential forms whose values
are vector or tensor fields. For instance, the torsion tensor of a connection can be
regarded as a 2-form whose values are vector fields, and the curvature tensor as a
2-form whose values are tensor fields of type ({).

Definition 5.22 A vector-valued or tensor-valued differential form of degree k is a
map, w, from X(M) x --- x X(M) (k times) in X(M) or in T (M), respectively,
C°°(M)-multilinear and totally skew-symmetric:

oX1, .. fXi+¢X0, .. Xp)
= foXi, ... Xi, ... Xp) +goX1, ... X, ... X0,
oXi, . Xin L XL Xp)
=—oXi,....X;, ... Xi,....Xp),

for Xi,....X;, X}, ..., Xx € X(M), f,g € C®(M).
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The vector-valued or tensor-valued k-forms can be added among themselves,
multiplied by real numbers, by functions and by /-forms in the obvious way. The
set of vector-valued k-forms will be denoted by X(M) ® A*(M), while the set
of the k-forms whose values are tensor fields of type () will be denoted by
T/ (M) ® AK(M).

For instance, the map 1 from X(M) into X(M) given by I1(X) = X for
X € X(M) is a vector-valued 1-form as can be seen directly. The maps ® and £2
defined by ©(X,Y) = 1 7(X,Y) and £2(X,Y) = 1 R(X, Y), where T is the torsion
tensor of a connection V on M and R is the curvature tensor, are 2-forms with val-
ues in X(M) and in T11 (M), respectively. (£2(X,Y) is the tensor field of type ({)
given by 2(X,Y)(«,Z) = %a(R(X, Y)Z).)

If w is a vector-valued k-form and {er,...,e,} is a set of independent vector
fields, defining ' by

o' X1, ... X0) =0 (0(X1, ..., Xk), (5.40)
where {91, ...,0"} is the dual basis to {eq, ..., e,}, we have

oXt,.... Xp) =o' X1,....Xp) e, (5.41)
for X1, ..., X € X(M). From the definition it can be seen that each @' is a k-form,

so that a vector-valued k-form can be represented by n ordinary k-forms.

Definition 5.23 Let X be a vector field and let 1 be a k-form; the tensor product of
X times 1, denoted by X ® n, is defined by

XomM(X1,....Yo)=nY1,...,YX, forYy,...,YreX(M).
Clearly, X ® n is a vector-valued k-form.

Any vector-valued k-form, w, can be expressed in terms of the k-forms o' defined
above by means of

w=e Qau'. (5.42)

Thus, for the vector-valued 1-form I7 defined by I1(X) = X, from (5.40) we have,
T (X) = 6 (IT(X)) = 6 (X), and therefore IT' = 6" and IT = ¢; ® #'. Similarly,
O(X,Y) =0/ (3T(X,Y)) = T*(X, Y); therefore, ®' = T" and © = ¢; ® T, where
the 7' are the torsion 2-forms defined in (5.23).

In an analogous way, defining the tensor product of a tensor field ¢ by a k-form

n by
Xy, ..., Xp) =nXy, ..., Xpt, (5.43)

for X1, ..., X} € X(M), it follows that any tensor-valued k-form w can be expressed
in the form

w=(®e;® R R"R ) Ru)" (5.44)
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with

ol Xy, LX) =[eX), L X0] (00,67, e e, ). (5.45)

m..

For instance, for the 2-form £2 with values in Tl1 (M) defined above, using (5.25),
we have sz;'. X,Y) = 2X,Y)#,e;) = 10/ (R(X,Y)e;) = % ;(X,Y); hence,
R=(0)% ;.

The definition of the exterior derivative given in Chap. 3 cannot be applied for
a vector-valued or a tensor-valued k-form, since now w (Xj, . s Xi, ..., Xgy1) 152
vector-field or a tensor field and the expression X; (w (X1, ..., Xj, ..., Xf4+1)) is not
defined; in this case we can define the exterior differentiation in the following form.

Definition 5.24 Let M be a differentiable manifold with a connection V. If w is
a vector-valued or a tensor-valued k-form on M, its covariant exterior derivative,
Dw, is given by

(k+ 1) Do Xy, ..., Xit+1)

k+1 . R
=Y (=D (X1, ... Xi, . X))
i=1
+ 3 =D o(X X1 XL X X X)),
i<j

fOle,...,Xk_H E:{(M)

It can readily be seen that Dw is totally skew-symmetric and that its values are
of the same type as those of w. The proof that Dw is a (k + 1)-form is completely
analogous to that given for the exterior derivative of an ordinary differential form in
Chap. 3. Clearly, D(aw + bw») = aDw1 + bDw, for a, b € R.

If 7 is a vector or tensor field n € AK(M), applying the definition above we have
[see Exercise 5.8 and (3.28)]

(k+ DD @nm Xy, ..., Xk+1)
k+1

=Y =DTx (1K, X X))
i=1
+ D D (X X X X X X )
i<j
k+1

=Y (=) Xy, X X)) VX
i=1

+Xi(n(X1,...,)/(\,',...,Xk_H))t]
+ D DT (X X1 XL X X X )t

i<j
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=(k+DdnXy, ..., Xp41)?
k+1

+Y DXL X X ) VG
i=1

Using the identity X; = 07 (X;)e j» it follows that Vx;t = 67 (X;)Ve ;1 and therefore

k+1 .
D DXL X X ) Vx !

i=1
k+1 ‘ '
=Y DO X) X, X, K1) Ve !

i=1
= (k+ )07 An)X1, ..., Xk 1) Ve, 15
hence,
Dt ®n) =t®@dn+ Vet ® (' An). (5.46)

Applying this result, using the first and second Cartan structural equations,
(5.24), and (5.20), we find that

DIT =D(e; ®6')
=€ ®d0' + Ve,& ® (67 A 67)
=@ (O" AT +T)+T"i(e))en ® (0 A6')
=e Q0" AT+ T) e, ® (I A6")
—e®T,
ie.,
DIT=0.

In a similar way one finds that the Bianchi identities amount to
D2 =0.

By contrast with the usual exterior differentiation, if the connection is not flat,
D2 # 0. In effect, making use of (5.46), (3.36), (3.35), (3.7), (5.24), and (5.14), we
find that

D*(t®n) =D[t ®@dn+ Vet @ (8" A1)]
=1t ®ddn + Vet ® (0° Adn) + Vet @d(60" A )
+ Ve; Vet ® (07 A 0" A1)
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= Vet ® (0" Adn) + Vet ® (d0" A — 6" Adn)

+ Ve, Vet ® (07 A 0" A7)

. 1 . .
= V1 ® (d0' An) + E(Vejveit — Ve, Ve, 1) ® (67 A 0" A )
=Vt ®[(07 AT +T") An]
1 . .
+ 5(R(ej, 9)t + Vie;.e11) ® (67 A 0" A1),

but [e;, ;] = V¢,e; — Ve e; —T(ej,e;) =[1"(e;) — '™ j(e;) — 2T (ej, &;)]en
[see (5.13), (5.20), and (5.23)]. Therefore, we have

1 o
Ev[ewei]t ® (60/ 70" An)

:%Vemt@)(l“mi/\eiAn—ej/\ij/\n—2T’"/\n)
= Ve, t ®[(67 AT ; +T™) An),

and, hence

1 S
D*(t®@n) = SR, et ® (0" A6 A ).

Exercise 5.25 Let o be a vector-valued k-form given by v =¢; ® o'. Show that
Dow=¢ ® (do' +1"; Nw’).



Chapter 6
Riemannian Manifolds

In many cases, the manifolds of interest possess a metric tensor which defines an
inner product between tangent vectors at each point of the manifold. Some examples
are the submanifolds of an Euclidean space and the space—time, in the context of
special or general relativity.

6.1 The Metric Tensor

Definition 6.1 Let M be a differentiable manifold and let g be a symmetric tensor
field of type (g) on M, thatis, g,(vp, wp) = gp(wp, vp) for vy, w, e T,M. g is
positive definite if for all v, € T, M, we have g, (v, v,) >0, and if g, (vp,v,) =0
implies v, = 0 (that is, g, (v, vp) > 0 for all nonzero v, € T), M); the tensor field
g is non-singular if g, (v,, w,) =0 for all w, € T, M implies that v, =0.

If g is positive definite, then it is non-singular, for if g,(v,, w,) = 0 for all
wp € T, M, we find, in particular, that g, (v,, v,) = 0, which implies that v, = 0.

Definition 6.2 A Riemannian manifold is a differentiable manifold M with a non-
singular, symmetric differentiable tensor field of type (g), called the metric tensor
or metric of M. When the metric tensor is not positive definite, we also say that the
manifold is pseudo-Riemannian (or semi-Riemannian).

In a Riemannian manifold, M, with a positive definite metric, g, is an inner
product on 7, M. The norm or length of a tangent vector v, € T, M, ||v, |, is defined

by llvpll = /&p(vp, vp) and the length of a curve C : [a, b] — M is defined by

b
LCE/ I1C! | dt. 6.1)
a

Let M be a Riemannian manifold and let (xl, ..., x™") be aAlocal qoordi—
nate system on M. The metric tensor is given by g = g;jdx' ® dx’/ with

G.F. Torres del Castillo, Differentiable Manifolds, 115
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gij = 8(3/9x",9/9x/). Since g is symmetric, we have g;; = g(3/dx',0/dx/) =
g(9/0x7,9/0x") = gji.

Example 6.3 The standard metric of the n-dimensional Euclidean space, E”, ex-

pressed in terms of Cartesian coordinates, (xl, Lo, x™),ds
g=dx' @dx' +dx?®@dx% + - + dx" @ dx", (6.2)
that is, (g;;) = diag(1, 1, ..., 1). This amounts to saying that at each point p € E",

the tangent vectors (d/ dx/) p form an orthonormal basis of 7, [E".

Since {(«‘9/8)#')1,}:?:1 is a basis of T, M, the condition g,(v,,w,) =0 for all
wy € TPM is ‘equivalent to g, (vp, (B/Bxi)p) =0, fori =1,2,...,n; therefore, if
vy, =a'(d/dx"), is such that g, (v,, wp) =0 for all w, € T, M, we have

gij(p)a' =0,

which is a homogeneous system of linear equations for the a’. The tensor field g
is non-singular if and only if a’ = 0 is the only solution of this system. Thus, g is
non-singular if and only if the determinant of the matrix (g;;(p)) is different from
zero for all p in the domain of the coordinate system.

If X is a vector field on M, the contraction of X with g, X g, is a tensor field of
type ((1)), that is, a covector field. If X is locally given by X = X’(d/dx"), we have

Xlg =2Xigij dx/ .

Since the determinant of the matrix (g;;) never vanishes, the matrix (g;;) has an
inverse, whose entries are denoted by g'/, that is,

gijgjk =3,k~ (6.3)

Since the functions g;; are differentiable, the functions g'/ are also differentiable.
Furthermore, the symmetry of the components g;; implies that gl =gl

Hence, if « is a covector field, locally given by o = «; dx', there exists only one
vector field X such that

o= %ng. (6.4)

Indeed, in terms of the components of & and X, the condition o = %XJ £ amounts
to

ai = X'gji, (6.5)
therefore the components of X are determined by
X/ =a;g". (6.6)

Since the functions g;; are differentiable, from (6.5) and (6.6) it follows that the
vector field X is differentiable if and only if « is. Hence, in a Riemannian manifold,
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there exists a linear one-to-one correspondence between differentiable vector fields
and 1-forms. (Owing to the form of expressions (6.5) and (6.6) this correspondence
is an example of the operations called raising and lowering of indices.)

Definition 6.4 Let M be a Riemannian manifold and let f € C°°(M). The gradient
of f, grad f, is the vector field on M such that

1
df = E(grad flg. (6.7)

Then, from (2.42) and (1.45), for any vector field X, we have

1
g(grad f,X) = > ((grad /) Jg) X) =df (X) =X . (6.8)

From the foregoing definition, (6.6) and (1.52) it follows that the gradient of f is
locally given by
af o0

— ol T
grad f =g ol 30T (6.9)

Exercise 6.5 Show that g"/ = g(gradx’, gradx/).

Let ¢ and s be two tensor fields of type (2) on M locally givenby t =1t _;, dx'1 ®
.- ®dx* and s = Sk dx/! ® --- ® dx’¥; the product (¢|s) will be defined by

(tls) =kt ipsjy..j 8" - - g™k (6.10)
Exercise 6.6 Show that the product ( | ) is symmetric, bilinear and non-singular.
Exercise 6.7 Show that g'/ = (dx’|dx/).

If M is a Riemannian manifold with a positive definite metric tensor g and
Y : N — M is a differentiable map from a manifold N into M such that for all
p € N, ¥4, has maximal rank, that is, if ¥, ,v, = Oy () implies v, =0, then V*g
is a positive definite metric tensor in N since it is a symmetric tensor field of type
(g) and if (Y*g),(vp, wp) =0 for all w, € T, N, from the definition of ¥*g, we
have gy (p)(Yxpvp, Yspwp) = 0 for all w, € T, N; in particular taking w, = v,
and using that g is positive definite it follows that v ,v, = 0, and one concludes
that v, = 0,. A differentiable mapping satisfying the condition above is called an
immersion (that is, for all p € N, the rank of the linear mapping v, is equal to the
dimension of N).

Example 6.8 The inclusion map i : S> — R is locally given by i*x = sin6 cos ¢,
i*y =sinfsing, i*z = cos @, in terms of the usual coordinates (x, y, z) of R3 and
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of the spherical coordinates (6, ¢) of S2. As can readily be verified, the Jacobian
matrix of i with respect to these coordinate systems is given by

cosfcos¢p —sinbsing
cosfsing  sinfcos¢
—sin6 0

and its rank is equal to 2 in the whole domain of the spherical coordinates
(0<0 <m, 0 < ¢ < 2m); therefore, the pullback of the Euclidean metric of R3,
g=dx ®dx +dy ® dy +dz ® dz, under i is a positive definite metric for SZ. In
fact, a straightforward computation yields

i*g =d(sinf cosp) @ d(sinf cos ¢) + d(sinf sin ) ® d(sin @ sin ¢)
+ d(cosf) ® d(cosb)
=df ® dd + sin’ 0 d¢ ® d¢ 6.11)

and, as can be directly verified, it is positive definite at the points in the domain of
the coordinate system.

Isometries. Killing Vector Fields Let M| and M> be two Riemannian manifolds
with metric tensors g1 and g7, respectively. A diffeomorphism ¢ : My — M> is an
isometry if

Vg =2gi1. (6.12)

Two Riemannian manifolds M| and M are isometric if there exists an isometry
v My — M.

Exercise 6.9 Show that the isometries of a manifold onto itself form a group under
the composition.

Let ¢ be a one-parameter group of transformations on a Riemannian manifold,
M, such that each transformation ¢; : M — M 1is an isometry; then, if X is the
infinitesimal generator of ¢, we have

* p—
£Xg=hmw=

0. 6.13
t—0 t ( )

The vector fields satisfying (6.13) are called Killing vector fields. The set of Killing
vector fields of M will be denoted by K(M).

Making use of the expression for the components of the Lie derivative of a tensor
field (2.40), one finds that the components of a Killing vector field must satisfy the
system of equations

98ij .axk+ ax*
oxk 8K i T8Ik

x* =0. (6.14)
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Since the expression on the left-hand side of this equation is symmetric in the in-
dices i and j, equations (6.14), known as the Killing equations, constitute a system
of n(n + 1)/2 homogeneous, linear, PDEs for the n components X' of a Killing
vector field, if n is the dimension of M. A solution of (6.13) is formed by n func-
tions X', X2, ..., X" of n variables. The linearity and homogeneity of the Killing
equations imply that any linear combination with constant coefficients of solutions
of these equations is also a solution (see the examples below).

From (6.14), it can be seen that if, for some specific value of the index m, the
functions g;; do not depend on x™ (i.e., dg;;/0x™ = 0), then X = 8/9x™ = 8!, 9 /dx'
is a Killing vector field and conversely.

Exercise 6.10 Show that the set of Killing vector fields of a Riemannian manifold
M, R(M), is a Lie subalgebra of X(M).

Example 6.11 Let us consider a Riemannian manifold, M, of dimension n such
that, in some coordinate system, the components of the metric tensor are constant.
(For instance, in Cartesian coordinates, the components of the metric tensor of an
Euclidean space are g;; = §;; and for the metric of the Minkowski space, (g;;) is the
matrix diag(1, 1, 1, —1) or its negative.) The Killing equations (6.14) then reduce to

aéj 0&; . _ k
W + o) =0, with %’j :gij . (6.15)
Hence,
d 8;,- _ a d& B d 09§ B d 0d& B a 0& _ 0 85_;
axk axi  9xkoax/  axJ axk  axJ axi oxioxJ  oxi 9xk
_ 0 8§j
T axkgxi’

and therefore 3°& i/ dx*dx’ = 0, which means that the components & j must be of the
form

£ =ajx* +bj, (6.16)

where the a;; and b; are constant. Substituting this expression into (6.15) one only
obtains the condition aj; + a;; = 0; therefore, in a manifold of this class, locally,
any Killing vector field is of the form

d .0 . P
_ Yk — okig. N 4 - .
X=X axk_g éjaxk_gf(aﬂx —I—bj)axk
1, L d
_ . Jol Skl k
= yai(e"x =g ) g b o

where b* = gki p . This means that the n(n — 1) /2 vector fields

a

Ile(gijl_gklxj)W’

i<l 6.17)
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together with the n vector fields
M, =— (6.18)

form a basis of R(M), which in this case has dimension n(n + 1) /2. It turns out that,
for an arbitrary n-dimensional Riemannian manifold, M, dim R(M) <n(n + 1)/2.

The integral curves of the Killing vector field %a lej ! are determined by the sys-
tem of linear ODEs

dxk 1 , . .
- = y(gx = g"xT) =gYa;x!,

where A = (a;;) is an arbitrary real n x n skew-symmetric matrix. This system of
equations can be expressed in matrix form:

dx o

where g = (g;;) is a symmetric (constant) matrix and x is a column matrix with
entries x!, ..., x" (or, more precisely, x'oC,...,x" o C, where C is an integral
curve of %a iV ! ). The solution of this matrix equation is (see, e.g., Hirsch and Smale
1974)

x(r) =exp(tg~' A) x(0),

where exp(tg_lA) = anozo(tg_lA)m/m!. That is, the column matrix x(z) is re-
lated to x(0) by means of the matrix exp(tg~' A). One can readily verify that

(As™)"s=g(¢7'4)", m=0,1,2,...

and therefore, denoting by B! the transpose of B, using the fact that A' = —A and
g'=g, we have

[exp(tg*'A)]tg exp(tgilA) = [exp(—tAgil)] g exp(tg*lA)
=g [exp(—tgilA)] exp(tgilA)
=g,

which means that, for all # € R, the matrix exp(rg~'A) is orthogonal with respect
to g. (Note that g is symmetric, but not necessarily diagonal.)

Example 6.12 The tensor field
g=y(dr@dx +dy®dy), (6.19)

defines a positive definite metric on the Poincaré half-plane (or hyperbolic plane),
H? = {(x, y) € R?|y > 0}. From (6.14), with x and y in place of x! and x2, respec-
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tively, we obtain

2, 2a3x!

y y= 0x

ax% ax!
4+ — =0, (6.20b)

ox ay
2X2+2—8X2 0 (6.20c)
- — = 0. .2zUC

y3 y2 8y

The last of these equations amounts to d(y~'X2)/dy = 0; hence, X> = yh(x),
where £ is some real-valued function of one single variable.

On the other hand, the equality of the second partial derivatives 3> X' /dx dy and
32X /9y dx, obtained from (6.20a) and (6.20b), is equivalent to d%A(x)/dx? = 0;
hence, h(x) = ax + b, where a and b are two real constants. Therefore, X 2 axy+
by and using again (6.20a) and (6.20b) one finds that X! = Ja(x? — y?) + bx +c,
where c is another real constant. Thus, the general solution of the Killing equations
(6.14) for the metric (6.19) has the form

a 9 9 5 9 5
X=2((2= ) 42y 2 ) [z 4y L) 4ol
2<( ot xyay)+ (x8x+y8y)+cax

In other words, the vector fields

(x* - 2)i +2x 9 xi+ 9 9 (6.21)
Y ox yay’ dx yay’ ox’ ’
form a basis of R(M). (In this case, as in the preceding example, (M) has the

maximum dimension allowed by the dimension of M.)
Instead of the vector fields (6.21), we can choose the set

0 0
X|=-2({x— — ),
: (x8x+y8y>

0
Xy =——, (6.22)
0x

(22 pan
X3_(x y)ax+2xyay,

as a basis of £(M). The Lie brackets among these vector fields are given by
(X1, Xo] =2Xo, X2, X3] =X, (X3, X1]=2X3, (6.23)

which shows, in this particular case, that the Killing vector fields form a real Lie
algebra (of dimension three in this example). The choice given by (6.22) has been
made taking into account that with the group SL(2, R), formed by the 2 x 2 real
matrices with determinant equal to 1, there is associated a Lie algebra that possesses
a basis with relations identical to (6.23) (see Examples 7.16 and 7.60).
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In fact, in this case it is not difficult to find the isometries generated by an ar-
bitrary Killing vector field (that is, the one-parameter groups generated by these
vector fields) and show that they are related with the group SL(2, R). To this end, it
is convenient to make use of the complex variable

7=x+1y. (6.24)
In the present case, any Killing vector field X can be expressed as
X =a'X; +a’*Xs +a’Xs
a 0
—(—2a'y — a2+ a3 (2 — 2N & (—24! 2a3xy)—,
( ax—a“ +a (x y))8x+( a'y-—+ axy)ay

where the a’ are arbitrary real numbers. The integral curves of X are determined by
the system of ODEs

dx
dr

d
:—2a1x—a2+a3(x2—y2), d—};:—2a1y—|—2a3xy,

which amounts to the single equation
dz
e

=a’72 —2a'7 - a>. (6.25)

(—2a1x —a*+d’° (x2 — yz)) + i(—2a1y + 2a3xy)

The form of the solution of this equation depends on the nature of the roots of
the polynomial a’z?2 —2a'z — a2 or, equivalently, on the value of the discriminant
K = —[(a")? +a%a®]. If K <0, the polynomial a3z — 2a'z — a® has two different
real roots, | = (a' + «/—K)/a3, o= (a'— «/—K)/a3 and from (6.25), according
to the partial fractions method, we obtain

/, " /Z@ dz ( 1 1 ) I i0=-az0-0

— — = n )
0 200 2//—K\z—8  z—8 2-K z(t) =5 z(0)— &
which amounts to the expression

_az(0)+ B

=0+

(6.26)

where (;f 6) is the matrix (dependent on the parameter ¢) belonging to SL(2, R)
given by

oa B _ 1 0 sinh/—K t al a2
(’J/ 5) =coshv/—K ¢t (0 1) —ﬁ <a3 —al . (627)

Note that we can multiply the coefficients «, 8, y, and § appearing in (6.26) by a
common nonzero, real or complex, factor A, without altering the validity of (6.26).
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Taking advantage of this freedom, it is convenient fo impose the condition that the
determinant of the matrix of the coefficients in the linear fractional transformation
(6.26) be equal to 1. Nevertheless, this condition does not specify completely this
matrix, because the determinant of its negative is also equal to 1. Thus, to each linear
fractional transformation (6.26) there correspond two real matrices with determinant
equal to 1.

In a similar way, in the cases where K is positive or equal to zero, one finds that
the solution of (6.25) can be expressed in the form (6.26), with

.y cos K1 (1) = SFEL(e, ) if K >0,
(]/ 8> N 10 a' a? : (628)
(01)—t(a3_a1) if K =0.

These matrices are also real and have determinant equal to 1 and, therefore, they
also belong to SL(2, R). Note that, in all cases, the solution contains the traceless

matrix
a'  a®
(& o)
whose determinant is equal to K. One may notice that the expressions (6.28) can be
obtained from (6.27) making use of the relationship between the hyperbolic func-
tions of an imaginary argument and the trigonometric functions, or taking the limit
as K goes to zero.

Even though one could express the solution (6.26) in terms of the original vari-
ables, x, y, it is more convenient to employ directly the formula (6.26), in part be-
cause the composition of linear fractional transformations is represented by matrix
multiplication in the following sense. The composition of the linear fractional trans-

‘;‘/Zzi’g , which can be associated with the matrix (;‘ f; ), followed by
b

az+b . : a
the map z — ¥d> associated with (C d

(ax+by)z+apB+bd
(ca+dy)z+cB+ds’

(but also with any nonzero multiple of this product).

formation z —

), is the linear fractional transformation

> O’ﬂ)

which can be associated with the matrix product (¢ S) ( o5

Not all the elements of the group SL(2, R) are of the form (6.27) or (6.28) (see
Example 7.41); however, it can be directly verified that all the elements of this group
give rise to isometries of (6.19).

Exercise 6.13 Show that if (;‘ ’53 ) is any matrix belonging to SL(2, R), then

_az+p

*r=——T, 6.29
vz yz+0 ( )

with z = x + 1y, is an isometry of (6.19) [cf. (6.26)].
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Exercise 6.14 Find the Killing vector fields of the hyperbolic space H? =
{(x,y,2) e R3|z > 0}, which possesses the metric tensor

¢g=z2(dx ®dx +dy ® dy + dz ® dz).
Example 6.15 The metric induced on S?, expressed in terms of the spherical coordi-

nates (xl,xz) = (0, ¢), has components g11 =1, g12 =0, g = sin% 6 [see (6.11)],
and therefore the Killing equations are

ax!
22— =0,
90
ax? oax!
)
0 ——+— =0, 6.30
sin 59 + ) ( )
9sin0 2
1Y osin2e 28— 0
90

The first of these equations amounts to X I'= F(¢), where F is some real-valued
function of one variable. Substituting this expression into the last equation of (6.30)
we have 3(—X?tan6)/d¢ = F(¢); hence, we have —X?tan6 = H(¢) + G (),
where H is a primitive of F (i.e., F = H’) and G is some real-valued function
of a single variable. Substitution of the expressions obtained above into the second
equation of (6.30) yields

.5 d(G@®)coth) d*H
—sin“ 6

- d¢2+H:O.

Since the first term on the left-hand side of this last equation depends on 6 only,
while the last two terms depend on ¢ only, d’H / d¢2 + H =k, where k is some con-
stant and sin® 6 d(G (0) cot ) /d6 = k. The solutions of these equations are H (¢) =
n! cos ¢ +n? sing+kand G(0) = —k — n3 tan 6, where n!, nz, and n3 are real con-
stants; thus, X' = H'(¢) = —n' sing +n?cos¢ and X?> = —cot0(H (¢)+ G () =
—cot@(n! cos ¢ + n?sinp) + n3. Therefore, the Killing vector fields of S2, with the
Riemannian structure induced by that of R3, are locally of the form

X=n'(- sinngi — cotd cos<15i
00 ¢

+n? cosqﬁi—cotésimi)i +n3i. (6.31)
06 ¢ ¢

Exercise 6.16 By means of the stereographic projection, each point of S? is put in
correspondence with a point of the extended complex plane; in terms of the spherical
coordinates of S2, this mapping is given by z = e'? cot(0 /2) [see (1.3)]. Find the
integral curves of (6.31) making use of the complex variable z and show that the
isometries generated by the Killing vector fields (6.31) can be expressed in the form
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(6.26) with (;‘j sﬁ ) being a unitary complex matrix with determinant equal to 1 [that
is, an element of the group SU(2)].

Example 6.17 The space R with its usual manifold structure and the metric tensor
dr ®dx +dy ®dy —dz ® dz, (6.32)

where (x, v, z) are the natural coordinates of R>, is a pseudo-Riemannian manifold
denoted by R*! (analogous to the Minkowski space, with two spatial and one tem-
poral dimensions). Even though the metric tensor (6.32) is not positive definite, the
metric tensor induced on the submanifold

ME{(X,y,Z)ERZ’I|x2+y2—Z2:—1, z>0}

is. This can be seen by noting first that the points of M can be put into a one-to-one
correspondence with the points of the disk

D={(X,Y)eR*|X*+Y* <1}

by means of

x=-—" y=22 (6.33)
14z 1+z
[cf. (1.4)] or, equivalently,
2X 2Y 1+ X24+7Y2 6.34)
X=—>7F, =, = - .
—Xx2_y? YEIIx2_y? T1Ix2_y?

(The coordinates (X, Y, 0) are those of the intersection of the plane z = 0 with the
straight line joining the point (x, y, z) € M with the point (0, 0, —1); see Fig. 6.1.)
Making use of this correspondence, the variables (X, Y) can be used as coordinates
of M and, in terms of these, the metric induced on M has the expression

I-X2_72)7? (dX ®dX +dY ®dY). (6.35)

A simple form of finding the Killing vector fields for the metric (6.35) consists of
using the facts that the Killing vector fields of R%! are linear combinations of the six
vector fields (6.17) and (6.18), with (gij) =diag(1, 1, —1), and that the only Killing
vector fields of R>! tangent to the submanifold M are the linear combinations of
the first three,

d 0 0 0 d d
2=y —x—, IB=7— 4+ x—, | & . (6.36)
ox ay ox 0z ay 0z

(Since M is defined by x2 4+ y2 — 72 = —1 and that the derivative of x% + y% — z2
along the direction of each of the fields (6.36) is equal to zero, it follows that these
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- —E]L('X',Y,O)
{(0,0,~1)

Fig. 6.1 Stereographic projection. The points (x,y,z) € M, (X,Y,0) and (0,0, —1) lie on the
same straight line

fields are tangent to M.) Using the relation (6.33) one finds that, on M,

oy
X aY
0 d

1
IB=—(1-x%24+v%)— —Xy—, 6.37
2( + )aX oY (6.37)

23 9 1 2 2y 0
= —xy——+ 2(1+X Y )8Y’
and by means of a direct computation it can be verified that these fields satisfy the
Killing equations (6.14) for the metric (6.35).

Expression (6.35) can be regarded as that of the metric tensor of M in terms of
the coordinates (X, Y) or as that of a metric tensor on ID. Formulas (6.33) and (6.34)
then represent an isometry between M and ID. The vector fields (6.37) thus are also
a basis for the Killing vector fields of D.

On the other hand, the equation

¥ tiy= XA HL (6.38)
(X +1Y) + 1

establishes a correspondence between each point (X, Y) € D and a point (x, y)
of the Poincaré half-plane; this correspondence is one-to-one and, furthermore, an
isometry. Consequently, there also exists a one-to-one correspondence between the
Poincaré half-plane and the submanifold M of R>! defined above, and this corre-
spondence is an isometry. Since all the Killing vector fields of the Poincaré half-
plane and the isometries generated by them have been found in Example 6.12, by
means of equations (6.33), (6.34), and (6.38) one can obtain all the Killing vector
fields of M and the isometry groups generated by them [see also Lee (1997)].

Exercise 6.18 Show that, effectively, (6.38) establishes a one-to-one relation be-
tween the points (x, y) of the Poincaré half-plane (that is, y > 0) and the points
(X,Y) e D (with X2 + Y2 < 1) and that this relation is an isometry. Using the
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correspondence (6.38), show that the isometry of the Poincaré half-plane given by
(6.29) amounts to the linear fractional transformation

w*Z:aZ—Fb’
cZ+d

where Z = X +1Y and

a b 1 1 —i\[(a BY 1 (1 i
(£ 0)=5 )0 6 ) e
which is, therefore, an isometry of ID (or of M). Show that the matrix (f S) belongs

to the group SU(1, 1), which is formed by the complex 2 x 2 matrices, A, with
determinant equal to 1, such that

(1 0\, (1 0
A (0 _I)A_(O _1). (6.40)

(It can be verified that the relation (6.39) is an isomorphism of the group SL(2, R)
onto SU(1, 1).)

Conformal Mappings Besides the isometries, the transformations that preserve
the metric up to a factor are also interesting. If M; and M, are two Riemannian
manifolds, a differentiable mapping i : M1 — M> is a conformal transformation
if there exists a positive function o € C*° (M), such that ¥*gr = o gy, where g
and g are the metric tensors of M1 and M», respectively.

Example 6.19 The inclusion mapping i : S* — R"*! identifies each point of the
sphere S” with the same point considered as a point of R"*!. The stereographic
projection, ¢ : S\ {(0, 0, ..., 1)} - R" defined in Example 1.3 is a diffeomorphism
and the composition i o ¢! maps the points of R” into the subset

{(al’“.’an-i-l)eRn-H |(al)2_|_.“+(an+l)2:1, s <1}’

i.e., the sphere with the north pole removed. In terms of the Cartesian coordinates
' y% o y") of R and (x!, x2, ..., x™t1) of R"*!, the composition i o ¢! is
given by

2yj

(ioq&_l)*xj:ryz, forj=1,2,...,n,

where y2 = (y)2 4+ ()2 +--- 4+ (y™)? [see (1.5)], and

2
- y —1
(fog™!)x" =y
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Hence, making use of the properties (1.52), (2.29), (2.30), and (2.32), one finds that

n+1
* 4
(ZO¢7I) <E dx]®dxj) (172)25 dy ®dy

j=1

or, equivalently,

n+l1
(") ( > dxd ®de) 0T 2)22 dy/ @ dy’. 6.41)

j=1

The expression Z | dy’ ®dy/ is the usual metric of R”, while i * Z"H dx/ ®dx/

is the metric induced on S” by the usual metric of R"*! (see Example 6.8). Thus,
¢! (and ¢) is a conformal map. (Note, however, that ¢ is not defined on all of S".)

If X is the infinitesimal generator of a one-parameter group of conformal trans-
formations of a Riemannian manifold M, then £xg = 2 g, where x is some func-
tion (the factor 2 is inserted for future convenience) and we say that X is a conformal
Killing vector field. In terms of the components with respect to the natural basis in-
duced by a coordinate system, X is a conformal Killing vector field if

3k 08ij axk axk

ok T8k 8k T =2X8ij- (6.42)

When yx is a nonzero constant, X is called a homothetic Killing vector field.

Example 6.20 As in Example 6.11, we shall consider a Riemannian manifold such
that, in some coordinate system, the components of the metric tensor are constant.
Then equations (6.42) reduce to

9§ 85 . k
a—le. T =2xgij, with§;=guX (6.43)
[cf. (6.15)]. From (6.43) we obtain
d 0§ 0 0§ ax

— —t——=2gii - 6.44
dxk oxt  9xk dxJ 8ij dxk ( )
By cyclic permutations of the indices i, j, k in (6.44) we obtain two equations equiv-
alent to that equation:

0 0& 0 09§ g ax
oxi axJ  9xi axk Sk axi’
o0 0§ a 0& dx

ax oxk " oxd oxi Mgk
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Adding these two equations and subtracting equation (6.44) one finds that

d 08  0x ax dx
@@—gﬂcﬁ +gkza 7 gUW' (6.45)

Applying 9/0x™ to both sides of this equation we now obtain

99 d& 9 ax 9 dx 9 ox
ax axt oxd Sk gxm gyt Sk gm gy 81 gym gk

Since the left-hand side is symmetric under the interchange of the indices i and m,
the same must happen with the right-hand side, that is,

ad 8)( _.8 8)( 88)( .8 ax 6.46
gkla m 9 — &ij 9x™ 9k gkma i 9x) gm]ﬁ@- (6.46)
Multiplying both sides of (6.46) by g/ we obtain
V24 —2)- L 9% (6.47)
n— .
8ki X 9xi axk
where
.0 0y
V=g — L
X=8 ax™ dxJ

and 7 is the dimension of M. (The general definition of the Laplace operator, V2, is
given in Sect. 6.4 and it can be seen that the expression (6.113) derived there reduces
to the one employed in the present case.) Multiplying (6.47) by g* one finds

(n—1)V?x =0.
Thus, if n # 1, V2 x = 0 and from (6.47) one concludes that, for n > 3,

d Jx

dxi axk

Hence, for n > 3, x must be of the form
x=cjx) +d, (6.48)

where the c¢; and d are arbitrary constants. Substituting (6.48) into (6.45) one finds
that

0

ax/
where the hy; are constants. Using (6.48) and (6.49) it follows that (6.43) reduces
to the equation

= gjkcixi + gkicjxi — g,'jckxi + hg;j, (6.49)

hij +hji =2dgij,

which relates the symmetric part of 4;; with d.
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Finally, from (6.49) one finds that
ivi_ 1 i J
§i = gjkcix'x’ — Scxgijx x! + higx! + by,
where the by are arbitrary constants. Defining

ajj = = (hij — hji),

which satisfies the condition a;; = —aj;, we have
1 1
hij =5 (hij +hji) + 5 (hij — hji) = dgij + aij-

Hence, when the dimension of M is greater than or equal to three, the general solu-
tion of (6.43) can be expressed in the form

S - , .
& = gjkcix'x) — ECkgijxlxj +dgijx’ + agjx’! + by, (6.50)

which contains n + 1 + %n(n -1 +n= %(n + 1)(n + 2) arbitrary constants and
reduces to (6.16) when x =0 (that is, when c¢; =0 and d = 0). It can be verified
directly that for n = 1 or 2 the expression (6.50) is also a solution of equations
(6.42); however, when n is equal to 1 or 2, (6.50) does not contain all solutions of
(6.42). In fact, when n = 1 any transformation of M into M with positive Jacobian
is conformal (see also the comments at the end of this section regarding the case
n="2).

According to the preceding results, taking n =2 and g;; = §;;, with i, j =1, 2,
the vector fields given by (6.50) generate some conformal transformations of the
Euclidean plane onto itself (with x!, x? being Cartesian coordinates). Fortunately,
the transformations of this restricted class can be found explicitly in a relatively
simple form making use of complex quantities. In fact, making z = x' + ix? one
finds that in this case (n = 2, g;; = §;;) the integral curves of the vector field (6.50)
are given by the equation

% L —ienZ + (d —an)z + by + b,

d 2
where c1, ¢, d, a2, b1, and by are six arbitrary real constants [cf. (6.25)]. This
equation can be integrated following a procedure similar to that employed in Ex-
ample 6.12. The result is that z(¢) is related to z(0) by means of a linear fractional
transformation,

_az(0)+ B

W= 0 Ts

6.51)

[cf. (6.26)], where

@ PBY_ 1 M( d —ian 2(b1+ib2)>
(V 8>_C°‘°’h(2ﬂt)” /A \—(ci—icy) —(d—ian) )’
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with A = (d —ia12)? — 2(b; +1b2)(c1 — ic2) [cf. (6.27)]. This matrix belongs to the
SL(2, C) group, formed by the 2 x 2 complex matrices with determinant equal to 1.

As known from the complex variable theory, every analytic function, f : C — C,
is a conformal mapping; the linear fractional transformations (or Mébius transfor-
mations) (6.51) are distinguished because they are the only analytic one-to-one map-
pings of the extended complex plane (the complex plane plus the point at infinity)
onto itself [see, e.g., Fisher (1999)].

Exercise 6.21 Show directly that any linear fractional transformation

_azt+p

k
Z_
v yz+46

given by a matrix (a g ) belonging to the SL(2, C) group, with z = x! +ix?, is a con-
formal transformation of the Euclidean plane and find the corresponding conformal
factor.

6.2 The Riemannian Connection

Theorem 6.22 Let M be a Riemannian manifold. There exists a unique connection,
V, the Riemannian or Levi-Civita connection, with vanishing torsion and such that
Vxg =0forall X € X(M); that is, there exists a unique connection on M such that

[X,Y] = VxY — VyX, (6.52)
X(g(Y, Z)) =g(VxY,Z)+ g(Y, VxZ), (6.53)
for X, Y,Z e X(M).
Proof Let X,Y,Z € X(M). Assuming that such a connection exists, we have
X(g(Y,2)) +Y(g(Z.X)) - Z(s(X.Y))
=g(VxY,Z)+ g(Y, VxZ) + g(VWYZ,X) + g(Z, VyX)
—8(VzX,Y) — g(X, VzY)
=g(VxY+ VWX, Z) +g(Y,VxZ — VzX) + g(X, VyZ — VzY)
=g(VxY + VxY +[Y,X],Z) + g(Y, [X, Z]) + g(X, [Y, Z])
=2¢(VxY,Z) + g(Z,1Y.X]) + g(Y. X, Z]) + g(X. [Y, Z]),
that is,
28(VxY,Z) =X(g(Y,2)) + Y(g(Z,X)) — Z(g(X, Y))
— g(Z, Y, X]) — g(Y, X, Z]) — g(X, Y, Z]). (6.54)
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Since g is non-singular, this relation defines VxY. By construction, this connec-
tion has a vanishing torsion and satisfies Vxg = 0 for all X € X(M). The explicit
expression (6.54) shows its uniqueness. O

A connection, V, is a metric connection if Vxg = 0 for all X € X(M). The Levi-
Civita connection is the only metric connection whose torsion vanishes.

Making use of the relations g;; = g(8/0x',8/0x7) and [8/dx',d/dx/] =0, from
(6.54) we obtain

a 9 ogjk 08k  08ij
2g<vwx’ Fe W) = ox T ox  axk’

hence, writing V5. 3/dx/ = F;ia/axl, it follows that

dgjk 08k  08ij
2F1 — ]. L J ’
jiblk ax! + axJ axk
which leads to
1 dgjk 08k  08ij
rl = _gk( =L L2, 6.55
ji= 28 <8x’ * dxJ  dxk (6:55)

This expression defines the so-called Christoffel symbols, which determine the Rie-
mannian connection with respect to a holonomic basis. From (6.55) we find that
F;i = Fll] (cf. Exercise 5.11); therefore, in a manifold of dimension n, there exist

n?(n + 1)/2 independent Christoffel symbols.

From (6.55) and Exercise 5.12 it follows that if the components of the metric
tensor in some holonomic basis are constant, then the curvature of the Riemannian
connection is equal to zero.

Exercise 6.23 Show that if the g;; are the components of the metric tensor with
respect to a holonomic basis and the I'* ; are the connection 1-forms for the Rie-
mannian conneqtion with respect to this basis, then dg;j = gin ™" j + &jm 1" ’f”,- and
show that g;; %’ = —gij#’ ;. (Note that this last equation amounts to g;; Rk, =

—8kj R itm.)

A convenient way of computing the Christoffel symbols, especially in those cases
where (g;;) is diagonal, consists of using the fact that the geodesic equations (5.7)
amount to the Euler—Lagrange equations for the Lagrangian

1 i
L= 5(77*81'1” q’, (6.56)

where 7 is the canonical projection of the tangent bundle of M on M, the ¢’ are
coordinates on TM induced by local coordinates x' on M [see (1.28)], and the g;;
are the components of the metric tensor with respect to the holonomic basis d/0x".
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In effect, the Euler—Lagrange equations (see Exercise 2.15)
d| oL oL
C(t C(t k=1,2,...,n,
@) - 2@y =o :

where C is the curve in TM defined by C (1) =C;, yield
dro.;i o ~ L., 00m%gij) ], ~
— N)(C®H)| —|=¢'¢'———— |[(C()) =0.
dt[(q m*g1i) (C(1))] [26161 7" (Cm)

Since 7(C(t)) = C(¢) and, according to (1.28) and (1.20), ¢'(C (1)) = C)[x'] =
d(x! o C)/dt, these equations are equivalent to (see Exercise 1.17)

(Cw) =

d[d(x'oC) 1d(x' 0 C) d(x/ o C) 3g;;
| = s . (C —
dt[ o sl (Z))] 27 At oxk

and to [see (1.20)]

0= T () + HF LT W
B %d(x;: C) d(xf; C) E;gil{ (c)
LZ i D gu(co) + %d(x = © d(xjdto © (aaiff + 2‘?‘/ - ?)ii,{ )(c<z))
= gim(C()) [% + I (Cw) d(x;: 0) d(xfc'1 to 9) }

These equations are equivalent to the geodesic equations, since (g;;) is non-singular.

Example 6.24 The tensor field

g= dr @ dr +r?(d6 ® do + sin® 0 dg ® dg), (6.57)

1—kr2

with k € R, is a positive definite metric on an open subset of a manifold of dimension
three defined by r > 0,0 <8 <, 0 < ¢ < 2x. In the case where k is positive, r is
restricted by 0 < r < 1/+/k. The Lagrangian (6.56) becomes

1 (¢hH? . . .
= 5{#«11)2 +(¢")’[(@>)* + Slnzqz(q3)2]},
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where ¢! = 7*r, ¢> = 7%6, ¢° = n*¢. Substituting this expression into the Euler—
Lagrange equations, one finds, for example,

df__ 4" & kq'@")> RACTINPIPOIPP 0
E[I—k(qwz (C(”)}_{W”l[(qz) Fsin (") ]}(C(t))zo,

that is,

1 d*r kr dr\?  [(doN\? ., [(d¢)\?
——4—— =) —r|— ) —rsin“f| — ) =0,
1 —kr2de? (1 —kr?)2\ dt dr dt
where, in order to simplify the notation, we have written r, 8, and ¢ in place of

roC, 0 oC,and ¢ o C, respectively. Comparing with the geodesic equations one
obtains at once six of the Christoffel symbols:

1 kr

N = My =—r(1—kr?),  Ij3=—rsin®0(1 —kr?),

1 _ . .
andFl.j—Oforz;éJ. | .
Proceeding in this manner, one finds that the connection 1-forms I ; = F; X dx*
are

krd
FH:%, r'y=—r(1—kr2)do, I''5=-rsin’6(1 —kr?)dg,
—kr
2 1 2 1 2 :
'y =-4do, I'“p = —dr, I'“3 = —sinfcosf do,
r r
3 1 3 3 1
I'’1=-do¢, I'’y =cotfde, I'’3=—dr +cotf do,
r r

(6.58)
and making use of the second Cartan structural equations one readily finds that the
nonzero curvature forms are given by

R =kr*dr A do,
R*3 =kr*sin>6.do A do,

R =

) de Adr,

and

R

=1 k2d9/\dr,
— kr

Ry =kr?dg A d6,
R'3 = kr?sin®> 6 dr A d¢

(see Exercise 6.23), which can be summarized by the expression %' i =kgjm dx’ A
dx™, that is,

R jim = k(8)8jm — 8,,81) (6.59)
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[see (5.27)]. (A Riemannian manifold of dimension greater than two whose curva-
ture is of the form (6.59) is said to be a constant curvature manifold.)

When k = 0, the curvature is equal to zero and (6.57) coincides with the usual
metric of the Euclidean space of dimension three, in spherical coordinates. For
k =1, (6.57) coincides with the usual metric of the sphere S3 (which, perhaps, can
be more readily seen using, in place of r, the variable x defined by r = sin ).

Rigid Bases Besides the holonomic bases, {3/9x’ }7_,»induced by coordinate sys-
tems, another important class of bases are the rigid ones. A set of basis vector fields
{e1,...,e,}, not necessarily holonomic, is a rigid basis if the components of the
metric tensor, g;; = g(e;, €;), are constant. From the property (6.53) and recalling
that Ve, e; = Fljie[ [see (5.20) and (5.21)] it follows that
0=eigjr=ei(g(ej,er) =g(Vee;j, er) + g(e;j, Ve ex)
=g(Ijier e) +g(ej, Muer) =gl ji + gl uis
hence, defining
Tk =gl ji, (6.60)
we have
iji + iji =0. (6.61)

In this case the functions I’ jk or, equivalently, I, are called the Ricci rotation co-

efficients; owing to the skew-symmetry of I in the two first indices, in a manifold

of dimension 7, there are n2(n — 1) /2 independent Ricci rotation coefficients.
From the property (6.52) we see that

le;.€;]1=Vee; — Ve & = (I'"ji — I'"ij)ex, (6.62)

that is, the Lie brackets of the basis fields give the skew-symmetric part in the last
two indices of the Ricci rotation coefficients, I'% lij] = %(Fk ij — rk ji)- These re-
lations [alone or combined with the property (6.61)] allow us to calculate the Ricci
rotation coefficients; in effect, noting that 2g(Vee;, €;) = 2g(Fl jier, ex) = 2Iyji,
from (6.54) we obtain
28(Veej er) = —g(ex, [ej, e;1) — g (e, [e;, ex]) — g(ei, [ej, ex])
= —g(ek, 21“1[,~j]e1) - g(ej, 2Fl[ki]el) - 8(ei, 2F1[kj]el)
= —2Dij) — 2Lk — 201

hence
Ikji = Tijiy — Tjikiy — Tigj)- (6.63)
(Note that (6.61) follows from (6.63).)
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Alternatively, from the first Cartan structural equations, owing to the fact that the
torsion of the Riemannian connection is equal to zero and that the exterior product
of 1-forms is skew-symmetric, we have

6" = I 107 A 6% = I} 1067 A 6K (6.64)

Therefore, the computation of the exterior derivative of the 1-forms 6’ also yields
the skew-symmetric part in the last two indices of the Ricci rotation coefficients
and by means of the relation (6.63) the value of each of the coefficients I can be
obtained (see Examples 6.25, 6.37, 6.39, and 6.47).

The skew-symmetry of the Ricci coefficients, (6.61), is equivalent to the skew-
symmetry of the connection 1-forms I; = gik rk =T jkek, with respect to a rigid
basis, given by

Iy =—Tji, (6.65)
which implies that the curvature 2-forms %;; = giv#* j are also skew-symmetric

%ij = —3?]'1'. (6.66)

Indeed, from the second Cartan structural equations, using (6.65) and the anticom-
mutativity of the exterior product of 1-forms, we have %;; =dI;; + I A rk ji=
—dFji—Fki/\ijZ—dFji—Fki/\ijZ—dFji— jk/\FkiZ—%ji (cf. Ex-
ercise 6.23).

Example 6.25 By expressing the metric tensor (6.57) in the form
dr dr
= ®
N1—kr2 1 —kr
it follows that the 1-forms

dr
V= k2

form the dual basis of an orthonormal basis, that is, g = g; jQi ® 67, with

8

> +rdd ®rdf +rsinfde ® rsin6 de,

o1 02 =rdo, 63 =rsind do (6.67)

1 0 O
0 0 1
The exterior derivatives of the 1-forms (6.67) are
do!' =o,
V1 —kr?
40> =dr ndo = """ g1 A g2,

r

do> = sin6 dr Adep +rcosfdf Ado

N t0
YT g a3 28 g2 2 03,
r r
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which, compared with (6.64) and using (6.68) lead to I[12] = ~ Ikr? _ I313],

2r
303 = Cgtr@ , and the other I jx) are equal to zero. Substituting into (6.63) one finds

that all the nonzero Ricci rotation coefficients are given by 2 = —V1—kr2 /r,
33 = —cotf/r, and I313 =+/1 — kr?/r. Hence,

Iy =—v1—kr2do, I3 =—cos6dg, 31 =+v1—kr?sin6dg
(6.69)
[cf. (6.58)]. Employing now the second Cartan structural equations, one finds that

%12:](91/\92, %3 =k92/\93, %3121693/\91,

which can be expressed in the form [see (6.68)] Z;; = %(gilgjm — &im&jl) oL A O™,
Thus, we find again that the components of the curvature tensor of the metric (6.57)
are given by (6.59).

Exercise 6.26 Show that the curvature of the manifold H" = {(x!,x2,...,x") €
R | x" > 0}, with the metric tensor

g=(") (' @dx' +d> @dx? + -+ dx" ® dx"),
called the hyperbolic space, is given by R;jim = gim&j1 — &ii&jm-

Geodesics of a Riemannian Manifold If C : I — M is a geodesic (that is,
Ve C''=0), then g(C’, C’) is constant, since

C'[g(C’,C"] =g(VerC', C) 4 g(C', VerCl) =2g(C', VerCy =0. (6.70)

If M is a Riemannian manifold with a positive definite metric, g(C’, C’) is the
square of the length of the vector field tangent to C; therefore, in this case, the
length of the tangent vector field of a geodesic is constant. In the case of a Rieman-
nian manifold with a positive definite metric tensor, the geodesics are the curves that
locally minimize length [see, e.g., do Carmo (1992), Lee (1997)].

The following theorem gives an alternative way of defining a Killing vector field,
making use of the Riemannian connection [cf. (6.13)].

Theorem 6.27 X is a Killing vector field if and only if
8(VyX,Z) +g(Y, VzX) =0,
forY,Z e X(M).
Proof Making use of (2.45), (2.27), (6.53), and (5.13) with T = 0 one finds that

(£x8)(Y.Z) =X(g(Y,2)) — g(£xY. Z) — g(Y. £xZ)
= X(g(Y,Z)) — g(IX, Y1, Z) — g(Y. [X. Z])



138 6 Riemannian Manifolds

=g(VxY,Z)+ g(Y, VXZ)
—g(VxY — VX, Z) — g(Y, VXZ — VzX)
=g(VWyX,Z) + g(Y, VzX),

which leads to the desired result. |

Theorem 6.28 If C is a geodesic and X is a Killing vector field, then g(X, C') is
constant along C.

Proof Making use of (6.53) and the definition of a geodesic we have
C'[e(X.CH]=g(VeX, C) +g(X, Vo) =g (Ve X, ),

which is equal to zero according to Theorem 6.27. U

Example 6.29 In order to find the geodesics of Poincaré’s half-plane we can take

advantage of the existence of the three Killing vector fields (6.22). Making use of
(6.19) and (6.22), according to Theorem 6.28 we obtain the three constants

dx d
a=gX;,CH= —2y_2<X— +y—y>,

dr dt
dx
2 =g(X2,C) = _y—ZE, 6.71)
dx dy
o X O = v 2 (2 — ) L0y WY
c3=¢X3,C) =y ((x Y)dt+ )

where, by abuse of notation, we have written x in place of x o C, and so on.
By combining the first two equations one finds that 2co(x dx/dr + ydy/dt) =
c1dx/dt, that is, d(ca(x? + y?) — c1x)/dt = 0; hence ¢»(x% + y%) — ¢1x is a con-
stant that, if co # 0, is conveniently expressed by c[R* — (c1 /202)2], so that we
have (x — ¢1/2¢2)? + y? = R?, which corresponds to the upper part of a circle
(since y > 0) whose center is on the x axis. When ¢, = 0, from (6.71) we see that x
is a constant. Thus, the images of the geodesics for the metric (6.19) are half-circles
with center on the x axis or vertical lines.

The parametrization of these curves can be obtained making use again of (6.71),
which gives (for ¢y # 0)

d 1 1
df=——dy=——— _
c2y? 2Rcy | x — (c1/2c2) + R x —(c1/2c2) — R
and, therefore,

(x2 — x(0)x] + (x(0) — x1)xpe " 2Re2t
X — X(O) + (x(()) — xl)e—2RC2t

x() =

b
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where x1 = (c¢1/2¢2) — R, x2 = (c1/2¢2) + R. (Note that when 1 — +o00, x tends
to x1 or x;.) Substituting the expressions obtained above into (6.71) one finds that
the radius R is related to the constants ¢; through R? = (1% + 4cac3) / (4¢52). The
expression for y(¢) can be obtained from the second equation in (6.71).

In addition to the three constants (6.71), equation (6.70) yields a fourth constant,
E= % g(C’, C"), which turns out to be function of the ¢;. In fact, making use of
(6.19) and (6.71) one finds that

1 [/dx\* [dy\*] 1, ,
E=—|(— =) == 4
2y2[<dr> +(dr)] gler +deaes)

so that, if ¢ # 0, we have E = %chzz. Making use of the foregoing results, one
can readily see that each geodesic of this manifold has infinite length since L¢ =
ffooo V&cw(C,C)Hdr = «/ﬁffooo dt, and from equations (6.71) one also finds
that given any point p of the half-plane y > 0 and any tangent vector at p, there
exists a (unique) geodesic passing through p, where its tangent vector coincides
with the given vector. For this reason, this manifold is geodesically complete [see
also, e.g., do Carmo (1992), Lee (1997), and Conlon (2001)].

Example 6.30 Starting from the three basis Killing vector fields for the metric
(6.11), given by (6.31), with the aid of Theorem 6.28 we have the three constant
quantities

do

do
cl=— Smd)@ —siné cos O cosd)a,

de . . do
c) = COSd’a — sinf cos 6 smgba,

.o d
c3 = sin® 6 —¢
dr
By combining these equations one obtains ¢ cos ¢ + ¢2 sin ¢ = —c3 coté or, equiv-

alently, c1sinfcos¢ + ¢z sin6sin¢ + c3cos@ = 0. Taking into account the rela-
tion between the spherical and the Cartesian coordinates, one concludes that this
last equation corresponds to the intersection of the sphere with the plane passing
through the origin given by ¢1x + ¢2y + c3z = 0; that is, the geodesics of S? are the
intersections of the sphere with the planes passing through the origin.

Exercise 6.31 Show that the connection considered in Example 5.6 is the Levi-
Civita connection corresponding to the metric tensor g = (1 4 r2)~2(dr ® dr +
r>df ® dA). Since the components of the metric tensor in these coordinates do not
depend on 6, 9/06 is a Killing vector field for this metric. Find the geodesics making
use of Theorem 6.28 and of the fact that g(C’, C’) is a constant for any geodesic C.
Find all the Killing vector fields and the constants associated with them.

Exercise 6.32 Show that if the vector field X is the gradient of some function and
g(X, X) is constant, then VxX = 0, i.e., the integral curves of X are geodesics.
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(Hint: assuming that X = grad f, make use of the definition [X, Y] f = X(Yf) —
Y (X f) together with (6.8) to establish the equality g(X, [X, Y]) = X[g(X,Y)] —
Y[g(X, X)], and then employ (6.52) and (6.53).)

The result stated in Exercise 6.32 is especially interesting for it relates the prob-
lem of writing down and solving the equations for the geodesics (5.7) (which may
involve the computation of the functions F;k) with that of solving the PDE

g(grad W, grad W) = const. (6.72)

It turns out that, locally, any geodesic is an integral curve of the gradient of a solu-
tion of (6.72); what is more remarkable and useful is that if one knows a complete
solution of (6.72) (a concept defined in the next paragraph), then the geodesics can
be found without having to solve the differential equations for the integral curves of
grad W.

A complete solution of (6.72) is a function satisfying (6.72) that depends on n — 1
parameters a;, where n = dim M, in such a way that the partial derivatives of W with
respect to the parameters a; are (functionally) independent. In terms of a coordinate
system x', equation (6.72) is equivalent to [see (6.9)]

ijOW oW

- —— = const. (6.73)
oxt dx/

Differentiating this equation with respect to the parameter a; one obtains

i OW 9 W _
axi dxJ dap

(6.74)

Since g'/ (dW/dx') 3/dx/ = grad W, equation (6.74) means that each of the n — 1
partial derivatives d W/day is constant along the integral curves of grad W; that is,
if we define

0w
"~ day
then the (images of the) integral curves of grad W (which are geodesics) are the
intersection of the n — 1 hypersurfaces given by b* = const. By suitably selecting

the values of the 2n — 2 parameters ay, b¥, we obtain the geodesic passing through
a given point in any given direction (see Example 6.33).

b* k=1,...,n—1), (6.75)

Example 6.33 Considering again the Poincaré half-plane with the coordinates em-
ployed in Example 6.12, equation (6.73) takes the form

2 2
y2[<8—W) + (8—W> i| = const. (6.76)
ax ay

This PDE can be solved by the method of separation of variables, looking for a
solution of the form W = F(x) + G(y), substituting into (6.76) and denoting by 2
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the value of the constant on the right-hand side of the equation, one finds that

dF\* ¢ [dG\?

(&) =5-(&)
This equation will hold for all values of x and y only if each side of the equa-
tion is equal to a constant, which will be denoted by a?; then (setting to zero
the integration constants), F(x) =ax and G = [/c?y~2 —a”dy, so that W =
ax + [/c?y=2 —a?dy is a solution of (6.76) depending on the parameter a and,

since dW/da # 0, this is a complete solution. Then, using the fact that b = dW/da
is constant along each geodesic one finds

(9}

[\

c2 5
x+ —2—)’»
a

b ydy
=X—a —_—_— —
/2 —q2y2

which represents a two-parameter family of arcs of circles.

Exercise 6.34 Making use of the procedure employed in the preceding example,
find the geodesics of the metric g = (1 + r2)72(dr ® dr + r?2d6 ® d6), considered
in Exercise 6.31.

Exercise 6.35 Show that the geodesics of the metric y~!(dx ® dx 4+ dy ® dy) on
{(x,y) € R?|y > 0} are cycloid arcs. (This problem corresponds to that of the
brachistochrone, that is, to the problem of finding the curve along which a body
slides in a uniform gravitational field to go from one given point to another, not
directly below the first one, in the least time.)

The eikonal equation,
g(grad S, grad S) = n?

or, in local coordinates,
i 05 95 o (6.77)
ax' dxJ
where n is a real-valued function called the refractive index, arises in the study
of geometrical optics. It can be derived from the Maxwell equations in the short-
wavelength limit [see, e.g., Born and Wolf (1999)]. According to Exercise 6.32, the
integral curves of grad S, which represent the light rays, are geodesics of the metric
tensor n? g (with the gradient of S calculated with this metric). Taking into account
that the geodesics are the curves that locally minimize the length, defined by the
corresponding metric g, and that the refractive index is inversely proportional to
the velocity of light in the medium, it follows that the light rays are the curves that
locally minimize the time required to go from one point to another. This is known
as the Fermat principle (see also Sect. 8.4).
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6.3 Curvature of a Riemannian Manifold

The algebraic properties of the curvature tensor of a Riemannian connection, as
well as the definition of several tensor fields related to it, are more easily established
making use of their components with respect to some basis [see, e.g., (5.27)]. It is
convenient to define

Rijii = gimR" ju

[cf. (6.5)], so that the skew-symmetry R! ikl = —R! jik [which is equivalent to
R(X,Y) =—R(Y, X)] amounts to

Rijki = —Rijik- (6.78)

We have already seen that when the torsion is equal to zero, R jkl + R! klj +
R'jjx =0 [see (5.32)], hence

Rijki + Ririj + Rijjx =0, (6.79)

and from (6.66) we have
Rijri = —Rjik (6.80)

(see also Exercise 6.23). Given that R is a tensor field, its components with respect
to any basis satisfy (6.78)—(6.80).

As a consequence of the relations (6.78)—(6.80), the components of the curvature
tensor also satisfy

Rikij = Rijik- (6.81)
In fact, from (6.79) and (6.78) we have

Rijri = —Rikxij — Ritjk = —Rikij + Ritkj- (6.82)

On the other hand, from (6.80),
1
Rijk = E(Rijkl — Rjik)

and expressing each of the terms on the right-hand side with the aid of (6.82), we
find

1
Rijx = 5(—Riklj + Ritkj + Rjkii — Rjiki).
Thus, exchanging i with k£ and j with /,
1
Ryiij = 5(_Rkijl + Ryjit + Riijk — Rijix),

which coincides with R;j;, by virtue of (6.78) and (6.80), as claimed above.
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Since an object skew-symmetric in two indices has n(n — 1) /2 independent com-
ponents, relations (6.78) and (6.80) imply that, out of the n* components Ry; j» at
most [n(n — 1) /2]2 are independent; while the relations (6.79), being totally skew-
symmetric in the three indices j, k, [, for each value of the first index, constitute
n(s) = n?(n—1n—-2) /6 restrictions. Therefore the number of independent com-
ponents of the curvature tensor is

nfn—1D? n*n—Dn-2) n*(n?-1)
4 B 6 12

(6.83)

Ricci Tensor, Conformal, and Scalar Curvature From the curvature tensor one
can construct other tensor fields which can be conveniently defined in terms of com-
ponents. The Ricci tensor is a tensor field of type ((2)) with components R;;, defined
by

Rij = R*iij = 8" Ry (6.84)

(This definition is not uniform; some authors adopt the definition R;; = R%; ko
which amounts, by virtue of (6.78), to —Rk,-kj.) From (6.84) and (6.81) it follows
that the Ricci tensor is symmetric:

Rij = ¢" Rujii = g™ Rujii = Rji.
The scalar curvature, R, is the real-valued function locally defined by
R=g"R;;. (6.85)

For a Riemannian manifold of dimension n > 3, the Weyl tensor or conformal cur-
vature tensor is a tensor field with components defined by

1
Cijkt = Riju — nj(gikle — gjkRii + gjiRik — gt Rjk)

+ mR(gikgﬂ — 8il8jk)- (6.86)

From (6.78)—(6.80), and the symmetry of R;; and g;; it follows that the components
of the Weyl tensor (6.86) also satisfy the relations (6.78)—(6.80) and, additionally,
" Crirj =0. (6.87)

When n = 3, the Weyl tensor is identically zero, which amounts to saying that
the components of the curvature tensor can be expressed in the form

1
Rijii = gikRji — gjkRi1 + &jiRix — g Rjx — QR(gikgjl — &il&jk) (6.88)

[cf. (6.86)], so that the curvature tensor is completely determined by the Ricci ten-
sor. The Ricci tensor in a manifold of dimension three, being symmetric, possesses
six independent components, which coincides with the number of independent com-
ponents of the curvature [see (6.83)].
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Exercise 6.36 Show that for any Riemannian manifold of dimension three the com-
ponents of the curvature tensor can be expressed in the form (6.88). (Hint: show that
if the components C;jx; satisfy (6.78)—(6.80), and (6.87), then C;jx; =0.)

When n =2, the curvature has only one independent component [see (6.83)] and
the curvature tensor (and, therefore, the Ricci tensor) is determined by the scalar
curvature. In this case, the components of the curvature tensor are given by

1
Riji = ER(gikgjl — &il&jk)- (6.89)

Example 6.37 In the context of general relativity, the Schwarzschild metric, given
locally by

-1

_(1_T"s 2 .2

g=|1 dr ® dr +r*(d0 ® df + sin” 0 d¢ ® d¢)
r

_ (1 _ r—g)CZ dr ® dr (6.90)

r

in terms of a local coordinate system (r, 6, ¢, t), where rg is a constant and c is
the velocity of light in vacuum, corresponds to the exterior gravitational field of
a spherically symmetric distribution of matter. The constant r, called the gravita-
tional radius, is related to M, the mass of the matter distribution, by r¢ =2GM/ c2,
where G is the Newton gravitational constant. From (6.90) we see that the 1-forms

o\ 12
91=(1——g) dr,  0*=rdo,
r

o (6.91)
63 = rsin6 dg, 94=< —r—g) cdr

form the dual basis to a basis such that
(gij) =diag(l, 1,1, —1);

therefore, e.g., 34 = I Lag,but Iyo = — I, [see (6.60)]. Calculating the exterior
derivative of each of the 1-forms (6.91), one finds that the connection 1-forms are

1/2 1/2
e e .
F12=—< ——) dQ, F13:—<1—7) Slned(l),

.
g

N4 = —2ch, I3 = —cos6dg,
2r

T4 =0, I34=0.

The components of the curvature can be obtained making use of the second Car-
tan structural equations [cf. (5.26)]. One finds that the only nonvanishing compo-
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nents of the curvature 2-forms are given by [see (5.27)]

R 's R s R Te
1212 = —==> 1313 = —==> 1414 = ——,
2r3 2r3 r3
r r r
R = —g’ R e —g’ R — _g.
2323 r3 2424 2)”3 3434 2]’3

With these expressions and the aid of the properties (6.78) and (6.80) we can now
compute the components of the Ricci tensor [see (6.84)]. Since in the present case
(g') =diag(1, 1, 1, —1) we have, for instance,

Ry = giniljl = Ri111 + R2121 + R3131 — Ra141 = Ri212 + R1313 — Ri414 =0.

In a similar manner one finds that all the components of the Ricci tensor are equal to
zero (for r #0), i.e., R;; = 0, which are the Einstein equations for the gravitational
field in vacuum. Thus, for r # 0, the Schwarzschild metric (6.90) is a solution of the
Einstein vacuum field equations.

Exercise 6.38 Calculate the Ricci tensor of the metric
g=[fn] 7 dr @ dr +r*(d0 ® d6 + sin® 6 dop ® dgp),

where f is a differentiable real-valued function of a single variable. Show that the
Ricci tensor is proportional to the metric tensor, R;; = hg;;, where h is some real-

valued function, if and only if
d/f?-1
dr r2

(cf. Example 6.24).

Example 6.39 The metric tensor of a Riemannian manifold of dimension two with
a positive definite metric has the local expression

g=Edx' ®dx! + F(dx' @ dx? + dx* ® dx') + G dx? @ dx?,

where E, F, and G are real-valued differentiable functions with £ > 0 and EG —
F?>0,or, equivalently

1, F oo 1, F o F2\ 2
g=de+de ® | dx +de + G—E dx” ®dx~.

Since in a manifold of dimension two any 1-form is (locally) integrable, there exist
functions, p and x’!, such that

F
dx! + dez :udx'l;
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hence

F2
g=Ep’dx" @dx" + (G — f) dx? ® dx?,

thus showing that it is possible to find locally systems of orthogonal coordinates.
That is, we may assume that the metric tensor can be written (at least locally) in the
form

g =Edx' ®@dx!' 4+ Gdx? @ dx?
= (VEdx')® (VEdx') + (VG dx?) ® (VG dx?), (6.92)
so that
' =VEdx', 02=+Gdx? (6.93)

is the dual basis of an orthonormal basis.
The exterior derivatives of the 1-forms (6.93) are

do! L OE ot ady? L _9E 1\ g2
= - X = — —_—
2JVE 9x? 2E/G 0x?
and
1 0G 1 0G
0= —— ——dx' Adx? = —0' A O2.
2/G dx! 2GE dx!
Comparing with (6.64) one finds that r'y—-rt =— 2E1/E gTEZ’ but since the dual

basis of (6.93) is orthonormal (i.e., g;; = J;;), we have 'Yy, =Y = — Moy
[see (6.60)]. This reduces to —I731, since the skew-symmetry (6.61) implies that

. _ 1~ 3E ..
I'712 is equal to zero, and hence we have ] = TR In a similar way one
obtains Ihjp = ZGI«/E %, and therefore the connection 1-forms for the rigid basis
(6.93) are determined by

Iy = N 0" + Mpp6? = Ny 6" — Mp6?

1 9E G
= — dx! — —dx?). (6.94)
2W/EG \ 0x2 ox!

By virtue of the skew-symmetry %;; = —%; [cf. (6.66)], the curvature is deter-
mined by #), and, according to the second Cartan structural equations (5.26), we

have

ﬁlzzﬁlzzdF12+Fll/\F12+F12/\F22:dF12:dF12
1| o 1 0G n 0 1 O0E de! A d?
= —| ———— — | — X
2| ax'\VEG 9x! X2\ /EG 0x2

_ 1 d 1 0G . d 1 O0F ol g2
o 2WEG| ax' \VEG 9x! ax2\ JEG 0x2 '
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On the other hand, %12 = 3 R12i;60° A 07 = R121201 A2 = JRO A 62 [see (5.27)
and (6.89)], so that the scalar curvature is given by

R— 1 0 1 090G n 0 1 O0E 6.95)
- JEG|ax'\ VEG ax! 0x2\JEG ax2 ) | ’
If, instead of the rigid basis (6.93), we employ the holonomic basis
o' =dx!,  6%2=dx?, (6.96)

the connection 1-forms can be obtained computing the Christoffel symbols (6.55)
(with g11 = E, g12 =0, g22 = G), which turn out to be

Lok LAE 196
U7 2F gx” 127 2F gx2’ 27 2ExV’ 697)
2 1 0FE ) 1 oG 2 1 oG
Fn:_ﬁmv 12:E@’ 22=Em-

Hence, the connection 1-forms for the holonomic basis (6.96), I'! j= F; X dxk, are

1 1 (0E 0G
r''y=—dk, ry=— ( dxl——dx>

2F 2E \ 9x2 ox!

1 1 [ OE G (6.9%)
r’, =—daG, r’=——|(—dx!' - dx?

2G 2G \ 9x2 ax!

[cf. (6.94)]. The only independent curvature 2-form is then given by

Rio=guR2r=ER2=EAr'2+ T AT+ ' A T%)

=d(ET", )——dE/\EFlz—%dG/\EFI
- VEGi{ G )
-7 [F( ! = s

_ VEG 1 090G 0 1 O0F
o 2 JEG ox! Ix2\ JEG 0x2

Taking (5.27) and (6.89) into account, we have

)] dx! Adx?. (6.99)

1 1
$Z40) =R1212dx1 Adx? = ERgngzzdxl Adx? = EREdel /\dxz,

so that from (6.99) we obtain again the expression (6.95) for the scalar curvature, as
we should.
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A constant curvature Riemannian manifold is a Riemannian manifold of dimen-
sion greater than two such that the components of the curvature tensor are of the
form

n(%—l)R (8ik&j1 — &il&jk) (6.100)
where R is the scalar curvature (cf. Example 6.25). From (5.27) it follows that the
curvature 2-forms are %' j=R/[n(n-1]g jléi A 6! (no matter what type of basis
is used). Substituting this relation into the Bianchi identities (5.31) and using the
first Cartan structural equations (5.24) (with the torsion equal to zero) one obtains
dR A0 A 0" =0 [the computation is simpler making use of a rigid basis, with the
aid of the relation (6.65)]; then, since n > 2, it follows that R is constant. (It may be
noticed that the curvature of a Riemannian manifold of dimension two is always of
the form (6.100), but dR A0 A6 is necessarily equal to zero, because it is a 3-form;
therefore, in this case, the Bianchi identities do not imply that R is a constant.)

Riju =

Exercise 6.40 Show that the scalar curvature of the sphere [equation (6.11)] and of
the Poincaré half-plane [equation (6.19)] is constant.

Apart from the fact that in a Riemannian manifold of dimension two with a pos-
itive definite metric one can always find orthogonal coordinates, where the metric
tensor takes the “diagonal” form (6.92), it is also possible to find local coordinates
where the metric tensor has the form (6.92) with E = G, i.e., any metric tensor
of this class is locally conformally equivalent to a flat metric (and such a system
of coordinates is not unique). This assertion can readily be proved making use of
complex combinations of 1-forms. Writing

Edx' @ dx! + G dx? ® dx?
= %[(«/del +ivVGdx?) ® (VEdx! —iVG dx?)
+ (VEdx' —iV/Gdx?) ® (VEdx' +iVG dx?)]

and taking into account that ~/E dx! + iv/G dx? is a (complexified) 1-form in two
variables, it is locally integrable; that is, locally there exist complex-valued func-
tions A, B such that ~/E dx' 4+ iv/G dx> = AdB (though these functions are not
unique, see the example below). Letting B = y! +iy?, with y!, y? being real-valued
functions, we obtain

1 -
del®dxl+de2®dx2:5(AdB®AdB+AdB®AdB)
= A (dy' @ dy' +dy* ® dy?),

where the bar denotes complex conjugation, thus showing that the metric tensor is
proportional to the flat metric dy' @ dy! + dy? ® dy2.
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For example, the standard metric of the sphere S is locally given by df ® d6 +
sin 6 d¢ ®d¢ [see (6.11)], which is already of the form (6.92). An integrating factor
for the 1-form d6 + 1sin 6 d¢ can be found by inspection, namely

df +isin6 d¢p = sinf(cscH db +ideg)

1
=sinf d<lntan 59 + i¢),

giving a possible choice for the local coordinates y', y? (that is, y! = Intan %9,
y% = ¢). However, a more convenient choice is obtained on taking

. 1
df +isin6 d¢ = sin6 d1n<e‘¢ tan 59)

sin6 ig. 1
=—— d[ e'” tan -6
e¥ tan 56 2

. 1 . 1
=2e % cos? ~0d[e?tan -6 );
2 2

hence df ® df + sin® 6 d¢ ® d¢ = 4 cos* 10[d(tan 36 cos $) ® d(tan 16 cos$) +
d(tan %6 sin¢) ® d(tan %9 sing)] (cf. Example 6.19).

6.4 Volume Element, Divergence, and Duality of Differential
Forms

Let {eq,...,e,} C X(M) be an orthonormal basis for the vector fields on M, that
is, g(e;, e;) = %4;;. There exists an n-form n on M, called a volume element, such
that n(eq, ..., e,) =1/nl. In fact, if {6',...,6"} is the dual basis to {eq, ..., e,} we
have

n=0"A0%>A---NO". (6.101)
If {e}, ..., e,} is any other orthonormal basis of vector fields, then n(e}, ..., €)) =
+1/n!. We say that {e|, ..., e} is positively or negatively oriented according to 1,
if n(e/l, R e;l) is greater or less than zero, respectively. The n-form —# is another

volume element defining the opposite orientation to that defined by 7.
If the 1-forms 6* are given locally by 8’ = c’j dx/, then

n=(c; dx') A (c?dxj)/\---/\(c,'c’dxk)

=cled At Aded A A

J
= c-lcf---c,'ée”“'kdxl AdxZ A Adx"
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On the other hand, we have the matrix relation
+6;; = (6']67) = cicl g
hence, the determinants of these matrices are related by
[det(c?)]” det(g") = 1,
1.e.,

det(c’) = +,/|det(gi))|,

where the sign is positive or negative according to whether the basis {3/dx!, ...,
0/0x"} is positively or negatively oriented according to . Thus,

n==4,/|det(gi)|dx' Adx? A~ Adx". (6.102)

For some manifolds there does not exist a nowhere vanishing n-form defined on
all of M; such manifolds are called non orientable. A manifold M of dimension »n
is orientable if there exists a nowhere vanishing n-form defined at all points of M.
(This property does not depend on the existence of a Riemannian structure on M,
but is a topological property of the manifold.) If M is an orientable Riemannian
manifold, then there exists a volume element defined at all points of M.

Example 6.41 As shown in Example 6.39, in a Riemannian manifold, M, of dimen-
sion two, with a positive definite metric, there exist systems of orthogonal coordi-
nates, in which the metric tensor has the diagonal form (6.92). Using the Christoffel
symbols (6.97) one finds that the equations for the parallel transport of a vector (5.4)
are

dY1+ 1 [OE dx‘Y1 IE deYI dx1Y2 G dx2Y2 _o
dt  2E|ax! dr ax2\ dr dr ax! dr -
dY2+ 1[G dx2Y2 3G (dx!_, dx2Y1 IE deYI _o
dt 2G| ax? dr ax!\ dr dr dx2 dt -

or, equivalently,
d 1 s 2
o (VEY' +ivGY?)

i OE dx!  0G dx?
= (== _ 2= (VEY'+i/GY?).
2./Ec;(ax2 dt  ox! dr >( i )
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Then,
(WVEY'+iVGY?)(C1)

it OE dx!'  9G dx?
= (VEY' +ivVGYH(C —f — == - ——)dr
WVEY +ivGr)(Cmw)exps | m(aﬂ & dt)

The value of the line integral appearing in the preceding formula only depends
on the endpoints of the curve, C(fg) and C(¢), if and only if the 1-form

L (9E ,_9G ,
=—(—dx'— —dx
Y 20WEG \ 0x2 ox!

is exact [cf. (6.94)]. By means of a direct computation we see that

; [0 (1 Gy, b (1 DEN 0 o R
= —| —— — | —=— X =—n, )
V=72 ox'\ UG ax' ) T ax2\ JEG 922 2

where R is the scalar curvature and n = 6! A 602 = VEG dx! A dx? is a volume
element [see (6.95), (6.93), and (6.101)]. Hence, if R # 0, the 1-form y is not closed.
In particular, if C is a simple closed curve, with C(ty) = C(#1), then

WEYY) (C@)\ (cos® —sin®)\ (WEY') (Clto)) 6104
WGYy) (Cm))) \sin®@ cos® |\ /Gy (Cw))

with

o—% _ffl 1 (9E dx' 3G dx? dr (6.105)
B cy_ 0w 2VEG\0x? dt  9x! dr ' '

The functions ~E Y' and /G Y? appearing in (6.104) are the components of
the vector field Y with respect to the orthonormal basis e; = (1//E)d/dx!,
er=(1/ JVG)d / 9x2 [cf. (6.93)], and therefore (6.104) represents a rotation through
the angle & at Tc ()M . That is, the parallel transport of any vector along a closed
curve C only rotates the original vector through the angle ®, with ® being in-
dependent of the vector chosen and of the point of the curve taken as the initial
point [see (6.105)]. (Example 5.5 is a particular case of the present example, with
E=G=1/y%)

The fact that the parallel transport of a vector along a closed curve corresponds to
a rotation is to be expected, because the Riemannian connection is compatible with
the metric tensor, so that during the parallel transport of a vector, its length does
not vary. The parallel transport of vectors along a curve is a linear transformation
(see Sect. 5.1) and the only linear transformations of a space with inner product into
itself that preserve the inner product are rotations or reflections.
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Divergence of a Vector Field If n is a volume element and X € X (M), the Lie
derivative of n with respect to X is also an n-form and therefore there exists a real-
valued function, divX, the divergence of X, such that

£xn = (divX)n. (6.106)

The definition of the divergence of a vector field does not depend on the orientation,
since, if n is substituted by —n into (6.106), the value of divX does not change.
Using (3.39) and taking into account that dn = 0, because it is an (n 4 1)-form, the
definition (6.106) amounts to

(divX)n = d(Xn). (6.107)

Using the local expression of the volume element (6.102) and equations (2.23),
(2.37)-(2.39), and (3.26), we find that

d./det(g;;

axk

/ ax' 2 n 1 X" |k
+ det(gjj)(ﬁdx Adx“ A AdX" - +dx Ao A 8xkdx):|
8,/dt
( e(gl] + ,/det(gi;) )dxl/\---/\dx”
1 0
I P N re— }
[\/det(gl,) "( ) XY)

and, comparing with (6.106), we obtain the well-known expression

1 a L
ij

for the divergence of a vector field in terms of its components and those of the metric
tensor with respect to a coordinate system (x!, ..., x").

£xn = i[

Exercise 6.42 Show that if {e, ..., e,} is an orthonormal basis and X = X'e; is a
differentiable vector field, then

divX = e, X* + iy, x*, (6.109)

where I’ ijk are the Ricci rotation coefficients for the basis {eq, ..., e,}. (Hint: em-
ploy (6.101), (3.39), (6.64), (3.27), and (6.61).)

Using the expression (6.108) or (6.109) it follows that for f € C*(M),
XeX(M),

div (fX) = fdivX + X f (6.110)
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or, equivalently [see (6.8)],

div (fX) = fdivX + g(grad f, X). (6.111)
From (6.108) or (6.109) it also follows that div(X + Y) =divX 4+ divY.
Exercise 6.43 Show that div[X, Y] =X(divY) — Y(div X).

The Laplacian of a differentiable function f € C*°(M), denoted by V2 f or by
Af,is defined as the divergence of its gradient

V2 f =div grad f. (6.112)

From the expressions (6.9) and (6.108) it follows that

2, 13 ouof
v f_idet(gij)axk (Jdet(gl])g axl>' 6.113)

Exercise 6.44 Show that under a conformal rescaling of the metric of a Riemannian
manifold of dimension two, g’ = e*g, the scalar curvatures of g and g’ are related
by

R —2Au=¢e’R'. (6.114)

In the case of the sphere S2, with its standard metric, the scalar curvature is
R = 2; the existence of a solution to (6.114) with R = 0 would mean that the stan-
dard metric of S? is conformally flat (that is, conformally equivalent to a flat metric).
However, the PDE Au = 1 has no solution on S? (cf. Example 6.19 and the exam-
ple at the end of Sect. 6.3). This fact can be proved by integrating both sides of this
equation on S%, making use of the natural area element of S, so that the integral
of 1 yields the total area of S2, i.e., 4. Meanwhile the integral of Au, being the
integral of a divergence on a surface without boundary, is equal to zero.

Duality of Differential Forms Let o € AX(M) and 8 € A" ¥(M); the exterior
product @ A B is an n-form and, therefore, there exists a function f € C°°(M)
such thata A B = fn. If (xl, ...,x™) is a local coordinate system positively ori-
ented according to 1, o, and B are given by o = o;, _, dxt A --+ A dx® and
B=Bjiir.n dx/+1 A -+ A dxJn; then we have

i i j j

a AB = iy By jp XA AdXE A DX A A
0okl J 1 n
:ail.--ikﬂjk+1---jn81 klelJn dx* A+ o Adx

1 eedk Jkt1---Jn det(gl-j) ‘ _1/2,]’

=iy ixBjisr.in€
that is,

=1/2 iy ik it
f:‘det(gij” ght kil ]nail--~ik18jk+l--~jn'
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Noting that
8i1...ingi1jl L ginin = det(gij)gjl__,jn
= [det(gl‘j)]_lgjlmjn’
we also have

1/2 N e o sl il
f=|det(gij)| " “er., 8" - g g L gIntngy Bl

Therefore, there exists a unique (n — k)-form, denoted by *«, such that f = (xx|f);
in fact, x« is given locally by

det .. 1/2 . .
- | (n(%jk))|' l]...lngllll o 'glklkah...ik At Ao Adxh

The uniqueness of x« comes from the fact that the product ( | ) is non-singular.

The mapping * : AX(M) — A" K(M), given by a — xa, is called the star or
Hodge operator, and x« is called the dual form of «. From its local expression we
see that the Hodge operator is an isomorphism of A*(M) onto A" ~*(M), that is,
any (n — k)-form is the dual of a unique k-form in such a way that

x(for+gw)=frwi+gxwr forwy,wr e AK(M)and f, g € C®(M).
Exercise 6.45 Let X be a vector field and let o« = %XJ g. Show that xa = X 1.

Note that if the orientation is reversed, that is, if 5 is replaced by —n, then xo
changes sign. Owing to this behavior *« is said to be a pseudotensor field.

6.5 Elementary Treatment of the Geometry of Surfaces

The theory of Riemannian manifolds started with the study of (two-dimensional)
surfaces in R3. Here we shall present only an introductory study of surfaces, as an
example of the usefulness of the formalism already given. We shall be interested
mainly in two-dimensional submanifolds of a three-dimensional Riemannian mani-
fold, which may not be the Euclidean space. More detailed treatments can be found,
e.g., in do Carmo (1992), Oprea (1997), and O’Neill (2006).

Let M be a Riemannian manifold of dimension three, with a positive definite
metric and let X be a submanifold of M of dimension two, with the metric induced
by that of M. Among other things, we want to relate the intrinsic properties of X
(that is, the properties of X' as a Riemannian manifold on its own) with the behavior
of a unit normal vector field to X

Let p € X and let n be a unit normal vector field to X defined in a neighborhood
of p. The shape operator (or Weingarten map) of X' at p, S, is defined by

Sp(vp)=—Vyn, forv,eT,X. (6.115)
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Roughly speaking, S, (v,) measures how quickly X' bends in the direction of v,.
It can readily be seen that, as a consequence of (6.53), S,(v)) also belongs to
T, since

1 1
gp(Sp(vp).my) =—g,(Vy,n,m,) = —Evp[g(n, n)|= —Evp[l] =0.

By virtue of the properties of a connection, S, is a linear map. The Gaussian cur-
vature and the mean curvature of X' at p are defined as

1
K(p)=detS, and H(p)=§trSp,

respectively.
The shape operator S, is also symmetric, in the sense that

gp(Sp(vp)’ wp) =8p (Up’ Sp(wp))’

forallv,,w, e T, X.

In order to prove that S, is symmetric, we shall use the fact that for each point
p € X one can find an orthonormal set of vector fields {e;, e, e3}, defined in some
neighborhood of p, such that at the points of X', e, and e, span the tangent space
to X' and, therefore, restricted to X~ we see that e3 is a unit normal vector field to X.
Then the vector fields e; and e,, restricted to X', form an orthonormal basis for the
vector fields on X'. Thus,

i*6% =0, (6.116)
where i : X — M is 'the inclusion map; pherefore, i*de3 = d(@i*6%) = 0, and the
equation do3 = F3ij9’ NO) =1T%;;0" N0 [see (6.64)] yields

i*(I312 — I321) = 0. (6.117)

Making use of (5.22) and the skew-symmetry (6.61) we have, letting the lower-
case Greek indices u, v, ... take the values 1, 2,

Ve, €3=1"3,6; =36, + 3,63 =1"3,6,. (6.118)

By comparing this equation with the definition of the shape operator, (6.115), one
finds that, with respect to the orthonormal basis of T, X' formed by (e1), and (e3),
Sp is represented by the 2 x 2 matrix

(=31 ()) = (Do (i(p))- (6.119)

Hence, (6.117) means that this matrix is symmetric and, therefore, §), is symmetric,
as claimed above.

The symmetry of S, implies the existence of two linearly independent eigenvec-
tors, whose directions are called the principal curvature directions of X at p and
the corresponding eigenvalues are called principal curvatures at p.
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The 1-forms
ot =i*oH (6.120)

constitute the dual basis of the orthonormal basis formed by the restriction of e;
and e, to X'. Making use of the properties of the pullback, the first Cartan structural
equations, and (6.116), we have

dpt = i*(do") = —i*(I'*; A0") = —(i*T*)) A ¢,

which implies that the 1-forms i*I"*, are the connection 1-forms associated with
the orthonormal basis (6.120).

In a similar manner, we can compute the pullback under the inclusion map of the
second Cartan structural equations. We start by computing i*%#" ,, for pu,v =1, 2.
Owing to the skew-symmetry (6.66), this reduces to a computation, e.g., of i*%!,
and, making use of the fact that 'Yy and I'%, are equal to zero by virtue of the
skew-symmetry (6.65), we find

%' =d(i*r) + (T A (1) =d(i*0h) + (% 's) A (5177).
(6.121)
On the other hand, applying the second Cartan structural equations to compute the
curvature of X, if we denote by §£2#,, the curvature 2-forms of X' with respect to the
basis (6.120), we have 21, =d(@i*I'y) + ((* ') A ((*TH*y) =d(@i*T'!). Hence,
(6.121) amounts to the relation

By =%+ (i*I'3) A (i) (6.122)
or, equivalently [see (5.27) and (6.116)],
(i*R'212)p" A > = 212029" Ap? + [((*7'31) (i* T 22)
— (i*I'3) (i* ) ]! A ¢
Hence, taking into account (6.119),
i*R'210 = 2" —detS =25, — K. (6.123)

When the curvature of M is equal to zero, as in the case of the Euclidean space
with its standard metric, equation (6.123) gives K = 521212; that is, the Gaussian
curvature, K, defined above in terms of the (extrinsic) behavior of the unit normal
vector field to X, is equal to the intrinsic curvature of X', defined by the Rieman-
nian connection of X'. This result is the famous Gauss’ Theorema Egregium, which
states that the Gaussian curvature of X' depends only on the metric induced on the
surface. Thus, according to (6.95), if the metric induced on X' is expressed in the
form E dx! ® dx! + G dx? ® dx?, the Gaussian curvature of X is given by

Ke—_t [ (1 09GN 9 ( 1 JFE
- 2WEG| ax' \VEG 9x! X2\ JEG ax2 ) |
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Since %°3 identically vanishes, we are left with %>, only and we obtain
i*%°, =d(i* ) + (1) A (17 ,)
d(i*12,) + (1) A (Y )
d[(i* )" ]+ (T20)¢° A (T o )9”
=d(* ) AP+ (F T 0) (T po )" A 97
+ (T3 0) (T wo ) 9” A .

Denoting by {X{, X} the dual basis of that formed by the 1-forms (6.120), the last
equation amounts to

i*R 0 = X1 (i3 0) = Xo (i* 173 11)
+ () (T 2) = (7))
+ (P T30) (T ) — ((*7302) (T ). (6.124)

These equations are known as the Codazzi-Mainardi equations [cf. Oprea (1997,
Sect. 3.4)].

Exercise 6.46 Assuming that the curvature of M is equal to zero, show that the
Codazzi—Mainardi equations (6.124) are equivalent to the symmetry

(Vx,8)(X2) = (Vx, 8)(X1),

where V denotes the Riemannian connection of X' and S is considered as a tensor
field on X of type (%).

Example 6.47 The catenoid is a well-known example of a minimal surface, that is,
a surface with mean curvature equal to zero. This is a surface of revolution obtained
by revolving a catenary, and can be defined by means of the parametrization

x =coshucosv, y =coshusinv, Z=U.

This means that ¥ and v can be considered as local coordinates on X', so that the
inclusion, i : ¥ — R3, is given by

i*x = coshucosv,
i*y = coshusinv, (6.125)

i"z=u,

where (x, y, z) is the natural coordinate system of R3.
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At each point p € X, the tangent space T), X' is generated by (3/0u),, (9/3v),,
and, according to (1.24) and (6.125),

o (aa_v)p N (;—v)p[i*xj] (%)‘(m

= —coshu(p) sinv(p)(%)

(5 +5)

= —y— X—

0x dy i(p)
and, similarly,

a d
i*p<5> =sinhu(p)cosv(p)<£>
P i(p)

d 0
+ sinhu(p) sin v(p)(—) + (—)
/iy \92/ip)

_(x\/xz—kyz—l 0 +y\/)cz—i—yz—l 0 N 8)
Va4 yr o dx VaZ+yr Oy 97/

The latter equality is valid only where sinhu > 0, that is, only for z > 0.
One readily finds that the vector fields

] B XVx24y2—=19  y/x24+y2—-19 9

—y—tri—, et Tt —

3x ay ,/x2+y2 ax ,/x2+y2 ay aZ

are orthogonal to each other and their norms are equal to \/x2 + y2. Looking for a
vector field orthogonal to these vector fields one obtains the orthonormal basis

0
+ coshu(p) cos v(p)(—)
i(p) 9y /ip)

e y ad n X a
| == T =

VxZ4y2ox o\ /x24y20y
e_x,/x2+y2—13 y\/x2+y2—18+ 1 ]
2= X2+y2 ox x2+y2 8y /7x2+y23 s
X a y ad Vx2+y2—139

= 4 ¥
x24+y2ox  x2+y2 0y /x2 432 08z

whose dual basis is

(6.126)

€3

ol _ —ydx +xdy
\/xz-i-y2 ’

Vx2 21 d

VXY T e ydy) + (6.127)

0% =
x2+y? x2 4 y2
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93_xdx+ydy x2+y2—1d
T 212 24y C

The computation of the exterior derivative of these 1-forms is simplified by the fact
that d(x? + y?) = 2(x dx + ydy). A straightforward computation yields

Vx2+yr—1

do' = — o' A B3 — LN ES
x2+y2 x2+y2
1
do? = ——— 62 A 63, (6.128)
x2—|-y2
do? LUNCAS

1
= 0
(2 )V )7 -

(Note that these equations imply that the three 1-forms 6 are integrable or, equiva-
lently, that the pairs of vector fields {e;, e}, {e>, e3}, and {es, e|} generate integrable
distributions.)

Comparison with (6.64), using the fact that I5;; = —Ijix, shows that the only
nonzero Ricci rotation coefficients for the orthonormal basis (6.126) are given by

Vxi+yr—1

I = 212
F232=F311=—%, (6.129)
X“+y
133 = — 1 :
EFTON

Hence, with respect to the orthonormal basis {X1, X3}, dual to {¢1, ¢2}, the shape
operator is represented by the matrix

1 (-1 0)
cosh2y \ 0 1)~

Therefore, the mean curvature of the catenoid is indeed equal to zero, while its
Gaussian curvature is K = —1/ (cosh* ).

Exercise 6.48 Consider the helicoid, which is a surface in R3 that can be defined
by

i*x =avcosu,
- )
i*y=avsinu,
i*z7=bu,

where a, b are positive real constants. Construct an orthonormal basis {e, e, e3}
such that, at the points of the surface, e; and e; span the tangent space. Find the
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shape operator making use of the first Cartan structural equations and show that the
mean curvature is zero.

Exercise 6.49 Let p € ¥ and let n be a unit vector field defined on a neighborhood
of p in M, such that at the points of X', n is normal to the surface. Show that

1
H(p) = E(divn)(p)-

(Hint: the conclusion can readily be obtained making use of (6.109) and (6.119).)



Chapter 7
Lie Groups

7.1 Basic Concepts

A Lie group is a group that possesses, in addition to the algebraic structure of a
group, a differentiable manifold structure compatible with its algebraic structure in
the sense that the group operations are differentiable functions.

Definition 7.1 Let G be a group which is a differentiable manifold. We say that G
is a Lie group if the map from G x G into G given by (g1, g2) > g1g2 and the map
from G into G given by g — g~ !, where g~ is the inverse of g, are differentiable.
The dimension of the group is the dimension of the manifold.

Roughly speaking, if G is a Lie group, there exist locally coordinates labeling
the elements of the group in such a way that the coordinates of the product g;g»
are differentiable functions of the coordinates of g; and g». The coordinates of g~!
must be differentiable functions of those of g. In this context, the coordinates are
also called group parameters.

Example 7.2 The space R" where the group operation is the usual sum of n-tuples,
with its usual differentiable manifold structure (see Sect. 1.1), is a Lie group of di-
mension 7. In fact, if (xl, ..., x") is the natural coordinate system of R", we have
x'(gg") = x'(g) + x(g’) and x’ (g~ ') = —x’(g), which shows that the coordinates
of gg’ are differentiable functions of the coordinates of g and g’, while the coordi-
nates of g~! are differentiable functions of the coordinates of g.

Example 7.3 Let GL(n, R) be the group of non-singular n x n real matrices, where
the group operation is the usual matrix multiplication. Each g € GL(n, R) is a matrix
(a;'.) and the n? functions xj. :GL(n, R) — R, defined by x;'. (g) = a; , can be used as
coordinates in all of GL(n, R). The atlas containing this chart of coordinates defines
a differentiable manifold structure for GL(n, R). Since xj. (ggh) = x,i (g)x§ (¢') and
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x;'. (g~ 1) is a differentiable function of the x;'. (g) (specifically,

B 1 . .
x (g7 = mgkiz...inel““"”X}i (g)---x1(g),
where
8i1i2...in = gi]iz...in
1 if (i1, ..., i) is an even permutation of (1,2, ..., n),
={ -1 if(y,...,i,) is an odd permutation of (1, 2, ..., n),

0 if one of the values of the indices appears repeated,

1e., xj. (g_l) is a rational function of the xj. (g) and the denominator in the preced-
ing expression does not vanish because g 1s a non-singular matrix), GL(n, R) is a
Lie group of dimension n2. The group GL(n, R) is Abelian only when n = 1 and
GL(1, R) can be identified with R \ {0} with the usual multiplication.

Example 7.4 Any pair of real numbers a, b, with a # 0, defines an affine motion
of R, given by x — ax + b. One can readily verify that these transformations form
a group under the composition. It is convenient to note that

D07

which shows that the affine motions of R can be represented by the 2 x 2 real

matrices of the form (“ b ), with a # 0, which form a group with the usual matrix

01
multiplication. By associating the matrix (‘6 lb) to the transformation x — ax + b,

the composition of two transformations of this class is associated with the product
of the corresponding matrices.
The coordinate system (x!, x2) defined by

xl(g) x*(g)
= 7.1
g ( 0 | (7.1)

covers the entire group and, therefore, defines a differentiable manifold structure
(the image of the entire group under this chart of coordinates is {(x, y) € R? | x # 0},
which is an open subset of RZ). The product of two matrices, g and g’, of the form
(7.1) is another matrix of the same form with

g =x"@x'(g),  x*(gg)=x"(9x*() +x*(g) (7.2)
and
1o—y_ 1 2(. —1 __xz(g)
)= )Ty 7

The differentiability of these expressions implies that we are dealing with a Lie
group (recall that x! (g) cannot be equal to zero). It may be noticed that this group is
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not connected (the set of matrices with x! > 0 is separated from the set of matrices
with x! <0, but is simply connected (a closed curve is shrinkable to a point).

Example 7.5 The group SL(2, R) is formed by the 2 x 2 real matrices with deter-
minant equal to 1, with the usual operation of matrix multiplication. Any element of

this group in a neighborhood of the identity is of the form (‘; a +£C) / a), with a # 0;

therefore we can define the local coordinate system (x I %2, x3) by

g x*(9) 1
»oa |, xlg) 0. (7.4)
x(g) T

g =
Calculating the product of two elements of this group, g and g’, expressed in the
form (7.4), we find that
x'(ggh) = x(9)x' (¢ + 2% (9)x° (g,
1+x2(g)x’ (g

x*(gg) =x"(9)x*(g") +x7(g) ==, (7.5)
x'(g")
1 2 3
3 (eg) = (@ (g) + @) 13
x'(g)

[assuming that x!(gg’) # 0, so that gg’ is also of the form (7.4)]. Calculating the
inverse of the matrix in (7.4) one has

’

)=

x*(g7) = —x%(9), (7.6)
(g7 =—x (o).

Taking into account that x! does not vanish in the domain of the coordinate system
defined in (7.4), the expressions (7.5) and (7.6) are differentiable functions. The
coordinate system x’ does not cover all of the set SL(2, R), but together with the
coordinates (y!, y2, y*) given by

Y ¥ e

8= y@y@-1
y2(g)

L Y2 (8) #0, (7.7)

it forms a subatlas that defines a differentiable manifold structure for SL(2, R). Con-
sidering the possible products of matrices of the form (7.4) by matrices of the form
(7.7), the result must be of the form (7.4) or (7.7), which leads to expressions sim-
ilar to (7.5), showing that the mapping (g, g’) — gg’ is differentiable. Similarly,
expressing the inverse of a matrix of the form (7.4) or (7.7) in the form (7.4) or
(7.7), one obtains differentiable expressions analogous to (7.6), leading one to con-
clude that SL(2, R) is a Lie group of dimension three.
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Example 7.6 The group SU(2) is formed by the complex unitary 2 x 2 matrices
with determinant equal to 1, with the usual operation of matrix multiplication. It can
readily be seen that any element of SU(2) is of the form ( _“:S:Ib . Zfiz) , with a® 4+ b+
¢? + d? = 1, which means that the set SU(2) can be identified with S, the sphere
of radius 1 in R*. In a neighborhood of the identity we can define the coordinate

system (x!, x2, x3) in such a manner that if g = (_“:ﬁ’d ;J_rig), then x'(g) = —d,

x2(g) = —c, x3(g) = —b, witha = \/1 — 32 [x7(g)]2. That is,

h(g) —ix3(g) —x%(g) —ix'(g) .,
= , ithh= |1— l 0.
’ (xz(g)—ixl(g) h(g) +ix*(g) ) " 20>

(7.8)
It may be noticed that xl(e) = x%(e) = x3(e) = 0, where e is the identity of the
group, and that the coordinate system (xl, x2, x3) covers almost one half of SU(2),
corresponding to a > 0.
Calculating the product of two matrices of the form (7.8), it can readily be seen
that

x'(gg) = x"(9h(g) + h(g)x' (g + x*(9)x° (") — x> (g)x*(g),
x*(gg) = x*(h(g) + h(g)x*(g) + X} (g)x'(g) —x ()X &), (7.9)
3(gg)) = > (@h(g) + h(9)x’(g) + x' (9)x*(g) — x*(9)x' (g,

and

x(g7h) = —x'(9). (7.10)

These expressions are differentiable functions for 4(g), h(g’) > 0. As in the previ-
ous example, it is necessary to consider additional coordinate systems in order to
cover the whole group and it can be verified that SU(2) is a Lie group of dimen-
sion three.

Example 7.7 Let SE(2) be the group of all the isometries of the Euclidean plane that
preserve the orientation (translations and rigid rotations), with the group operation
being the composition. Using Cartesian coordinates in the plane, each element g of
this group can be characterized by three real numbers x(g), y(g), and 6(g), where
(x(g), y(g)) are the coordinates of the image of the origin under the transformation
g and 6(g) is the angle between the new x axis and the original one. (Here we are
considering active transformations; the points of the plane move under the trans-
formation, with the coordinate axes fixed.) It can readily be seen that if gg’ is the
transformation obtained by applying g after having applied g’, then

x(gg") =x(g) + x(g') cosH(g) — y(g')sinb(g),
y(gg) = y(g) +x(¢)sinf(g) + y(g') cosH(g), (7.11)
0(gg) =06(g) +6(g")
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(these formulas can be obtained taking into account the fact that under the trans-
formation g, a point of the plane, with Cartesian coordinates (a, b), is mapped
into the point with coordinates (x(g) + acos6(g) — bsinf(g), y(g) + asinf(g) +
bcos6(g)) and then calculating the effect of the composition of two transformations
g and g’). Similarly, for g~!, the inverse transformation of g,

x(g7") = —x(g) cosO(g) — y(g)sinb(g),
y(g7!) = x(g)sinb(g) — y(g) cosO(g), (7.12)
6(g™") =—-6(2).

In order for (x, y, #) to be a coordinate system it is necessary to restrict the values
of 8, for instance, imposing the condition —m < 6(g) < & (so that the image of this
chart is an open subset of R3 and @ is single-valued); hence, this chart of coordinates
will not cover all of the group, but, as in the two previous examples, introducing
additional coordinate systems in a similar way, it can be verified that SE(2) is a Lie
group of dimension three.

Equations (7.11) and (7.12) can also be obtained associating with each g € SE(2)
the matrix

cosf(g) —sinf(g) x(g)

p(g)=| sinf(g) cost(g) y(g |- (7.13)
0 0 1

Then it can be verified that p(gg’) = p(g)p(g’). By virtue of this relation, the map
g > p(g) is a matrix representation of the group SE(2). In general, if G is any
group, a matrix representation of G is a map, p, that assigns to each element g € G
a non-singular square matrix, o(g), in such a way that p(gg’) = p(g)p(g’), for any
pair of elements g, g’ € G.

Exercise 7.8 Let G be a group which is a differentiable manifold. Show that G is a
Lie group if and only if the map from G x G into G given by (g1, g2) > 18, Lis
differentiable.

Definition 7.9 Let G be a Lie group. A Lie subgroup of G is a subgroup of G which
is a submanifold of G.

Thus, in Example 7.7, the set H formed by the elements with 6 = 0 is, clearly,
a submanifold of G. Using (7.11) and (7.12) it can readily be verified that H is a
subgroup of G; hence, H is a Lie subgroup of SE(2) (which corresponds to the rigid
translations of the plane).

Exercise 7.10 Show that the set SL(n, R), formed by the real n x n matrices with
determinant equal to 1, is a Lie subgroup of GL(n, R).
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7.2 The Lie Algebra of the Group

In this section we shall show that each Lie group possesses an associated Lie algebra
whose properties reflect those of the group.
Let G be a Lie group. For g € G, L denotes the map from G onto G defined by

Lo(gh)=gg, forg'eG

(sometimes called the left translation by g). Similarly, R, : G — G (the right trans-
lation by g) is defined by

Re(g)=g'g, forg egG.
From the definition of a Lie group it follows that L, and R, are differentiable maps

and, furthermore, are diffeomorphisms since (Lg)_1 =L, and (Rg)_1 =R
forall g € G.

g—l

Exercise 7.11 Show that L, ¢, = Lo, 0 Lg,, Rg g, = Rg, 0 Rg;, and Rg o Lo, =
Lg, o R, for g1, 82 €G.

Definition 7.12 Let X be a vector field on G. We say that X is left-invariant if
L *X =X for all g € G; analogously, X is right-invariant if R,*X = X for all
g€G.

In other words, X is left-invariant if and only if X is L¢-related with itself for all
g € G (see Fig. 7.1); therefore, X is left-invariant if and only if [see (1.40)]

(Xf)oL,=X(foL,), forallgeGand feC*(G).

From this expression we see that if X and Y are two left-invariant vector fields, then
the linear combination aX + bY, for a, b € R, and the Lie bracket [X, Y] are left-
invariant (see Sect. 1.3). This means that the left-invariant vector fields form a Lie
subalgebra of X(G). Of course, something analogous holds for the right-invariant
vector fields. (Clearly, if G is Abelian, the left-invariant vector fields coincide with
the right-invariant ones.) The Lie algebra of G, denoted by g, is the Lie algebra of
the left-invariant vector fields on G.

If X € g, then, for g € G, we have X = Ly *X; hence, X, = (Lgfl *X)g, that is
[see (2.24)],

X, = LgseXe, (7.14)

where e denotes the identity element of G. Therefore, a left-invariant vector field is
uniquely defined by its value at the identity.

From the foregoing formula it follows that each tangent vector £ to G at the
identity (§ € 7,G) defines a left-invariant vector field X, given by

X, = Lguek. (7.15)
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Fig. 7.1 A left-invariant vector field on G

The vector field thus defined belongs effectively to g, since if f € C*°(G) and
g, ¢ € G, using (1.30), (7.15), the chain rule (1.25), the fact that Lgg=Lgo Ly,
and (1.23), we find

(Xf)oLg)(gh = Xf)gg)
= Xgo'[f]
= (Lgg'e5)f]
= (Lgug' (Lgrse)) [ f]
= (Lgug' X f]
=Xg[f oLl
= (X(f o Ly)(g)-
Thus, there exists a one-to-one correspondence between the Lie algebra of G and

T,G. Using this correspondence the bracket of any pair of elements & and ¢ € T,G
is defined by means of

[§.1=[X, Y], (7.16)

where X and Y are the left-invariant vector fields such that £ = X, and ¢ = Y..
With this bracket, T,G becomes a Lie algebra isomorphic to the Lie algebra of the

group.
Exercise 7.13 Show that, effectively, 7, G is a Lie algebra.

The existence of this isomorphism between the left-invariant vector fields and
the tangent vectors at the identity shows that the dimension of the Lie algebra of G
coincides with the dimension of G.

Example 7.14 Let us consider R” with the structure of Lie group defined in Exam-
ple 7.2, and let (x!, ..., x") be the natural coordinates of R”. Then, (x’ o Lo)(g) =
x'(gg) = x(g)+x'(g)), for g, g’ € R", thatis, x' o Ly = x'(g) +x'. Any & € T,R"
is of the form & = a’(3/dx"), with a’ € R. The left-invariant vector field corre-
sponding to £ is given in these coordinates by [see (7.15) and (1.24)]
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; ad 0 ; a
Xg = Lg*es =ang*e<@>e =a (Q)e[xj ) Lg](@)g

A . : 0 . 0 (0
:al(F) [Xj(g)-Fx]](a—J) :alalj(a—J) :al(a i) )
xt ), x! /g x/ /g xt/,

that is, X = a' (3/dx"). For ¢ = b*(3/dx")., the corresponding left-invariant vector
field is then Y = b' (3/9x"); therefore, [X, Y] =0 and [£, ¢] =[X, Y], = 0, that is,
the Lie algebra of this group is Abelian. (In fact, as shown in Sects. 7.3 and 7.5, the
Lie algebra of a group is Abelian if and only if the group is Abelian.)

Example 7.15 Let GL(n, R) be the Lie group with the coordinates xj. defined in
Example 7.3. We then have (x;l o Lg)(g) = x;'.(gg/) = x,i(g)xf(g/), for g, g’ €
GL(n, R), that is, x’} oLg= x,i (g)xj?. Any tangent vector to GL(n, R) at the identity

is of the form & = a; (a/ ij.)e, with a;. € R, and the corresponding left-invariant
vector field is

- a
Xg = Lg*eé :a;Lg*e<_~>
Xi/e

that is,

9
X =alxk—. (7.17)
] k

8xj

Thus, the left-invariant vector fields on GL(n, R) are in a one-to-one correspondence
with the real n x n matrices. If A = (a’].), we will denote by X4 the vector field
(7.17). '

If¢ = b’j (a/ Bx})e is another element of 7, GL(n, R), then the corresponding left-
invariant vector field is Xp = b;xlk (a/ Bxf), where B = (bi.). A direct computation
yields [X4, Xp] = (a,"nb;” - b,"na;ﬂ)xlk(a/axf) and, since xf(e) = 85‘, we have

- - 5
.61 = X0, Xl = (a7 ~ ) (2 )

i
ij

Noting that a’ b — bfnaT are the entries of the matrix [A, B] = AB — BA, we
conclude that [X4, Xp] = X4, B].



7.2 The Lie Algebra of the Group 169

In other words, associating to each element of 7,GL(#n, R) the matrix formed by
its components with respect to the basis {(9/ axj.)e}, the matrix associated with the
bracket of a pair of elements of T,GL(n, R), is the commutator of the corresponding
matrices. Furthermore, X, 4455 = aX4 + bXp, for a, b € R. For these reasons, the
Lie algebra of the group GL(n, R), denoted by gl(n, R), is identified with the space
of n x n matrices, where the bracket is given by the commutator.

Example 7.16 For SL(2, R) with the coordinates defined by (7.4), equations (7.5)
amount to

(x'oLg) =x"(g)x" +x7(g)x”,
1+x2x3

(x?o L) = x'()x* + x* () ———.

xl

1 +x2(g)x3(g)x3,
x'(g) ’

hence, if the left-invariant vector fields Xi, X5, X3 are such that (X;), = (9/ Bxi)e,
then, for instance, taking into account that xle) =1, x2(e) =0 = x3(e),

) 9 ; 9
(Xl)g = Lg*e @ = @ [X o Lg] @
e e 8
3 1+ x2x3 ) )
==0(5), 20 )0 (5e), 0 (50),

2 )(i) X% )(i> 23 )(i>
=1 8x1g 8 ang * 8 8x3g’

(x3 oLg)= Aot +

1.e.,
Xi=xl 2% 30 18
I T F A (719
and in a similar way one finds that
0
_ .1
Xe=ra
(7.19)
X _x2i+l—l—x2x3 9
T axT xb o 09x3

It should be noticed that these expressions are local [valid only in the domain of
the coordinates (x I x2, x3)], but that, in all cases, the left-invariant vector fields are
globally defined (even if, as in the case of GL(n, R), G is not connected). Among
other things, this means that any Lie group is a parallelizable manifold.

Since SL(2,R) is a Lie subgroup of GL(2, R), the left-invariant vector fields
(7.18) and (7.19) must be expressible in the form (7.17), in terms of the coordi-
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nates x’] From (7.4) we find that the inclusion i : SL(2, R) — GL(2, R) is given
locally by

1+ x2x3

i*x; =x i*x, =x i*x? =x i*x2 =
1 ; 2 , 1 ; 2 o

’

and hence, using (1.24),

i*e(Xl)e = i*e(i) = (i) - (i) s
axl/, 8x11 B 8x§ B
i*e(XZ)e = lxe (i> - (i> s
ax2/, ax} /.
i*e(X3)e = lxe <i> - (i) .
ax3 /, ax? )/,

Thus, the matrices associated with the vector fields (7.18) and (7.19), in the sense
defined in the preceding example, are

1 0 0 1 0 0
X1|—>(0 _1>, er—><0 0)’ X3r—><1 0). (7.20)

The matrices (7.20) have trace equal to 0 as a consequence of the fact
that SL(2,R) is formed by matrices with determinant equal to 1. The group
SL(2,R) corresponds to the submanifpld of .GL(2, R) defined by the equation
xllx% —lexf = 1; therefore, if X, = a; (8/8x;)e is tangent to this submanifold,
0= Xe[xllx% — lexlz] (see Sect. 4.2). Hence, taking into account that xj. (e) = 8;,

we obtain all + a% =0, that is, tr (aj'.) =0.

Exercise 7.17 Show that if &€ = a(d/9x), + b(3/3y). + c(3/30), is a tangent vec-
tor to the group of isometries of the plane at the identity, expressed in the coor-
dinates defined in Example 7.7, then X = (acosf — bsinf)(d/dx) + (asinf +
bcos0)(d/dy) + c(d/96) is the element of the Lie algebra of the group such that
§ =Xe.

Exercise 7.18 Show that the Lie algebra of SO(n) = {A € GL(#,R)|
detA =1, AA" = I} can be identified with the set of skew-symmetric n x n ma-
trices.

Exercise 7.19 Show that if X;, X5, and X3 are the left-invariant vector fields on

SU(2) such that (X;), = %(8/ dx'),, where the x’ are the coordinates defined in
(7.8), then

1 3 : .9
Xi = E (h,g - ];1 Eijkxjw). (7'21)



7.2 The Lie Algebra of the Group 171

(The factor 1/2 included in the definition of the X; is introduced in order for them
to coincide with the elements of the basis of su(2) [the Lie algebra of SU(2)] com-
monly employed.)

Exercise 7.20 Making use of the formulas (7.2), find the left-invariant vector fields
on the group of affine motions of R, considered in Example 7.4, whose values at the
identity are (3/0x'), and (3/9x?).. Show that [(3/dx1),, (3/8x2).] = (3/3x?)..

The Structure Constants Let {£, &>, ..., &,} be a basis of T,G, since the bracket
[&i.&;] belongs to T.G, and then there exists a set of real numbers cf.‘j @i, j, k=

1,2,...,n) such that [§,&;] = cf.‘jék. Denoting by X; the element of g correspond-

ing to &;, we have [X;,X;] = cf-‘ij. The scalars cf.‘j are called the structure con-
stants of G with respect to the basis {X;}. The skew-symmetry of the bracket and
the Jacobi identity imply that the structure constants must satisfy the relations

cfj =~k (7.22)
and
C?}Cfnk + C;‘nkcfni + Clrcr;crlnj =0, (7.23)
respectively.

Exercise 7.21 Calculate the structure constants of R”, the group of isometries of
the plane, SL(2, R), and SU(2).

The fact that the values of the structure constants depend on the basis of g cho-
sen means, among other things, that it is possible to obtain some simplification in
the expressions for the structure constants by conveniently choosing the basis of g.
A simple example is given by considering the Lie algebras of dimension two. If
{X1, X3} is a basis of g (or of any real Lie algebra of dimension two), we neces-
sarily have [X1, X;] =0 = [X5, X5] and [X1, X»] = —[X3, X1], so that the only
relevant bracket is [X;, X»], which must be of the form aX; + bX; with a, b € R.
(Note that when the dimension of the algebra is 2, the Jacobi identity is identically
satisfied as a consequence of the skew-symmetry of the bracket, and therefore there
are no restrictions on the values of @ and b.)

It is necessary to analyze separately the following two cases:

(i) both coefficients are zero,a = b =0,
(i1) at least one coefficient is different from zero.

In the first case the algebra is Abelian and cf.‘j = (0 with respect to any basis. In
the second case, assuming, for instance, b # 0, owing to the bilinearity and the
skew-symmetry of the bracket it follows that the set {X}, X}}, with X| = b1X,,
X/, = aX; + bXy, is a basis of g such that [X/, X}] =X (cf. Exercise 7.20).

Thus, for any Lie algebra of dimension two we have cf.‘j = 0 (the algebra is
Abelian) or it is possible to choose a basis for which the only structure constants
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different from zero are

=1 3 =-1 (7.24)
[cf. Erdmann and Wildon (2006, Chap. 3)].
Lie Group Homomorphisms Let G and H be two Lie groups with Lie algebras
g and h, respectively, if ¢ : G — H is a Lie group homomorphism, that is, ¢ is dif-
ferentiable and ¢ (gg") = ¢ (g)¢(g’), then to each X € g there corresponds a unique

left-invariant vector field on H, which will be denoted by ¢, X, such that X and ¢, X
are ¢-related, i.e.,

$ie Xy = (9 X)p(e), forgeG. (7.25)

Indeed, the condition ¢ (gg") = ¢(g)¢(g") can be written in the form ¢(Lgg') =
Lg(g)(#(g")), that is,

poLg =Ly o¢p, forgeG; (7.26)
therefore, if ¢, X is the left-invariant vector field on H such that

(D X)e = Pre Xe, (7.277)
then using (7.14), (7.27), the chain rule, and (7.26) we have
(¢*X)¢(g) = L¢(g)*e(¢*x)e = L¢(g)*e¢*exe = (L¢(g) 0 P)xeXe
=(¢o Lg)*eXe = ¢*ng*eXe = ¢>|<ng~

Since X and ¢, X are ¢-related, the map X — ¢, X from g into h is a Lie algebra
homomorphism.

Example 7.22 The mapping

a b N a’ ab

0 1/a o 1)
from the group G formed by the upper triangular 2 x 2 real matrices with deter-
minant equal to 1 into the group H of the affine motions of R (see Example 7.4)

is a (two-to-one) Lie group homomorphism. In fact, making use of the coordinate
systems (y!, y?) and (x', x?), on G and H, respectively, defined by

1 2
_(y (& y(9)
g‘( 0 1/y1<g>)’ §e@

and

1 2
g:(X(()g) X§g))’ ccH
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(as in Example 7.4), the mapping ¢ : G — H defined above is given by

p*x' =), pat=yly? (7.28)

and is differentiable.

Proceeding as in the examples above, one finds that a basis of g is formed by the
vector fields

X—yli—y i X, =yl

oyl 7 9y dy?

on G. With the aid of (1.24), (7.28), and (7.29) one finds that, for g € G,

(7.29)

bie(X1)g = (X1) [¢*xi]< ) )
*g g = 1)g 7
ox!
d(g)

3 9
vy () ( ) = (2361—) ,
=20"@) ax! /4o ax! ) 4o

. d
Pig(X2)g = (X2)g[0*x'] (5)
d(g)

1 2 0 1 d
= ('(e) ( ) ( ) .
@) 9x% / 4(9) 0x% / 4g)

On the other hand, a similar, direct computation shows that the vector fields
x19/9x" and x! 9/9x? form a basis of h (see Exercise 7.20) and, therefore, in this
case the mapping X — ¢, X is an isomorphism of Lie algebras.

It may be remarked that the mapping ¢ considered in this example is not injective
nor surjective; however, the mapping ¢, : g — b is one-to-one. Also note that even
in those cases where ¢ is not surjective, the vector field ¢, X, as any left-invariant
vector field on a Lie group, is defined at all the points of H.

Example 7.23 Since the determinant of a product of n x n matrices is equal to
the product of their determinants, the mapping det : GL(n, R) — R \ {0} is a Lie
group homomorphism, considering R \ {0} as a group with the multiplication; the
differentiability of the mapping is evident from its explicit expression in terms of the

coordinates xij of GL(n, R), det = %sil_“insjl“‘j”x;i .- x;’:l Any n X n matrix A =
(a;.) defines an element X4 of gl(n, R) in such a way that (X4), = a; (B/BX;)E (see
Example 7.15), and dety.(X4), = a} det*e(a/ax;-)e = a}(a/ax;)e(x odet)(d/0x)1,
where x is the natural coordinate of R \ {0} (i.e., x = id). By means of a simple
calculation, taking into account that xij (e) = 8ij , one obtains

ad ad a 1 L ;

(a ; > (_x o det) = (8_l> det = (a_) ‘811 lng]l---]nx;ll .. .x;n

X X X n
jre Jre

1 L : ;
— .. . oJJ2-Jn 1.2 e l." e ]
(n— 1)!8”2"'1"(‘2 8j, 0+ 0j, =0
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(det, X 1), = dety, @’ 9 =d 9 =trA 9
*x A )e = *ejax; e—iax]— o 1.

Hence, just like X4 is identified with the matrix A, its image under det, is iden-
tified with the trace of A. According to the previous results, it follows that the map-
ping A — tr A is a Lie algebra homomorphism, which simply amounts to saying that
the trace of the commutator of any two matrices is equal to zero (the Lie algebra of
R\ {0}, as any Lie algebra of dimension one, is Abelian), tr[A, B] =[tr A,tr B] =0
and that the trace is a linear mapping.

thus,

Two well-known examples of Lie group homomorphisms are the following. Let
G be the additive group of the real numbers and let H be the group of the complex
numbers of modulus equal to 1 with the usual multiplication (identifiable with the
unit circle S!). Then, the map x + e is an infinite-to-one homomorphism (the
kernel of this homomorphism is formed by all the integral multiples of 27). The
second example corresponds to the two-to-one homomorphism between SU(2) and
SO(3). In order to give explicitly this homomorphism it is convenient to make use
of the Pauli matrices

1_(0 1 2 (0 —i 5_(1 0
(’:(1 0)’ 0=<i 0)’ "Z(o -1)°

which form a basis for the real vector space formed by the traceless Hermitian 2 x 2
complex matrices. Furthermore, the Pauli matrices satisfy

3
olol =81 +i) eitot, (7.30)
k=1
where I denotes the 2 x 2 unit matrix. .
If g € SU(2), then, fori =1, 2, 3, gilalg is also a traceless Hermitian 2 x 2

complex matrix and therefore there exist real numbers, aj. (which depend on g)
such that

g lo'g=dol, i=1,2,3 (7.31)

As we shall show now, (a;) belongs to SO(3), i.e., (aj.) is an orthogonal 3 x 3 real
matrix with determinant equal to 1. To this end, we calculate

3
g_loiajg = g‘l <8ijl +i28’7k0k>g
k=1

3
=48] +i28ijkg_lakg
k=1



7.2 The Lie Algebra of the Group 175
3
__ sij : ijk k __m
_511—{—128161,"0 .

On the other hand,

g lololg=g"lolgg ol

= a,’cakaéam

3
= a,ia,Jn ((Skml + iZ ekmr0r>.

r=1

Using the fact that {/, o I o2, 03} is linearly independent, it follows that
akamakm —Sij, X:gl]kak_gkmrakaé1

The first of these equations means that (a’}) is an orthogonal matrix, and from the
second one we have '

Zst]k k n8rs — Skmrakamansrs

and since a; a"(S” = k" we obtain £" = ek’"’a,’;aé;a;‘, which means that
det(aj) =1 (see Example 7.23). Thus, we have a map ¢ : SU(2) — SO(3) given
by ¢(g) = (a;), with (a;.) defined by (7.31).

Combining (7.31) and (7.30), making use of the fact that tro* =0 and tr/ =2,
and the linearity of the trace, we have

3
tr(g7'o'got) =tr(aioio*) =altr (6ka +i) €jkm“m> =24,

m=1

| -1
that is, a; = 5tr(g

aj. = xj. (¢(g)), hence

ol g(fj ). In terms of the natural coordinates xj. of GL(3, R),

xi(¢(2) = —tr (g7 o'gad). (7.32)

With the aid of the explicit expression (7.32) we can verify that ¢ is a group
homomorphism. Indeed, for g, g’ € SU(2), making use of (7.32) we obtain

. 1 o .
xj((g8)) = Jtr(¢ g o' gg'o ) = Str (¢ i (@(2))o ')

; 1 ;
=i (#(2) Str (s 0 g'o7) = i (8(2)) xj (8(2))-
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The fact that ¢ is two-to-one is equivalent to saying that there exist only two ele-
ments of SU(2) that are mapped by ¢ to the identity of SO(3) (i.e., ker ¢ consists of
exactly two elements). If g € SU(2) is such that ¢ (g) is the 1dent1ty of SO(3), then
from (7.31) we have g~ 'o’g = o, which amounts to o’g = go’, fori = 1,2, 3.

These equations imply that g is a multlple of I, and from the condition detg = 1
one concludes that g = +1.

Lie Subgroups If H is a Lie subgroup of G, the left-invariant vector fields of H,
being defined at e, can be extended to all of G as left-invariant vector fields on G,
using (7.14). In this manner, the Lie algebra of H can be regarded as a Lie sub-
algebra of the Lie algebra of G. Conversely, if b is a subalgebra of g, b defines
a distribution in G which is involutive and, according to the Frobenius Theorem,
completely integrable. Let H be the maximal integral manifold of this distribution
containing e. Since f is formed by left-invariant vector fields, for h € H, L;-1(H)
is also an integral manifold of the distribution that contains the identity; therefore,
L,-1(H) C H, which implies that H is a Lie subgroup of G.

In particular, any X € g different from zero generates a Lie subalgebra of dimen-
sionone, h ={Y € g| Y = aX, a € R}, and the integral manifold of the distribution
generated by X containing the identity (which in this case is the image of a curve)
is a one-parameter subgroup of G (see Sect. 7.4).

Example 7.24 The matrices

(0 5) (o)

form a basis of a Lie subalgebra of gl(2, R). Substituting these matrices into (7.17)
one obtains the two left-invariant vector fields on GL(2, R),

3,0 I
X2 1 T

5
X =x— — X} — — x5 —,
B 29x] T 2 ox2

1
29)

It is convenient to simplify the notation, using (x, y, z, w) in place of (x1 , x2 , xl , ),
so that the vector fields above are
d a ad ad 0 d
X = xa——i-za—z—y@— F X = x5+z£
In order to find the integral manifolds of the distribution defined by X; and X,
in the underlying manifold of GL(2, R), we look for two functionally independent
solutions of the system of linear PDEs X f =0, Xo f = 0.

Following the procedure employed in Example 4.1 [see also (4.9)] one finds that
the functions xy, xw, and yz satisfy X; f = 0 (that is, they are constant along the in-
tegral curves of X1). Similarly, by inspection, x and z are constant along the integral
curves of X5, and therefore xw — zy also satisfies X, f = 0. Hence, xw — zy and
z/x are two functionally independent solutions of the system of equations X f =0,
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X> f = 0, which means that the integral manifolds of the distribution under con-
sideration are given by xw — zy = const, z/x = const Since x(e) = 1 = w(e),
y(e) = 0 = z(e), the integral manifold passing through the identity of GL(2, R)
. . . . Xy
is given by xw — yz =1, z =0, which corresponds to matrices of the form (| /x).
These matrices form, effectively, a subgroup of GL(2, R) (cf. Example 7.22).
Alternatively, one can find first two independent 1-forms that, contracted with X
and X, yield zero. A possible choice is given by the 1-forms

al = (xw— yz)dx —xzdy + x2 dw, a’ = —zzdy + (xw — yz)dz + xzdw,

which can be written in the form
ol :xd(xw—yz)+x2yd<£>, a2=zd(xw—yz)+x2wd<£)
X X

(cf. Example 4.7). Hence, we find again that the integral manifolds sought for are
given by xw — yz = const, z/x = const

Exercise 7.25 Verify that the matrices

1 0 0 1

0 0)° 0 0)°
form a basis of a Lie subalgebra of gl(2, R) and identify the corresponding subgroup
of GL(2, R).

7.3 Invariant Differential Forms

In this section we shall see explicitly that from a given Lie algebra one can find a
Lie group. This process is simplified by the use of differential forms.

Let G be a Lie group and let w be a differential form on G, we say that w is left-
invariant if Ly*w = w for all g € G. If w is left-invariant, dw is also left-invariant,
since, according to (3.38), Ly*dw = dLg*w = dw. Given two left-invariant differ-
ential forms, w; and w;, the combinations aw| + bwy and w; A wy also are left-
invariant differential forms, for a, b € R [see (2.30) and (3.25)]. Thus, the set of all
the left-invariant differential forms is a subalgebra of the algebra of forms of G,
which is closed under the operator of exterior differentiation.

Exercise 7.26 Show that a O-form on G, that is, a differentiable function
f : G — R, is left-invariant if and only if f is constant.

As in the case of a left-invariant vector field, a left-invariant differential form is
determined by its value at the identity. Therefore, the set of left-invariant k-forms
forms a vector subspace of AK(G) of dimension (0)-
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Exercise 7.27 Let « be a left-invariant 1-form. Show that ag =, o L 2 for

geG.

’l*g’

established in Exercise 7.27, if the

x! form a local coordinate system on a neighborhood of the identity, the value of
any left-invariant 1-form o at the identity can be expressed in the form o, = a; dxé,
where the a; are some real numbers. Hence, for any other point g in the domain of
the coordinate system we have [see (1.49) and (1.24)]

9 i 9 i
Qg :Olg<<g> )dxg:ae<Lg1*g<@) )dxg
8 8
= (ajdxe])[<@> [xkoLg_1]<87> ]dxg
g e

0 : ;
:aj[(ﬁl[xf oLg_l]} docg. (7.33)

Example 7.28 By combining (7.5) and (7.6) we find that

According to the formula g = ote 0 Ly-1,,,

1+x2(9)x3(g)

1 _ 2 3
x oLy = (g) xT—x“(g)x”,
1 2 3 1 2.3
2ol =1t (8)x (g)xz_xz(g) +x7x ’
8 xl(g) x!
o L= —x3(g)x1 +x1(g)x3.

Hence, according to (7.33) one readily sees that the left-invariant 1-forms ' on
SL(2, R), whose values at the identity are dx;, are given locally by

1 _ 1+x2.x3

0 =—"" dxl—xzdx3,
X
2 _ (1 +x%x%) del + RN (x*)? 4,
(xl)z xl xl

@ = —x3dx! +x'dx3.

The exterior derivative of ' is a left-invariant 2-form and therefore can be written as

a linear combination of {a)1 Aw?, w* A a)3, @’ Aol }. A straightforward computation
shows that
do' = —w?* A a)3, do® = —20' A wz, do’ =20w' A &>,

As shown below, the coefficients in this linear combinations are related to the struc-
ture constants of the group with respect to the dual basis to (o', 0%, ©3) [see (7.35)].
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Note that these relations, being equalities between left-invariant 2-forms, hold glob-
ally on the whole group manifold, not only in the domain of the coordinate system
employed.

Exercise 7.29 Find a basis for the left-invariant 1-forms of R” and of GL(n, R).

Exercise 7.30 Show that if ¢ : G — H is a homomorphism of Lie groups and w is
a left-invariant k-form on H, then ¢*w is left-invariant on G.

Exercise 7.31 A differential form w on G is right-invariant if Rg*a) = w, for all
g € G. Show that if ¢ : G — G is the inversion mapping, ((g) = g~ ', then (*w is
right-invariant if and only if w is left-invariant.

The Maurer—Cartan Equations Let {a)l, ..., "} be a basis for the 1-forms on
G and let {X{, ..., X} be a basis for the vector fields on G such that o' (X i) = 8;
(that is, these bases are dual to each other); then the elements of each of these bases
are left-invariant if and only if the elements of the other are. This follows from
Lg*[o' (X)) = (Lg*0')(Lg*X;) and Lg*8' = &8, wherefore (Lg*o')(Lg*X;) =
S’J This relation and the fact that for a given basis there exists only one dual basis
prove the assertion above.

If {a)l, ..., 0"} is a basis of the space of left-invariant 1-forms, then the exterior
products @’/ A @* with j < k form a basis for the left-invariant 2-forms. Since de’
is a left-invariant 2-form, de' should be a linear combination (with constant coeffi-
cients) of the products o’ A oF with Jj < k.Infact, if {X{, ..., X,,} is the dual basis
to {w!, ..., ")}, the components of dw' are given by [see (3.30)]

[

do' (X, Xp) = = {X; (o' Xp)) — Xk (o' (X)) — o' (X, X1) }

\S}

1, 1
= — 201X}, Xe]) = =o' (X))

l;
= _Ecjk’

where the cz.k are the structure constants of the group with respect to the basis
{Xi, ..., X,}; therefore

. 1 . .
i T Jj k
do' = 2cjka) A", (7.34)
These relations are known as the Maurer—Cartan equations. Taking into account
the skew-symmetry of the structure constants in the two subscripts [equation (7.22)]

and that of the exterior product of 1-forms, it follows that

do’ == "ol not. (7.35)
j<k
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Exercise 7.32 Show that d?w’ = 0 amounts to c;’}. clln et cjmkcfn it cfn‘ i = 0.

Employing the Maurer—Cartan equations it is possible to determine locally the
group G starting from its structure constants. For instance, if cf.‘j =0, that is, if g
is Abelian, equations (7.34) give de' = 0, which means that, locally, there exist n
functions x! such that @' = dx! (that is, being closed, the ' are locally exact). The
functions x’ form a local coordinate system, since the ' are linearly independent.
Since, in addition, the ' are left-invariant, L P dx’ =dx?,but L P dx! =d(L g*xi);
therefore d(L,*x' —x') =0, for g € G, and this implies that L *x' —x' is a constant
(which may depend on g), a’(g). Thus

Lg*xi =x'+4d'(g),
hence, for g’ € G such that g’ and gg’ belong to the domain of the coordinates x*,
x'(g8) = (' 0 L)(g") = (Lg*x)(g) = x"(g) +d' (9). (7.36)
In particular, if g’ = e, from the previous equation we obtain
x'(g) =x'(e) +a' (g).
so that a’ (g) = x'(g) — x'(e) and substituting into (7.36)
x'(gg) =x'(g") +x' () —x' (o), (7.37)

and therefore x’ (gg’) = x'(g'g), that is, G is Abelian.

If we define y' = x’ — x’(e), then equation (7.37) amounts to y' (gg’) = y'(g') +
y'(g), which is identical to the relation found in the case of the additive group R”
(see Example 7.8); however, since the coordinates x’ (and the y') may not cover
all of G, this does not imply that G be isomorphic to R" globally, but only locally.
As pointed out above, the structure constants determine the group G only locally.
However, the structure constants define a unique simply connected Lie group, which
is a covering group of any other Lie group with the given structure constants [see,
e.g., Warner (1983), Sattinger and Weaver (1986)].

A second example of the determination of the group from its structure con-
stants is given by the Lie algebra of dimension two given by (7.24); in this case
the Maurer—Cartan equations yield

do! =0, do? = —o' A 0. (7.38)

The first of these equations implies that w! is locally exact, that is, there exists
locally a function x! such that

o' =dx!. (7.39)

Substituting this expression into the second equation of (7.38) we have

do? +dx' A w? =0,
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. 1 . .
which amounts to d(e* w?) = 0; therefore, locally, there exists a function x> such
that
1
w? =e* dx. (7.40)

The functions x! and x? form a local coordinate system in some neighborhood in G
dx' Ad?=e" 0! A@? #£0).

From the condition o' = Lg*w', for g € G, and equations (7.39) and (7.40) we
have

de' = Lo*dx! =d(Lg*x") =d(x' o Ly),
e—xl dx2 — Lg*(e—xl dx2) =e—(xloLg)d(x2 OLg),
which leads to
xlongxl—i-al(g), (7.41)
where a'(g) is a constant (which may depend on g), and d(x? o Lg) =
e"lOLg_xl dx? = e“l(g)dxz; therefore

xzoLg =e“1(g)x2+a2(g), (7.42)

where a2(g) is another constant. Evaluating both sides of (7.41) and (7.42) at e we
obtain

@y =x')+a'(e).  x2g) =e" ©Ox(e) +a’(g).

so that a'(g) = x!(g) — x'(e) and a?(g) = x2(g) — exl(g)_xl(e)xz(e). Substituting

these expressions into (7.41) and (7.42), and evaluating at g’, we then obtain
x'(gg) =x"(g) +x'(g) —x'(e),

2000 xNg)—xl e[, 20, 2 2 (7.43)

x*(gg) =e" [x2(g) —x*(e)] + x*(g).

Equivalently, defining the coordinates
yl = e[xl_xl(e)]/Z’ y2 = [XZ _ x2(e)]e—[x1_xl(e)]/2’
equations (7.43) become
y*(g)
yi(g)
It can readily be seen that these equations correspond to the group formed by the

upper triangular 2 x 2 real matrices with determinant equal to 1, with the usual
matrix multiplication, if the elements of this group are expressed in the form

g:<y1(g) y*(9) )
0 1/yNe

Yiggh=y'"@y'@E), ¥ =y"(eyE)+

(cf. Example 7.24).
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Alternatively, we can make y! =e* =% @ y2 = x2 _ x2(¢), so that equations
(7.43) take the form

yeg)=y" @y, Y gg) =y (9)y* (&) +y (9. (7.44)

which coincide with the equations corresponding to the group formed by the 2 x 2
matrices of the form (* 1(()5’) yzl(g)), y'(g) > 0, with the usual operation of matrix
multiplication (see Example 7.4).

Exercise 7.33 Verify that the structure constants c}?’ = —c%l =1, c%?, = —c§2 =k,
with all the others being equal to zero, define a Lie algebra of dimension three, and
find the local expressions for the operation of the corresponding group or groups,
by integrating the Maurer—Cartan equations.

Exercise 7.34 Verify that the structure constants cfz = —c%l = 1, c%3 =
—c%l =1, c% = —cgl = 1, with all the others being equal to zero, define a Lie

algebra of dimension three, and find the local expressions for the operation of the
corresponding group or groups, by integrating the Maurer—Cartan equations.

Invariant Forms on Subgroups of GL(n,R) In the case of the Lie subgroups
of GL(n, R), there exists a particularly simple form of finding a basis for the
left-invariant or the right-invariant 1-forms. As shown in Example 7.15, the vec-
tor fields x!‘(a / Bx’]?), where the x’ are the natural coordinates on GL(n, R), form
a basis for the left-invariant vector fields of GL(n,R). Hence, if H is a Lie sub-
group of GL(n,R) and {Xy,X>,...,X,}, where p =_dimH, is a basis of b, the
Lie algebra of H, then there exist real numbers (ka)’j, witha=1,2,...,p and
i,j=1,2,...,n,such that

S0
X, = (xa)ljxfﬁ, a=1,...,dimH (7.45)
x"
J

(see, e.g., Example 7.16) and the n x n matrices A, = (()‘“)3’) satisfy the commuta-
tion relations [Aq, Ap] = AaAp — Apra = C;Ar, where the ¢, are the structure con-
stants of the basis {Xj, X»,...,X,} (see Example 7.15). The 1-forms (L*x;)dxj,
where ¢ is the inversion map, ((g) = g~', form the dual basis to {xf (a/ Bxf)} and,
therefore, are left-invariant on GL(n, R); hence, the restriction of (t*x;) dx,i to H is

equal to (Aa)};a)“, where the 1-forms w? are left-invariant on H and form the dual
basis to (7.45). .
In effect, from (7.45), using that (L*x;)xlf = 8;;, we have
[(¢*x%) da ] (Xa) = (¢*x) o)} xiy = G
and, on the other hand,

[ 0”](Xa) = (Ap)i82 = (o)
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Since at each point of H, the vector fields X, form a basis of the tangent space to H,

it follows that the restriction of (L*xj.) dx,f to H coincides with (Ab);{wb. Thus, we
have proved the following.

Theorem 7.35 If H is a Lie subgroup of GL(n,R) and j: H — GL(n,R) de-
notes the inclusion map, then j *((L*x;'.) dx,i) = ()La)fca)“, where the w® are the left-
invariant 1-forms on H that form the dual basis to (7.45).

Expressed in matrix form, this theorem shows that if g represents an arbitrary
element of H, then

g~ dg =2q0", (7.46)
where dg is the matrix whose entries are the differentials of the entries of g.
Example 7.36 The basis of sl(2, R) [the Lie algebra of SL(2, R)] given by (7.18)

and (7.19) is of the form (7.45), where the A, are the matrices given in (7.20).
Making use of the expression (7.4) one readily finds that

1—&-x12x3 —x2 dx! dx?
g ldg=| ~ s
—x3 x! dx3 d(—+;lx)
1+ x%x3
= (71 dx! — x2dx3 M
X

<x2(1+x2x3) P ()2

G2 - - dx3>kz+(x1dx3—x3dxl)k3.

According to (7.46), the coefficients of the matrices A, are the left-invariant 1-forms
that form the dual basis to (7.18) and (7.19), and they coincide with the left-invariant
1-forms obtained in Example 7.28. (See also Examples B.1, B.6, and B.8.)

Exercise 7.37 Find the basis of the left-invariant 1-forms for the group formed by
the real 2 x 2 matrices of the form (8 ? ), with xz # 0, dual to the basis of left-
invariant vector fields corresponding to the matrices

1 0 0 1 0 0
)»15(0 0), sz(O 0), )\.35(0 1).

In a similar manner one finds that the vector fields

. ;i 0
X, =Ga)ix{ —, a=1,...,dimH,
0x;
form a basis for the yight—invariant vector fields on H and its dual basis, {w?}, is
such that j*(x} d(t*x})) = —(Aa); @ or, equivalently, j*((t*x{) dx}) = (o)} @ In
terms of matrices, we have gdg~! = —A,®%, which amounts to (dg)g~!
Comparing with (7.46) it follows that ®* = —t*w* (cf. Exercise 7.31).

= Ag®.
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7.4 One-Parameter Subgroups and the Exponential Map

In any Lie group, the one-parameter subgroups are particularly important. A set of
elements of G, {g;}, with t € R, is a one-parameter subgroup of G if g;gs = g5
and if g; depends differentiably on the parameter #. This implies that gy = e and
thatg_, = (g,)_l. The map from R into G given by 7 — g; is then a (differentiable)
curve in G starting at the identity. The following result relates the one-parameter
groups of G with the left-invariant or right-invariant vector fields and is a particular
case of the relation between subgroups and subalgebras mentioned at the end of
Sect. 7.2.

Theorem 7.38 Let {g;}, with t € R, be a one-parameter subgroup of G; then the
curve t — g; is the integral curve starting at e of some left-invariant (or right-
invariant) vector field.

Proof Let & be the tangent vector to the curve o (¢) = g; att =0, & = 06, that is,
d 0
§Lf1= a(f(gt)))lzo for f € C™(G). (7.47)
Similarly, the tangent vector to this curve at t =, os/ , 1s such that
ollf1= S (Fen)|
§ dr ! t=s
but g; = gs8:—s and making the change of variable u = ¢ — s, we have

e d _d
o1 f1= 5 (Flessi-)| _ = 3-(F&s80)|,

t=s =0

d
= - ((FoLe)@n)| _ =&lF oLyl=Lyseb)LS]
that is, oy = Lg «& = Xg, = Xy (s), Where X is the left-invariant vector field such
that X, = & [see (7.15)]. Thus showing that o is an integral curve of X.
Alternatively, from the previous expressions we also have

e d . d
oL f1 = (/(8ug0)| _ =2 ((f o ReI(@)|
=£[f 0 Re,] = (Reuef)Lf].

which means that o] = R, &, which is the value at o (s) of the right-invariant
vector field whose value at the identity is &. |

Conversely, given a left-invariant or right-invariant vector field on G (or, equiv-
alently, given & € T,G) there exists a one-parameter subgroup of G, {g;}, such that
t — g, is the integral curve starting at e of the given vector field (or, equivalently,
& is the tangent vector to the curve ¢ — g; at t = 0). Indeed, if X is any vector field
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on G, according to the existence and uniqueness theorems for systems of ODEs (see
Sect. 2.1), there exists an integral curve of X starting at e, defined in some neigh-
borhood 7, of 0 for which we have: if  — ¢(g, t) is the integral curve of X starting
at g, then

p(g.t+5)=p(p(g.1),s), (7.48)

for all those values of ¢ and s for which both sides of the equation are defined [see
(2.6)]. In the case of a left-invariant vector field on G, ¢(g,t) is defined for all
t € R. In fact, if C is an integral curve of X that starts at e [i.e., C(¢) = ¢(e, )],
then, for g € G, C (t) = (Lg o C)(¢) is defined in the same neighborhood I, of 0
as C and 6’(0) = Ly(C(0)) = Lg(e) = ge = g. The tangent vector to Catr=0is
Lg4eC'(0) = Loy X, =X, since X € g [see (7.14)]; therefore Cisan integral curve
of X starting at g. Since g is arbitrary, from (7.48) we see that ¢(g, t) is defined
for all + € R. On the other hand, C’(t) = @(g,1), that is, ¢(g,1) = (Lg 0o C)(1) =
gC() =gyle,t). Taking g = ¢(e, s) in this equation and using (7.48), we then
obtain

¢(¢(e,),1) = ple, $)ple, 1) = ple,t + ), (7.49)

which means that the elements of G defined by g; = ¢(e, t) form a one-parameter
subgroup of G. It can readily be verified, basically replacing L, by R, in the fore-
going derivation, that (7.49) also holds if X is right-invariant.

The element ¢(e, 1) is denoted by exp X and the map from g into G given by
expX = ¢(e, 1) is called the exponential map. It can readily be seen that exptX =
(e, t) and that exp(s + )X = (expsX) (exptX). The element exp(X + Y) may not
coincide with (exp X)(expY) unless [X, Y] = 0. The exponential map, exp: g — G,
is not always injective or onto; in some groups there exist elements that are not
the exponential of some X € g (see the examples given below). Nevertheless, any
element of a group G belonging to the connected component of the identity (that is,
it can be joined with the identity by means of a curve in G), can be expressed as the
product of exponentials, exp X1 exp Xs - - - exp Xy (see Example 7.41).

Exercise 7.39 Show that exptX = ¢(e,t). (Hint: consider the curve t(s) =
@(e, st), with ¢ fixed, and calculate z.)

Example 7.40 Consider again the group formed by the 2 x 2 real matrices of the
form g = (x lég) le(g)), x! (g) # 0 (see Example 7.4). Each element of this group

can be identified with a point of R? excluding the x? axis, which allows us to see
that this group is not a connected set, but has two components (identified with the
right and left half-planes). Using (7.44), it can readily be verified that the vector
fields X; = x' 3/0x', and X, = x' 3/8x2 form a basis of the Lie algebra of this
group (see Exercise 7.20). Any element of this algebra can be expressed in the form
X =ax!'9/0x" + bx'9/9x2, with a, b € R; then exp tX corresponds to the solution
of the system of equations [see (2.4)]
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S~

Fig. 7.2 The matrix group considered in Example 7.40 is identified with the Cartesian plane with
the vertical axis removed. The point (1, 0) corresponds to the identity and the one-parameter sub-
groups correspond to the intersections of the straight lines passing through (1, 0) with the half—
plane x!' > 0

dx! | dx? |
— = , — =bx",
dr ax dr o

where, by abuse of notation, we have written x’ in place of x’ o C, with the initial
condition x!(0) = 1, x2(0) = 0 (so that the integral curve of X starts at ¢). Then, it
can readily be seen that, if a # 0, x' (r) = e, then x%(r) = b(e*’ — 1)/a, that is,

at b .at
exthz(eO “(el 1)>, a#0.

When a = 0 one obtains x!(r) = 1, x2(r) = bt. Eliminating the parameter ¢ from
the foregoing expressions, one finds that ax? = b(x! — 1), which is the equation of
a straight line passing through the point (1, 0), which corresponds to the identity
(see Fig. 7.2). Since x' () =% > 0, in this case the image of the exponential map
is one half of G (the connected component of the identity).

Example 7.41 In terms of the parametrization of the group SL(2, R) given by (7.4),
in a neighborhood of the identity, any left-invariant vector field can be expressed in
the form X = a’X;, with ¢’ € R and {X|, X5, X3} being the basis of s[(2, R) given
by (7.18) and (7.19). The integral curve of X starting at e corresponds to the solution
of the system of equations

% —a'x! —|—a3x2,

d 2

% = —a'x? +a2x", (7.50)
dx’ —a'x? +a3 ! +x12x3,

dr X

where, for simplicity, we have written x' instead of x’ o C, with the initial condition
x10) =1, x2(0) = 0 = x3(0). By combining equations (7.50) one finds that each
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of the functions x’ and (1 + x2x3)/x! satisfies the equation

dzf 1\2 2.3
d_ﬂ:[(a )" +a’a’]f.
whose solution is
acos/Kt +bsinv/Kt if K =—[(a")? +a%a®] > 0,
f(@)=1{ acoshy/—Kt+bsinh/—Kt if K <O,
a -+ bt if K =0.

Hence, using again (7.50) and the initial conditions, one obtains

sin«/fl :
cosﬁtl+—ﬁ A if K >0,
exp(ta'Xi) = § cosh /=K1l + LKl 4 if g <0, (7.51)
I+tA if K =0,

where [ is the 2 x 2 identity matrix and A = (Z; _":l) [cf. (6.27) and (6.28)]. (Note
that K = det A.) Even though the foregoing expressions were obtained making use
of alocal coordinate system, it turns out that equations (7.51) are globally valid [that
is, for any value of ¢ and for any X € sl(2, R)].

For any real number a < 0 and a # —1, the matrix ( 0 1/a ) belongs to SL(2, R),
but cannot be expressed in the form exp X, as can be seen from (7.51), even though
the set SL(2, R) is connected.

In fact, noting that the trace of the matrix A is equal to zero, from (7.51) we
find that the trace of the exponential of any element of the Lie algebra of SL(2, R)
belongs to the interval [—2, 2], if K > 0; to the interval [2, 00), if K < 0; and is
equal to 2, if K = 0. On the other hand, the trace of the matrix given above is equal
to a + 1/a, which is less than —2 for a < 0, and a # —1.

Now,
a 0\ (-1 0 —a 0
0 1/a) \ 0 -1 0 -—1/a
= exp(n(X2 — X3)) exp(ln |a|X1).

Example 7.42 In the case of the group GL(n, R), any left-invariant vector field is
of the form xka’ (0/ Bxk) [see (7.17)], where (a ) is some n X n matrix; therefore,

denoting by A the matrix (a ]) and by X4 the vector field xlka; (a/ axf ), as in Exam-
ple 7.15, exptXj4 is the solution of the system of linear ODEs

k
dx k i
)C a

dt J’
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with the initial condition, xj? li=0 = 8’1‘.. Noting that this system of equations can be
written as the matrix equation

dg

de
where g = (x;'.), with g|;—o = I (the n x n identity matrix), it can readily be seen
that the solution is given by

gA,

o0 A m
gn=>y" (tm? :

m=0
Hence we have
o0
(A"
exptXy = - (7.52)
m=0

The series appearing in this equation is defined as the exponential of the matrix A
and is denoted by expzA or e’4 (cf. Example 6.11). Thus, the exponential of any
X € gl(n, R) can be expressed by means of the series (7.52) which only involves the
components of X, with respect to the natural basis (d/ ax;):

exptXy =exptA. (7.53)

In particular, GL(1, R) is the group R \ {0} with the operation of multiplication, and
therefore for this group the exponential is precisely the usual exponential function.

This result can be applied to the calculation of the exponential for any Lie sub-
group of GL(n, R). For instance, the basis of the Lie algebra of the group SL(2, R)
given by (7.18) and (7.19), corresponds to the matrices (7.20), so that an arbitrary
linear combination a’X; corresponds to the matrix (Zi _“:1), which will be de-
noted by A as in Example 7.41. It can readily be seen that, for m =0, 1,2, ...,
A% — (—K)Y"[ and A?"t! = (—K)" A, where K = detA = —[(a!)? + a%a?].
Therefore, the series (7.52) becomes

o m o t2m 5 S t2m+l _—
- A — A"

2. m! 2 2m)! 2. 2m + 1)!

m=0 m=0 m=0

x 2m & m rm2m—+1
—1)" K™t —1)" K™t
=Y S 1+ 2
(2m)! Q2m +1)!
m=0
which coincides with the result (7.51), as can be seen making use of the series
expansions of the functions sin, cos, sinh, and cosh.

Exercise 7.43 Show that for R”, with the group operation being the usual sum,
expa'(d/dx') = (al, az, ..., a). Thus, in this case, the exponential map is one-to-
one and onto.



7.4 One-Parameter Subgroups and the Exponential Map 189

Exercise 7.44 Using the notation and the results of Exercise 7.19, show that in the
case of the group SU(2) the exponential map is given by

Kt a3 .. Kt —ia'—a® . Kt
i Cos 5 — i sin 5 — g sin 5
expta'X; =
E | 2 3
—ia'+a? . Kt Kt | :a° o Kt
— g sin 5 cos 5 + 1% sin 5~

O (P Y < a>  a'—ia? .
_0037 —Emn? a tid? 3 (7.54)

with K = /(a!)? + (a?)2 + (a3)2. Thus, for this group, the exponential map is onto
but not injective.

The results of Examples 7.40-7.42, and of Exercises 7.43 and 7.44 do not de-
pend on having considered left-invariant vector fields; the same results are obtained
employing right-invariant vector fields. For a given group, the value of exp X only
depends on X,.

Theorem 7.45 Let G and H be Lie groups, and let g and by be their Lie algebras. If
¢ : G — H is a homomorphism of Lie groups, then for X € g, we have ¢ (exptX) =
exp 1 (¢« X), where ¢, X is the left-invariant vector field on H such that (¢+X), =
¢*€X€ .

Proof Let y; = ¢ (exptX); then y; is a one-parameter subgroup of H. Therefore,
according to the preceding results, y; = exptY, where Y €  is such that Y, is
the tangent vector to the curve t — y; = ¢ (exptX) at t = 0, which amounts to ¢,
applied to the tangent vector to the curve t — exptX atr = 0 [see (1.26)]. Therefore
Y, = ¢ Xe = (¢ X), thus showing that Y = ¢, X. ]

Applying this theorem and some of the results established above we have the
following proposition, which turns out to be very useful. Among the consequences
of the following theorem is that the exponential map in GL(n, R) can only yield
matrices with positive determinant and, therefore, is not onto.

Theorem 7.46 Let A be an arbitrary n x n matrix, then dete? = ™.

Proof For any n X n matrix, A, ed = expX,4 (see Example 7.42) and since
det : GL(n,R) — R\ {0} ~ GL(1, R) is a homomorphism of Lie groups, dete? =
det(expX,4) = exp(det, X4). On the other hand, det, X4 is a left-invariant vector
field on GL(1, R) and, according to the results of Example 7.42, exp(det, X4) coin-
cides with the usual exponential of the component of (det, X4); with respect to
the natural basis (d/0x);. But, from Example 7.23, (det, X4)1 = det,..(X4)e =
det,, a§(8/8x§.)e =trA (3/9x)1, and therefore, dete” = e, O
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7.5 The Lie Algebra of the Right-Invariant Vector Fields

The set of the right-invariant vector fields on G forms a Lie algebra over R that will
be denoted by g. Each right-invariant vector field, X, is determined by its value at
the identity,

Xg = RgxeXes; (7.55)

therefore there exists a one-to-one correspondence between g and 7,G, and the
dimension of g is the same as that of 7,G. Making use of this correspondence we
can define a second bracket on 7,G, which will be denoted by [ , ]".If &, ¢ € T, G,

(£, ¢1 =X, Yl (7.56)

where X and Y are the right-invariant vector fields such that £ = X, and = Y,.

Example 7.47 In the case of the group of affine motions of R, with the coordinates
defined in Example 7.4, the right translations are given by

xloRgle(g)xl, )czoRg=)c2(g))cl+x2

[see (7.2)]. Making use of (7.55) we find that the right-invariant vector fields X|
and Xz, whose values at the identity are (9/ dx1), and (3/ 9x2),, respectively, are
given by

. 2\ 9 o )
X1)g = (ﬁ)e[x °© Rg](@)g ZXI(g)(W)g +X2(8)(ﬁ)g

that is, X; = x!9/0x! + x29/0x2 and, similarly, X, = 9/9x2. Thus, [X;, Xs] =
—X; and therefore [(3/9x1)., (8/0x%).]" = —(3/3x2), (cf. Exercise 7.20).

The following theorem relates the bracket (7.56) with that induced by the left-
invariant vector fields, defined in Sect. 7.2.

Theorem 7.48 Let&E,¢ € T,G; then [E,0] = —[&,C].

Proof Let X and Y be the right-invariant vector fields such that X, =& Y. =¢,
let X € g such that X, = &, and let g; be the one-parameter subgroup g; = exptX
defined in the preceding section. For g’ € G arbitrary, the tangent vector to the curve
y(t) =L, (8') =88 = Ry (g:) at t = 0 satisfies

d
_ R.,
W= S Fo)|_ =SR]
=§[f o Ryl = (Rgueb) f1=Xg [ f]
[see (7.47) and (1.23)]. This means that X is the infinitesimal generator of the one-
parameter group of transformations L,, (i.e., a right-invariant vector field is the
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infinitesimal generator of a group of left translations); hence, according to (2.27)

Lo*Y—Y

[X, Y] =£4Y = lim (7.57)
t—0 t
and, from the definition (7.56), equation (7.55), and the chain rule, we have
L. *Y), — L1, Yo —¢
(£, ¢] = lim (o Ve 8y Dt T8 70
t—0 t t—0 t
— lim Lgtfl*gt(Rg,*e{) —-¢ — lim (Lg;‘ o Rgl)*e{ —¢
t—0 t =0 t
(Rg, oL —~1)%eC — ¢ R 1Y 1—-¢
— llm 8 8t *e — llm gl‘*gt 8t
t—0 t t—0 t
. (Rgt—l *Y)e - Ye
= lim , (7.58)
t—0 t

where Y is the left-invariant vector field such that { =Y,.
On the other hand, the tangent vector to the curve §(¢) = Rgt—l g)=4g'g I =
8'8—1 =Ly (g—) at t =0 satisfies
Solf1= Ef(fs(f))‘ = i(f oLg)(g-1)| = —i(f o Lg)(8u)
dr t=0 dt =0 du u
=—&§[foLlygl=—(Lgsb5)f1=—Xglf],

that is, —X is the infinitesimal generator of the one-parameter group of transforma-
tions Rg—l . Therefore, returning to the last expression in (7.58)
t

(R —1*Y)e - Y.
1i1T(1) b - =ExY)e=[-X,Y]e ==X, Y]le=—[5,¢]. (7.59)
t—
t

Making use of part of the steps of the proof of the previous theorem it can readily
be seen that the following result also holds.

Theorem 7.49 The Lie bracket of a right-invariant vector field with a left-invariant
vector field vanishes.

Proof Let Xe g and Y € g; then, proceeding as in (7.57) we have

Le*Y-Y

X, Y] =£4Y = lim 0,
t—

since Y is left-invariant. Il
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If G is an Abelian Lie group, a vector field on G is left-invariant if and only
if is right-invariant, then, according to the previous theorem, if X,Y € g, we have
[X,Y] =0, since Y also belongs to g. Thus, the Lie algebra of any Abelian group is
Abelian.

Theorem 7.50 If G is a connected Lie group and Y is a vector field on G such that
[X,Y]=0,forall X € g, then Y is right-invariant.

Proof Let X € g and let g; = exp X, then

d d
= S(R.*(R, *Y ‘ — R, F—
t=s dl( &s ( 8i=s )) t—s=0 &s du

= Ry, *(£xY) = R, *(IX, Y1) =0,

d
S (R, *Y R, *Y
ar R ¥ R P

since X is the infinitesimal generator of the one-parameter group of transformations
R,, and by hypothesis [X, Y] =0 for X € g. Hence, R,,*Y does not depend on ¢,
but Rg) =1id, so that Ry, *Y =Y or Rexp,x*Y =Y, which means that Y is right-
invariant, at least under the transformations corresponding to elements of G of the
form exprX, but if G is connected, any g € G is a product of exponentials, g =
expXj ---exp Xy [see, e.g., Warner (1983, Chap. 3)]. Therefore R,*Y =Y for all
geG. Il

Exercise 7.51 Shqw that if G is connected, a 1-form « is left-invariant if and only
if £ga =0forall X € g.

7.6 Lie Groups of Transformations

The Lie groups more commonly encountered arise as groups of transformations on
some manifold or some vector space. For instance, the isometries generated by the
Killing vector fields of a Riemannian manifold form a Lie group (see, e.g., Examples
6.12, 6.17, and Exercise 6.16). The orthogonal and the unitary groups correspond to
the linear transformations that preserve the inner product of a vector space. Further
examples are given below and in Sects. 8.5 and 8.6.

Definition 7.52 Let G be a Lie group and let M be a differentiable manifold. We
say that G is a Lie group of transformations on M or that G acts on the right on M,
if to each g € G there is associated a transformation from M onto itself in such a
way that if xg denotes the image of x € M under the transformation defined by g,
then the following conditions hold:

(1) The map from G x M in M given by (g, x) — xg is differentiable.
(2) x(g182) = (xg1)g2, for g1, 82 € G and x € M.

We say that G acts on the left on M when condition (2) is replaced by (g1g2)x =
g1(g2x) (now we write gx instead of xg for the image of x under the transformation
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defined by g). From (2) it follows that xe = x for all x € M. In some cases, we shall
also write R (x) for xg.

It is said that G acts freely on M if the existence of some x € M such that xg = x
implies that g = e; the group G acts effectively on M if xg = x for all x € M implies
that g = e. In other words, G acts freely on M if the only transformation with fixed
points is the one corresponding to e, whereas G acts effectively on M if the identity
transformation of M only corresponds to e.

Exercise 7.53 Show that G acts effectively on M if and only if distinct elements of
G define distinct transformations on M.

For x € M, the orbit of x is formed by the images of x under all the elements
of G, that is, the orbit of x is the set {xg | g € G}. The group G acts transitively on
M (or the action of G on M is transitive) if the orbit of any point x € M coincides
with the whole manifold M. For instance, the group SE(2) acts transitively on the
plane (see Example 7.7), while the orbits in R? of the group of rotations about the
origin, SO(3), are spheres and the action is not transitive (however, SO(3) does act
transitively on each sphere centered at the origin).

Let G be a Lie group that acts on the right on a manifold M. Each x € M defines
a differentiable map @, : G — M, given by &, (g) = xg for g € G. For X € g,
g = exptX is a one-parameter subgroup of G and, therefore, the transformations
Rg,, from M onto M, defined by R, (x) = xg;, form a one-parameter group of
transformations on M (see Sect. 2.1) whose infinitesimal generator will be denoted
by XT. Hence, X is the tangent vector at 7 = 0 to the curve t — Ry, (x) = xg; =
@, (g;); therefore X is the image under @,,, of the tangent vector to the curve
t — gy att =0, which is X,. Thus [see (1.26)]

X! =& X, (7.60)

[cf. (7.15)]. Since the Jacobian is a linear transformation, we have (aX + bY)" =
aXt +bYT, for X, Y € g and a, b € R. As we shall see, the mapping X — X7 is
not only linear, but also a Lie algebra homomorphism (Theorem 7.61).

It may be noticed that, by virtue of the definition of the vector field XT, its
integral curve starting at x € M is given by ¢ > @, (exptX).

Exercise 7.54 Show that if G acts freely on M and X' vanishes at some point, then
X=0.

Exercise 7.55 Show that if G acts effectively on M and Xt = 0 (the vector field
whose value is zero everywhere), then X = 0.

Exercise 7.56 Let ¢ : G — H be a homomorphism of Lie groups. Show that for
h € H and g € G, the equation hg = h¢(g), where h¢(g) is the product of two
elements of H, defines an action of G on the right on H. Show that if X € g, then
the vector field X on H is the vector field ¢, X defined in Sect. 7.2.
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Exercise 7.57 Show that if a Lie group G acts on the right on a manifold M with
xg = ¢(g,x), then G acts on the left on M by means of gx = ¢(g~', x). In other
words, the action of a group on the right can be turned into an action on the left,

replacing g by g~'. (Hint: show that ¢ (g1g2, x) = (g2, P (g1, x)).)

Example 7.58 The group SO(3), formed by the orthogonal 3 x 3 matrices, with
determinant equal to 1, corresponds to the rotations about the origin in R>. The
natural action (on the right) of any element g € SO(3) on a point (aj, az, az) =
a € R3, is given by the matrix product ag; that is, Rg(a) = ag. Since SO(3) is a
subgroup of GL(3, R), we can make use of the coordinates xj. defined on the latter
to parameterize the elements of SO(3). Denoting by x; the usual coordinates of R3
(i.e., x;(a) =a;) we have (x; o Pa)(g) = x;(ag) = x; (a)xij (g), that is,

Xi 0 @y = xj(a)x. (7.61)

The group SO(3) corresponds to the submanifold of GL(3, R) defined by the
equations

1 .
k..l l J .k
X; xj(skl :8ij, —3'81']'](8 m”xllxmxn =1.

Hence, if X, = aé. o/ axé.)e is a tangent vector to SO(3) at the identity, from the
first of these equations it follows that 0 = Xe[xfxéékl] = 55‘61;5/{1 + af‘8§-8k1 =

a; + aij (since x’(e) = 8'), whereas from the second equation one obtains af =0
(see Example 7.23). Thus, so(3), the Lie algebra of SO(3), corresponds to the skew-
symmetric 3 x 3 matrices. A basis for the skew-symmetric 3 x 3 matrices is formed
by the matrices

0
S1i=10
0

: (7.62)

o
|
—_

oo oo~

which satisfy the commutation relations

3
[S;,S;]= ZSiijk~ (7.63)
k=1

The definition of the matrices S; is summarized by the formula (S,-)ljc = —&jk-

Hence, the value of an arbitrary element X € so(3) at the identity can be ex-
pressed in the form X, = (b* S (d / 8x;.)e, where b', b?, b3 are some real numbers.
Then, from (7.60) and (7.61) one obtains
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, 9 (0 0
+_ = (b* S5, ) — ) =»t — P
X, = PaxeXe = (b Sk)jq)a*e<8xi >e =b (Sk)lj<8xi )e[xm ° Q)a](aXm)a

J J

=bk<sk>"-(i> [xz(a>xl]<i) Y e xl(a><i>
i\oxi ), "I\ B ) P " 0xXm ) 5

J

Hence, X+ = ka,‘f, with
3 9
Si=- Ze,dmx,a—, (7.64)
I=1 Xm

and one can readily verify that [Sl.+, S;.r] = Zizl & ij,j [cf. (7.63)]. As shown in
Example 6.11, the vector fields (7.64) are Killing vector fields for the standard met-

ric of R3 [see (6.17)]. This is related to the fact that the rotations are isometries
of R3.

Example 7.59 An arbitrary point (a, b, c) € R3 can be identified with the matrix

(bfc bjac). Making use of this one-to-one correspondence between the points of R>

and the real 2 x 2 matrices of trace zero, one can define an action on the right of the
group SL(2,R) on R3 in the following way. For g € SL(2,R) and (a, b, ¢) € R?,
(a, b, c)g is the point of R? corresponding to the matrix

1 a b+c
g (b—c iy )g. (7.65)

It can readily be seen that (7.65) defines an action on the right on R3 which is not
effective, because if g is the negative of the 2 x 2 identity matrix, one obtains the
identity transformation. Nor is it free, because (0, 0,0)g = (0,0,0) forall g € G. In
fact, this action is a linear representation of SL(2, R) on R? and any linear repre-
sentation is not a free action.

From the results of Example 7.41 we have exptX; = (%t 69,) [see (7.51)] and
substituting g = exp X into (7.65) one obtains the matrix

e’ 0 a b4c\(e 0 a e 2 (b+c)
0 e )\b—c —a 0 e’ ) \eb-o) —a

which corresponds to the point (a, b cosh 2t — ¢ sinh 27, —b sinh 2¢ 4+ c cosh 2¢) € R3
(and is, therefore, (a, b, ¢) exptXj). Now, in terms of the natural coordinates of R3,
the tangent vector to the curve ¢ — (a, bcosh2t — csinh2¢, —bsinh 2t 4 c cosh 2¢)

atr=01s
9 9
Xabe) = —2c(—) — 2b<—) ;
Y/ (a.b.c) 92/ (a.b.c)

hence, XT = —2z(d/dy) —2y(9/0z). As pointed out above, the procedure followed
in this example also gives us the integral curves of the vector fields X;r or, equiva-
lently, the one-parameter groups of transformations generated by these vector fields.
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In a similar way, using exptX, = ((1) {) and exptX3 = (; ?) [see (7.51)], one
finds that X5 = (z — y)(8/dx) + x(8/dy) + x(3/dz) and X5 = (y + 2)(3/dx) —
x(9/0y) + x(9/0z). It can readily be verified that the structure constants for
(X, X;r, X;r} are equal to those of the basis of SL(2, R) given by (7.18) and (7.19).

The action on R3 defined by (7.65) is not transitive; in fact, each surface
X2+ y2 — 72 = const, is invariant under this action, which follows from the fact
that X:r[x2 +y2—z21=0, for i =1,2,3, or by noting that x24y2 -2 =
—det( yfz 7 J;Z), and that the determinant is invariant under any similarity trans-
formation such as (7.65). (Cf. Example 6.17; note that the vector fields XI.Jr ob-
tained here are related with the vector fields (6.36) by means of Xf = 2123,
X7 =I" -1 and X =12 4+1")

As pointed out at the beginning of this section, the isometries generated by the
Killing vector fields of a Riemannian manifold can be associated with a Lie group
of transformations on this manifold.

Example 7.60 As claimed in Exercise 6.13, the group SL(2, R) acts isometrically
on the Poincaré half-plane. Taking into account that the inverse of the matrix g =
(;‘j g) e SL(2,R) is (_ay ;’3), we define an action of SL(2, R) on the right on M, the
Poincaré half-plane, by

8(a +ib) — B

+ib)g = -
(a+ib)g —y(a+1ib)+ o

[cf. (6.29)], identifying a point (a, b) € M with the complex number a + ib.
Since

S(a+ib)—B  dla+ib)—pB ‘—y(a—ib)-l—(x
—y(@+ib)+a —y(a+ib)+a —y(a—ib)+«a

—y8(a®+b*) + (@8 + By)a —aB +i(ad — By)b
y2(a? + b?) — 2aya + o? ’

(a+ib)g =

expressing the transformation in terms of pairs of real numbers instead of complex
variables, with the aid of the condition o — 8y = 1, one finds that the mapping
Dby : G— M is given by

1
7@+ ) —2aya+a

D) (g) = (—y8(a*+b%) + (1 +2By)a — ap, b).

Hence, using the natural coordinates (x, y) on the Poincaré half-plane (as in Exam-
ple 6.12) and the local coordinates (xl, x2, x3) on SL(2, R), defined by xl(g) =a,
x2(g) =B, x3(g) = ¥, and 8 = [1 + x2(g)x3(g)1/x' () (as in Example 7.5), one
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finds that

0
XD ab) = Papyse| —
5 3 axl .

(o) o255, + (52r) oo ()
=\ ) xoPunl| — — | Yo @unl| —
ax'), @O Nox ) \oxl), PNy )

2(rar +735)
= 2 x— y—
ox ay (@.b)

and, similarly,

d 0
XD @by = Plab) (—) = —<—> ,
2 )a a,b)xe 8)(2 . 9x )

a a ad
X b =Punb (—) = ( X2 — y2 — —i—2xy—) .
3 @hree a3 e ( )8x 9y / (a.b)

Comparing these expressions with (6.22) we find that the vector fields X;r coincide
with the Killing vector fields of the Poincaré half-plane obtained in Example 6.12
[cf. (6.22)]. The relations (6.23) show that the mapping X; XIJr is a Lie algebra
homomorphism.

Theorem 7.61 Let G be a Lie group that acts on the right on a manifold M and let
X,Y € g; then [XT,YT]=[X, Y]".

Proof Since X is, by definition, the infinitesimal generator of the one-parameter
group of transformations on M denoted by Ry, , we have

R, *YT — YT
X", Y ] =£x+ YT =lim —%—
t—0 t
The value of Rg,*YJr at a point x € M is given by [see (2.24), (7.60), and (1.25)]

+\y +
(R "Y")x =R 1., Y, =

Xgr Rgt—l*xg’((pxg,*eYe) = (Rg,—l ° ¢xgt)*eYe-

kX
On the other hand, for g’ € G,
(Rt 0 Pug)(g) = Ry 1(xg:8") =xg18'g; ' = (Px o R 10 Lg)(8),

hence
(Re,*Y)x = (@x 0o Ry10 Lg)ieYe = Prse(Ry1,, Yo,

since Y is left-invariant [see (7.14)]. Thus

X", Y], = lim (Ry"Y7)x — ¥y
’ t—0 t

Dywe (R 1
. *
11 g[ 8t
t—0 t

Yg,) - Cbx>x<eYe
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R.*Y), — Y
_ @x*e[lim (Rg"Y)e — Ye

:| = cD)c>l<e (£XY)€
t—0 t

= Do ([X. Y]), = X, Y]
[cf. (7.57) and (7.59)], that is,
X7, Y] =[X,Y]".

From the foregoing results one concludes that the map X +— X, from g into X (M),
is a Lie algebra homomorphism. |

It can readily be verified in a similar way that if G is a Lie group that acts on
the left on a manifold M, then a proposition analogous to Theorem 7.61 holds: if
X, Y € g then [Xt, Y+ =[X, Y], with X] = &,,.X, [cf. (7.60)], where now @,
is the map from G into M given by @, (g) = gx. The vector field X is the infinites-
imal generator of the one-parameter group of transformations L, , from M onto M,
defined by L, (x) = g,x, where {g;} is the one-parameter subgroup generated by X.

Exercise 7.62 Show that the group, G, of affine motions of R (see Example 7.4)
acts on the right on R? by means of

2
(a,b,c)g = (Clx—'_l;@()g), [xl(g)]zb, [xl(g)]SC),

for g € G, (a,b,c) € R3, where (xl,xz) are the coordinates on G defined in Ex-
ample 7.4, and show that the vector fields on R3 induced by this action are linear
combinations of

d 5 0 3 0 d 0
x8x+ y8y+ 9z M ax
where (x v, z) are the natural coordinates of R3. (The 1-forms ! = =dy — zdx and
a? =dz — (2y~'z2 + y?) dx are invariant under the action of this group, in the sense
deﬁned in Sect. 4.3.)

Further examples are given in Examples 8.29-8.32.

The Adjoint Representation Any Lie group acts on its Lie algebra (on the left)
by means of linear transformations in the following way. For g € G, the map from
G onto G, Lg—l oR;=Rgo0 Lg—l is a diffeomorphism and for X € g, the vector
field (Lg-1 0 R)*X, denoted by Ad g(X), also belongs to g. Indeed,

Adg(X) = (Lg1 0 Rp)*X = Ry*(Ly1*X) = Ry*X;

therefore if ¢’ is an arbitrary element of G, using the fact that R, commutes with

L, we have
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Ly*Adg(X) = Ly*(Rg*X) = Ry*(Ly*X)
= Ry*X = Adg(X).
Since
Ad g(aXi +bX3) = R;"(aX + bXo) =aR,*Xi + bR, X,
=aAdg(X;) +bAdg(Xy),

for all X|,X> e gand a, b € R, Ad g is a linear map of g into itself.
Considering now two arbitrary elements g1, g2 € G, and using Rg, 4, = Rg, 0 Ry,
we obtain

Ad(g182)(X) = Rg,,"X = R, " (Rg,"X)
= Adgi(Adgr(X)). forXeg.

That is, Ad (g1g2) = (Adg1) o (Ad g2), for g1, g2 € G, which means that the map
g+ Adg from G in the set of linear transformations of g into itself is a linear
representation of G called the adjoint representation of G.

Exercise 7.63 Show that [Adg(X), Adg(Y)] = Adg([X,Y]), for X,Y € g and
g € G; thatis, Ad g is a Lie algebra homomorphism from g into itself.

Recalling that the Lie algebra of G can be identified with T,G (identifying each
X € g with X, € T,G) we can find the effect of Ad g by expressing [Ad g(X)], in
terms of X,. Making use of the definition of the pullback of a vector field we have

[Adg(X)], =[(Rg o L-1)"X], = (Rg-1 0 Lg)seXe.
Hence, Ad g is represented by the Jacobian (qu o Lg)se.

Example 7.64 In the case of the group of affine motions of R, with the coordinates
employed in Example 7.4, we have

[x' o (Ry-10Ly)](g) =x"(g8'g™") =x"(ggx" (g7") =x"(g).
[x* 0 (Ry-1 0 Ly)](g) =x*(g8's™") =x"(gg"x*(g7") +x*(gg)
= —x*(g)x' (g + x" (9)x*(g") + x*(9),

i, x'o(Ry-10Lg)=x"and x? o (Ry-1 0 Lg) = —x*(g)x! + x'(g)x? + x%(g).

Thus,
9 9 ; ]
(Rg-10Lg)se ) e: ) e[x o (Ry-10Ly)] o).

0 0
(7). 2@ (50),
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a 1 a
(Rg—loLg)*e 37 e:x (g) @ e-

Hence, with respect to the basis {(3/dx").} of T.G, Ad g is represented by the 2 x 2

matrix
(— 1 )
XZ(g) xl(g)

and one readily verifies that Ad (g1g2) = (Adg) o (Ad g2) amounts to the multi-
plication table of the group (7.2). It may be noticed that, in the present case, the
correspondence g — Ad (g) is one-to-one.

and, similarly,

In the case where G is an Abelian group, we have(R,-1 o Ly)(g) = gg's =g,

that is, Rg—l o Lg =1id, and therefore, Ad (g) is the identity map for all g € G.

Exercise 7.65. Let X be an ¢lement of the Lie algebra of GL(n,R) such that
X, = a;. 0/ 8x})e, where the x;. are the natural coordinates of GL(n, R). Show that

o d
[Adg<X>]e=x,-k(g>a;xé1(g‘1)( ) .

dxk

Hence, associating the matrix A = (ai.) with X € gl(n, R), as in Example 7.15, the

matrix associated with Ad g(X) is gAg™".

Exercise 7.66 Let G be a Lie group that acts on the right on M. Show that
[Adg(X)]" = R,*XT, for X eg, g€G.

Exercise 7.67 Show that g(exp tX)g_1 =exp[t Adg(X)], for X e g, g € G. (Hint:

show that y (1) = g(exprX)g ™! is the integral curve of Ad g(X) starting at e.)



Chapter 8
Hamiltonian Classical Mechanics

In this chapter we start by showing that any finite-dimensional differentiable man-
ifold M possesses an associated manifold, denoted by 7*M, called the cotangent
bundle of M, which has a naturally defined nondegenerate 2-form, which allows
us to define a Poisson bracket between real-valued functions defined on 7*M. We
then apply this structure to classical mechanics and geometrical optics, emphasiz-
ing the applications of Lie groups and Riemannian geometry. Here we will have
the opportunity of making use of all of the machinery introduced in the previous
chapters.

8.1 The Cotangent Bundle

Let M be a differentiable manifold of dimension n. The cotangent bundle of M,
denoted by T*M, is the set of all covectors at all points of M, that is, T*M =
U pem Tp M. The canonical projection, 7, from T*M onto M is the mapping that
sends each element of 7*M to the point of M at which it is attached; that is, if
ap € T;M, then 7 () = p, and therefore, T l(p) = T;‘M.

The set T*M acquires, in a natural way, the structure of differentiable manifold
induced by that of M. If (U, ¢) is a chart on M and p € U, any covector «) €
T;,“M can be expressed as a linear combination of the covectors {d)c;,};’=1 with real

coefficients, which depend on «, that is,

ap = pilay)dx, (8.1)
with p;(ap) € R [cf. (1.27)]. Then, from (1.49),

a
Pi(ap)=(¥p(<ﬁ) ) (8.2)
p

Let now ¢ : 7~ (U) — R?" be given by
Blap) = (x'(p).....x"(p), p1(@tp), ... pulay))
= (x"(m(@p), ... x (7w (@p)), pr(ep), ..., pulep)), (8.3)

G.F. Torres del Castillo, Differentiable Manifolds, 201
DOI 10.1007/978-0-8176-8271-2_8, © Springer Science+Business Media, LLC 2012
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for a) € 7~ 1(U); it can readily be seen that (r~Y(U), ¢) is a chart on T*M. If
{(U;, ¢i)} is a C™ subatlas on M, then {(zx "1 (U;), ¢;)} is a C* subatlas on T*M
that defines a structure of differentiable manifold for 7*M, in such a way that the
projection 7 is differentiable.

Exercise 8.1 A covector field « on M can be regarded as a mapping from M into
T*M, p — ap, such that 7 o @ = idys. Show that the map p — «,, is differentiable
if and only if « is differentiable (in the sense defined in Sect. 1.4).

The Fundamental 1-Form Let o), € TI;"M . Since 7 is a differentiable map from

T*M on M, which sends « p Into p, the Jacobian 7, » is a linear transformation of

Ta, (T*M) into T), M; hence, the composition o), 0 T4y » is a linear transformation

]fjrom Ty, (T*M) in R; that is, o), 0 Txa, € T;p (T*M). Thus, the mapping 6 defined
y

9% =0 O Tua, (8.4)

is a covector field on T*M. ' . '
If (U, ¢) is a chart on M, defining ¢' = x' o r = *x", from (8.3) we obtain

blap)=(q'@p), ..., q" @p), pr(@p), ..., pu(@p)). (8.5)

Hence., (ql, ...»q", p1, ..., pn) is a coordinate system on 7* M ; the tangent vectors
(0/39")a,, (3/0pi)a,, i =1,2,...,n, form a basis of T, (T*M) and the covector
field @ is given locally by [see (1.50)]

=0 9 dg' +0 9 dp;
- Bq’ q apl pl'

Using the definition of 6 we see that the real-valued functions appearing in the last
equation are given by

) o= (), ) = eremen(3),, )

p

and using the expression for the Jacobian (1.24) and (8.2), it follows that

) =), o5, )

(), 11G0),)
() )=

that is, 0((3/9¢")) = p;.
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Similarly,
e-od(G5), 16) ) oo
api op; o) ax’ ),
Therefore
0 = p;dq‘. (8.6)
This expression shows that 6 is differentiable; that is, 0 is a 1-form on T*M, called

the fundamental 1-form of T*M.

Exercise 8.2 Show that, for f € C*°(M),

*<w>_Mﬂﬂ
™l — | = =~
dx! aq'

If M| and M are two differentiable manifolds and v : M| — M5 is a diffeomor-
phism, we define  : T*M; — T*M, by

V) =apo (), fora,ecT (M. (8.7)

Denoting by m, the projection from 7*M, on M, and similarly for 7, since
(1//_1)*1“},) maps Ty (p)M> onto T, My, we have

m(V(ap) =¥ (p) =¥ (mi(ap)), fora,eT, (M),
that is,

moy =Y omy. (8.8)

Exercise 8.3 Show that if_ /3E _M] — M> and vrp : M>» — M3 are two diffeomor-
phisms, then (Y2 o Y1) = ¥5 0 ¥ry.

Theorem 8.4 Let ¢ : My — M be a diffeomorphism and let 61 and 6, be the
fundamental 1-forms of T* M, and T* M, respectively; then 61 = 1//*92.

Proof Taking v € Ty, (T* M) and applying the chain rule to (8.8), we have

HZ*W(QP)(J*QPU) = 1p*rm(az,,)(ﬂbkotpv) = 1ﬁ*p(ﬂbkocl,, v), (8.9)

hence, using the definition (2.28) of the pullback, (8.4), (8.9), (8.7), and the chain
rule, (1.25),

V02, () = 0550 ) Vs, V)
= E(ap) [”2:@(%) (E*a,, U)]
= W(Olp) [w*p(ﬂl*ap U)]
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= (opo (wil)*y/(p))[w*}’(m*% v)]
= (ap o (W‘l ° 1ﬂ)>,<p)(7'[1>|<otpv)
:O(p(ﬂl*oepv) :Gla,,(v)»

thatis, 6, = ¥ 65. O

The foregoing theorem can also be proved making use of the local expression
(8.6). Denoting by ¢', p; and ¢, p! the coordinates induced on 7*M, and T*M,
by systems of coordinates x’ and x" on M| and My, respectively, making use of the
definition of the pullback of a function, (1.8), together with (8.2), (8.7), and (1.24),
we have for o), € TI;“MI

. _ _ 9
W p)(ep) :p,‘(tﬁ(ap)):w(ap)((W) )
XSy (p)

= (ap o (W_l)*w(p))(<%>¢(p)>

“ol(), , 0o )

dxk oy
= | P
* v (p)
that is,
— Axk oy
v p] =m*<w*7axfip P (8.10)

hence, using (8.6), (8.8), and (8.10),
V0= (pjdg") = p)d(¥ m*x") = @ p))d(m*yrx")

— . 9 /io
- @ pm (de’)

dx!

ko -1 /io
=7T1*<1ﬁ*a(x vHaG" o y)

or ™ )Pkdql = (m1*8/) prdg’ = 61.

If ¢; is a flow on M, then according to Exercise 8.3, ¢; o 95 = ¢; 0 @5 = Qr++;
therefore, @ is a flow on T*M with 7 o 9; = ¢; o . From this relation it follows
that if X and X are the infinitesimal generators of ¢; and ¢y, respectively, then

TeayXay =Xp, p€TiM, (8.11)

that is, X and X are 7 -related (see Exercise 2.8).
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8.2 Hamiltonian Vector Fields and the Poisson Bracket

The exterior derivative of the fundamental 1-form of 7*M is called the fundamental
2-form of T*M; from (8.6) we obtain the local expression

do =dp; ndq', (8.12)

in terms of the coordinates ¢, p; induced by a chart of coordinates on M. The
fundamental 2-form of 7*M induces an identification between differentiable vector
fields and 1-forms on 7* M, associating to each vector field X € X(7* M) the 1-form
X_/do.

If the vector field X is locally given by X = A'(8/3q") + B; (3/dp;), then

X1do =XI(dp; ndg') = (XJdp;)dg' — (XIdg') dp;
= B;dg' — Al dp;. (8.13)

From this expression one concludes that the map from X(7*M) into ANT*M),
given by X > X_/d@, is C°°(T*M)-linear, one-to-one, and onto.

If X is a vector field on T*M, we say that X is Hamiltonian if the 1-form X_d6
is exact; that is, X is a Hamiltonian vector field if there exists some real-valued
function f € C°°(T*M) such that

X 1do = —df (8.14)

(the minus sign is introduced for convenience); X is locally Hamiltonian if X1d@ is
closed. Since every exact differential form is closed, all Hamiltonian vector fields are
locally Hamiltonian. In order to emphasize the difference between the Hamiltonian
vector fields and the locally Hamiltonian ones, the former are also called globally
Hamiltonian.

Lemma 8.5 Let X be a vector field on T*M. X is locally Hamiltonian if and only
if £xd6 = 0.

Proof The conclusion follows from the identity (3.39) and the fact that d*> =0

£x d0 =X1d(d9) + d(X1do) = d(X1do). |

This result means that if ¢, is the flow generated by a vector field X on 7*M, then
@;(df) = d6 if and only if X is locally Hamiltonian. Any map v : T*M; — T*M;
such that {*(df,) = d6 is referred to as a canonical transformation or symplec-
tomorphism. Hence, X € X(T*M) is locally Hamiltonian, if and only if it is the
infinitesimal generator of a local one-parameter group of canonical transformations.

According to Theorem 8.4, any diffeomorphism ¢ : M| — M> gives rise to a
canonical transformation v/, which satisfies the stronger condition 6; = E*Gz.

Exercise 8.6 Show that the set of canonical transformations of 7*M onto itself
forms a group with the operation of composition.
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Theorem 8.7 The locally Hamiltonian vector fields form a Lie subalgebra of
X(T*M). The Lie bracket of two locally Hamiltonian vector fields is globally Hamil-
tfonian.

Proof Let X and Y be locally Hamiltonian vector fields; using Lemma 8.5, we have
£.x4pyd0 = afx dd +b£ydd =0, fora,belR,

therefore aX + bY is locally Hamiltonian. Furthermore, since [X, Y] = £xY, using
(2.27), (2.44), Lemma 8.5, and (3.39), we have
[X,Y]Jdo = (£xY)Jdo
=£x(YJdo) — Y I£x do
= £x(YJdo)
= XJd(YJdo) + d(XJ (Y d@))

= d(XJ(YJd9)). (8.15)
0

With each differentiable function f € C°°(T*M) there exists an associated
Hamiltonian vector field, Xq4 7, defined by

Xyrldo = —df, (8.16)

From the local expression (1.52), d f = (3f/dq")dq’ + (3f/dp;)dp;, and (8.13), it
follows that

Xyr=——— — —. 8.17
¢ dp; dq'  dq' dp; (8.17)

The set of the globally Hamiltonian vector fields is a Lie subalgebra of the Lie al-
gebra of locally Hamiltonian fields; in fact, if Xq s and Xgy, are two globally Hamil-
tonian vector fields, any linear combination of them, aX4r + bXgq,, and their Lie
bracket, [Xqr, Xqg], are also globally Hamiltonian since

(ade + bng)J do = adeJ do + bngJ do

=—adf —bdg=—d(af +bg), fora,beR,
and from (8.15) and (8.16),

[Xaf, XaglJdo = d(XarJ (XqgSdO))
= —d(XqyJdg)
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Definition 8.8 Let f, g € C°(T*M); the Poisson bracket of f and g, denoted by
{f, g}, is defined by

{f. g} =Xarsg. (8.19)
By virtue of (8.16) and the definition (8.19), the relation (8.18) is equivalent to

[Xar, Xag] = Xai 1,6 (8.20)
From (8.17) and (8.19) one finds that the Poisson bracket is locally given by

af 9g  of 0
{f,g}:—f—g.——f.—g. (8.21)
dp; dq*  0dq' dp;

Exercise 8.9 Show that ¢ : T*M; — T*M, is a canonical transformation if and
only if y*{f, g} ={¥™ f, ¥ g}, for f, g € C(T*M>).

Theorem 8.10 The space C°°(T*M) is a Lie algebra over R with the Poisson
bracket.

Proof Let f,g € C*(T*M), from (8.19) and (8.16) it follows that the Poisson
bracket of f and g is given by

{f. g} =Xarg=Xarldg =—Xqr)(Xgeldo) =2d0(Xqr, Xqy)- (8.22)

From this expression it is clear that the Poisson bracket is skew-symmetric and
bilinear. Furthermore, for f, g, h € C*°(T*M), from (8.19) and (8.20) we have

{{f. g}, h} =Xagf.90h = [Xay. Xaglh
= XarXagh) — Xag(Xarh) =Xarlg, h} — Xag{ f, h)
={f.{e.n}} —{g. (S 1}
=—{{g. ), £} = {{n. f}. ¢} O

Exercise 8.11 Making use of (8.19), (8.20), (8.22), (3.31), and the fact that the
fundamental 2-form is closed, show that the Poisson bracket satisfies the Jacobi
identity.

From the foregoing results we conclude that the map f > Xqy, from C*°(T*M)
into X(T*M) is a homomorphism of Lie algebras whose kernel is formed by the
constant functions.

The fundamental 2-form of 7*M is analogous to a Riemannian metric in the
sense that both are non-singular tensor fields of type (g), with the only difference
that a 2-form is skew-symmetric, while a Riemannian metric is symmetric. The
globally Hamiltonian vector field Xq 7 is analogous to the gradient of a function f
[compare (6.7) with (8.16)], and for this reason the vector field Xg ¢ is also denoted
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by sgrad f. In the same way, according to Lemma 8.5, the locally Hamiltonian vec-
tor fields are the analog of the Killing vector fields. Another difference comes from
the fact that, while the gradient of a function f is orthogonal to the level surfaces
of f, X4y is tangent to these surfaces (Xq7 f = 0).

The Canonical Lift of a Vector Field to the Cotangent Bundle As shown at
the end of the preceding section (p. 204), any vector field X € X (M) gives rise to a
vector field, X, on T*M, which will be called the canonical lift of X to T*M. The
vector field X is globally Hamiltonian; in effect, if @; is the flow generated by X,
according to Theorem 8.4 we have @;*60 = 6 and, therefore, the Lie derivative of 6
with respect to X is zero. On the other hand, £50 = X do + d(XJ6); hence

X do = —d(XJ9), (8.23)

which shows that, indeed, X is globally Hamiltonian [cf. (8.14)].
We shall denote by fx the function of 7*M in R appearing on the right-hand
side of (8.23), that is,

fx =XJ6. (8.24)

Then from the definition of 6 and (8.11) we have

fx(ap) = X0)(@p) = bn,(Xe,) = (@p 0 Tsa,) Xa,
= ap(Tua, Xa,) =p(X,), fora, e TyM. (8.25)

Hence, if X € X(M) is locally given by X = X’(8/dx"), and using (8.2) we obtain

; ad
fX(ap) =0up (Xl(p)(ﬁ)p

= pi(ap) X' (m(ap)) = pi (X" o) ](ep),

) = pi(ep) X' (p)

that is,
fx=pi(X on) = pi(n*X’), (8.26)

which shows that, in terms of a coordinate system (ql, ..»q", p1,..., pp) induced
by a coordinate system on M, fx is a homogeneous function of degree 1 in the p;
(the w* X" are functions of the ¢/ only).

Exercise 8.12 Show that if X € X(M) is locally given by X = X'(3/8x"), then

- 0 aX/\ 8
X=(n"X")— —pjn* _ | —, (8.27)
aq’ / ax' ) op;

where (¢!,...,q", p1,..., pn) is the coordinate system on T*M induced by the
coordinates (xl, .., x)on M.
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Exercise 8.13 Show that a vector field X on 7* M satisfies £x6 = 0 only if X is the
canonical lift of some vector field on M.

Exercise 8.14 Show that if X = (3/dx), then fx = p; and X = (3/dq'). (In the
case where M = E3 and the x' are Cartesian coordinates, 9 / dx! is the infinitesimal
generator of translations in the x/ direction.)

Exercise 8.15 Show that if X = x*(3/dx’) —x/(8/9x%), then fx = ¢* p; —q' px and
X =qg*(/3q") — 4" (8/3g%) + pr(3/3p1) — pi1(3/dpy). (In the case where M =3
and the x’ are Cartesian coordinates, x¥(9/9x!) — x!(8/9x¥) is the infinitesimal
generator of rotations in the x*—x/ plane; see Example 7.58.)

Let X and Y be vector fields on M and let X and Y be their canonical lifts to
T*M. Since X and Y are m-related to X and Y, respectively [see (8.11)], the Lie
bracket [X, ?] is m-related with [X, Y] (see Sect. 1.3); therefore, for a) € T;‘M ,
making use of (8.25), we have

fxyi(ep) = a,p (X, Y1,) = ap (T, [X, ?]ap)
= 6u, (X, Y1, ) = (X, Y1J0) (etp),
ie.,
fxy) =X, Y1J6. (8.28)

An alternative expression for the function f{x yj is obtained as follows, using the
properties of the Lie derivative (2.27) and (2.44), and using £56 = 0. From (8.28)
we have

fixy) =X, Y10 = (£5Y)J0 = £5(YJ0) — Y £g0
= £x(YJ0) =£5 fy =X fy. (8.29)

On the other hand, comparing (8.16) and (8.23) one finds that X is the Hamiltonian
vector field corresponding to the function fx; hence, according to (8.19), X fy =
{fx, fy}, so that (8.29) amounts to

fxoyr = U, fy}, (8.30)

which together with (8.25) means that the map X — fx from X (M) into C*(T*M)
is a Lie algebra homomorphism.
Furthermore, from (8.23) and (8.24) we have

[X, Y]Jdo = —d([X, YIJ6) = —d fix,v] (8.31)

and, since X is the Hamiltonian vector field corresponding to fx, from (8.18) and
(8.29) it follows that

X, Y]Jdo = —dX fy) = —d fix,v]. (8.32)



210 8 Hamiltonian Classical Mechanics

Comparing (8.31) and (8.32), and using the fact that df is non-singular, we conclude
that

X, Y]=[X,Y], (8.33)

which implies that the map X — X is also a Lie algebra homomorphism.

Exercise 8.16 Prove (8.30) and (8.33), making use of the explicit local expressions
(8.21), (8.26), and (8.27).

Symplectic Manifolds The cotangent bundle of a differentiable manifold is an
example of a symplectic manifold. A symplectic manifold is a differentiable man-
ifold M endowed with a closed nondegenerate 2-form w; that is, dw = 0 and for
each p e M, v, Jw, =0 implies v, = 0. The 2-form w is called a symplectic form
and it is said that it defines a symplectic structure on M. In the case of the cotangent
bundle of a manifold, the fundamental 2-form dé is a symplectic form that is not
only closed, but exact.

In any symplectic manifold one can define the notion of a Hamiltonian vector
field and the Poisson bracket by simply substituting into (8.16) and (8.22) the cor-
responding symplectic form w in place of df. The fact that w is nondegenerate
requires that the dimension of a symplectic manifold be even, and the Darboux The-
orem ensures that in a neighborhood of any point of a symplectic manifold there is
a coordinate system (ql, ...»q", p1,..., pn), such that

w=dp; Adg' (8.34)

[cf. (8.12)] (see, e.g., Crampin and Pirani 1986; Woodhouse 1997; Berndt 2001).
Any local coordinate system (g, p;) in which the symplectic form  has the ex-
pression (8.34) is called a canonical coordinate system. A symplectic manifold pos-
sesses an infinite number of local canonical coordinate systems. A (passive) canoni-
cal transformation is a coordinate transformation that relates two systems of canon-
ical coordinates. According to (8.12), the coordinates defined on T*M by (8.5),
induced by any coordinate system (xl, ...,x™) on M, are canonical, considering
T*M as a symplectic manifold with the symplectic structure given by the funda-
mental 2-form; however, there is an infinite number of canonical coordinate systems
that are not obtained in this manner (see Examples 8.17, 8.20, and 8.34 below).

Example 8.17 A simple well-known example of a canonical transformation is given
by

p=+/2mwoP cos Q,

p (8.35)
q= —— sin Qv
mawgo
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where m and wq are constants. One readily verifies that
1
dp Adg = 2(—P1/2 sinQdQ + EP_I/Z cos Q dP)

1
A (Pl/zcostQ + EP_I/ZsinQdP>
=dP AdQ,

which means that (8.35) is a canonical transformation. (This canonical transfor-
mation is useful in connection with the problem of a one-dimensional harmonic
oscillator.)

Example 8.18 The area element of the sphere S? = {(x, y,2) € R3 | x% +
y> + z2 =1} is (locally) given in terms of the usual spherical coordinates by
sinf dd A d¢. This 2-form is closed (any 3-form on S? is equal to zero) and, as
can readily be seen, non-singular. With this 2-form, S? is a symplectic manifold in
such a way that all the rotations about the origin in R? are symplectomorphisms.
Since sinfdf A d¢ = d¢ A dcos, the functions p; = ¢ and ¢' = cos6 form a
local canonical coordinate system for this symplectic manifold. By contrast with
the canonical 2-form of a cotangent bundle, the area element of S? is not exact.

8.3 The Phase Space and the Hamilton Equations

Now we will consider a mechanical system whose configuration space is a differ-
entiable manifold, M, of finite dimension (that is, we are considering a mechanical
system with a finite number of degrees of freedom, without constraints or with holo-
nomic constraints). According to Newton’s laws, the configuration of the system at
some instant is not enough to determine its configuration at some other instant;
however, usually, the evolution of the system is fixed by the configuration and the
momentum of the system at some instant.

The momentum of the system corresponds to a covector «,, at the point p of M
that represents the configuration of the system at that instant; therefore, each point
of T*M determines a state of the system. When M is a configuration space, T*M is
called the phase space. If a), € T;,“M represents the state of the system, there exists
a unique curve in 7*M passing through o, describing the evolution of the state of
the system.

If the external conditions of the system do not vary with time, we define a map
¢; : T*M — T*M by the condition that ¢;(«,) be the state of the system a time
t after the system was at the state o,. Then, ¢, o ¢, = @1, © ¢y = @141, and
@o is the identity mapping. It will be assumed that the ¢; form a one-parameter
group of diffeomorphisms whose infinitesimal generator is a Hamiltonian vector
field Xqy, where H € C*°(T*M) is called the Hamiltonian of the system. Hence,
the curves in the phase space T*M that represent the evolution of the system are
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the integral curves of Xqg and each ¢; is an active canonical transformation, that is,
;" (dd) = db. From (8.17) we have

X - —

R P PO VO

and therefore the integral curves of Xqg are given by the equations [see (2.4)]
dg'  9H dpi  0H

dt  ap;i’ dt — dqi’

(8.36)

which are known as the Hamilton equations. (As in previous cases, by abuse of
notation, we have written ¢’ and p; instead of ¢’ o C and p; o C, respectively.)

Usually, the configuration space of a mechanical system is a Riemannian man-
ifold, with a metric tensor related to the kinetic energy. In many cases, the config-
uration space is a submanifold of a product of Euclidean spaces, and its metric is
induced by the usual metric of the Euclidean space. For instance, the configuration
space of the system formed by two point particles of masses m| and m, free to move
in the Euclidean plane is E? x E2, and the metric

g=mi(dx ®dx +dy ® dy) + my(dx ® dx + dy ® dy), (8.37)

where (x,y) and (x, y) are Cartesian coordinates of m| and mj, respectively, is
such that Ex = % g(C/, C)) is the kinetic energy of the system if C is the curve in
M such that C(¢) is the configuration of the system at time ¢.

In the case of a system formed by a block of mass m sliding under the influence
of gravity on a wedge of mass m, that lies on a horizontal table, with both blocks
restricted to movement in a vertical plane, the configuration space, M, can be viewed
as the two-dimensional submanifold of E? x E? defined by y—(x —x)tan6 =0, and
y = 0, where 6 is the angle of the wedge, (x, y) and (¥, y) are Cartesian coordinates
of the block and the wedge, respectively (see Fig. 8.1). More precisely, if i : M —
E? x E2 denotes the inclusion map, then we have i*(y — (x — X)tanf) = 0 and
i*¥ = 0. Defining the coordinates (x', x*) on M by

we have i*y = (x' —x2)tan6 and i*§ = 0. Thus, the metric induced on M by (8.37)
is given locally by

i*g=i"[m(dx @ dx +dy ® dy) + m(dx ® dX +dy ® dy)]
=m[dx' ® dx' +tan? 6 (dx' — dx?) ® (dx' — dx?)]
+mydx? @ dx?, (8.38)

so that the kinetic energy of this mechanical system is Ex = %(i* 2)(C;, C}), where
C is the curve in M such that C(¢) represents the configuration of the system at
time 7.
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my

Fig. 8.1 The block can slide on the wedge-shaped block, which lies on a horizontal surface

In many elementary examples, the Hamiltonian function corresponds to the total
energy (but not always) and is given by H = %(n*gij)pi pj +m*V, where (g") is
the inverse of the matrix (g;;) formed by the components of the metric tensor of M
with respect to a coordinate system (x!, ..., x") [see, e.g., (8.38)]. The p; are part
of the coordinates on 7*M induced by the x', and V is some real-valued function
defined on M, which corresponds to the potential energy. The standard procedure
to find a Hamiltonian makes use of a Lagrangian, which can readily be constructed
provided that the forces are derivable from a potential. Alternatively, a Hamiltonian
can be proposed starting from the equations of motion (see Sect. 8.7).

Example 8.19 The cotangent bundle of a manifold may have various symplectic
forms, apart from the fundamental 2-form (8.12). In fact, the interaction of a charged
particle with a static magnetic field can be accounted for by making use of a suit-
able symplectic form on the cotangent bundle of the configuration space. We shall
consider a point particle of mass m and electric charge e in the three-dimensional
Euclidean space, in the presence of a static magnetic field, which is represented by
a vector field B on E3. If 7 is a volume element on E3, the 2-form B 7 is closed
because the divergence of B vanishes, according to the basic equations of electro-
magnetism [see (6.107)]. Hence, the 2-form

w=do + S BIn), (8.39)
C

where 6 is the fundamental 1-form of T*E? and c is the speed of light in vacuum,

is closed and, as can readily be verified, is always nondegenerate; therefore, w is a

symplectic 2-form. (The magnetic field is a pseudovector field; B is multiplied by a

factor —1 when the orientation is reversed, so that the last term in (8.39) does not

depend on which one of the two volume forms, or orientations, of E3 one chooses.)
Making use of the local expressions (8.6) and (6.102) we have

w=dp; Adg + 21;71*(3& [det(gi;) exij) dg' A dg?; (8.40)

hence, for any f € C®°(T*E?) the Hamiltonian vector field Xq 7 1s given locally by

af ad af 9d af o
dez—f—.——f.——En*(Bk,/det(gij)Ekij)—f— (8.41)
dpi dq¢'  9q' dpi ¢ dpi Ip;
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and the Poisson bracket has the expression

of 0 Of 0g e . . ——  Of dg
{f’g}za_p-—i_—'—-__n*(B det(gij)skij)a—pia

[cf. (8.17) and (8.21)].

Since d(BJ n) = 0, there exists, at least locally, a 1-form, «, on [E3, such that
B_n =da. Writing o = A; dx!, where the A; are some real-valued functions defined
on 3, locally, we have

w=dp; Adg' + 7% (dA; Adx') = d(pi + En*A,) Adg',
C C

which shows that (¢°, p; + %n*A,-) are canonical coordinates. The 1-form « is not
uniquely defined by B; if we define o' = « + d&, where £ is an arbitrary (dif-
ferentiable) real-valued function, we have do’ = d(o + d§) = da, and therefore,
BJ7n =do = da’. Hence, if we write o’ = A’ dx’, it follows that ¢', p; + %n*Ag is
another system of canonical coordinates. (It is said that o’ and « are related to each
other by a gauge transformation.)

Thus, in the case of the interaction with a magnetic field, we can employ the
coordinates ¢, p; appearing in the equations above, which are not canonical (see
Example 8.30, below), or we can make use of the coordinates qi, P;, with P; = p; +
¢m*A;, which are canonical but depend on the choice of the vector potential A;. It
should be clear, however, that we are dealing with just one symplectic structure,
which can be expressed in terms of various coordinate systems [cf. Woodhouse
(1997, Sect. 2.6)].

The Hamiltonian function is given by

1 »

H = E(ﬂ*glj)pipj, (8.42)
as in the case of a free particle. Assuming that the x’ are Cartesian coordinates on
[E3 (thus, gij = mdjj), substituting (8.42) into (8.41) one obtains

1 d e 0

. 1 .
Xag = —8 pj— — —(n*B"erij — 8" pr—,
dH m Pj dq C( ) kz}m plapj

and therefore the integral curves of Xqg are given by

dg' 1 .. dp; e 1.
? = ZSUPJ', dtl Z_E(ﬂ*Bk)gk]lzgllpl

which are equivalent to the elementary expression of the Lorentz force, dp/dt =
(e/c)v x B, with p =myv.

Example 8.20 As pointed out in Example 8.19, the interaction of a charged particle
with a magnetic field can be accounted for by means of the symplectic 2-form w =
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dé + (e/c) m*(BIn) on T*M, where e is the electric charge of the particle. In the
case where the particle is moving in the three-dimensional Euclidean space in the
presence of a uniform magnetic field B = B (9/dx3), where the x! are Cartesian
coordinates and B is a constant,

eB
w=dp; Adg' +dpr Adg® +dp3 /\dq3—|-7dql/\dq2

—d B 2\ Ado! 4 d B 1\ Ado? 4 dps Adg
=d\ =54 Adg + pz+§q Adg”+dp3 Adg.

Hence, (¢!, 4%, ¢, p1 — %q% P2+ %ql, p3) is a system of canonical coordinates.

A straightforward computation shows that the coordinates (g”, p;) defined by

c
'=q"+4% F=—=l-p). =4".
eB
eB 2 eB 1 eB 2 1 /
pL—5od= o1 =5-d"=d").  p=p,
are also canonical, i.e., w = dp} A dg’". In terms of these coordinates, the Hamilto-
nian (8.42) takes the form

1 / /
§(P1 + py), P2+

eB

1 m 2 2 1
H=—1(p 2, =7 /1 () 2_
2m (p)” + 2 (mc) (q ) + 2m (P3)

The first two terms on the right-hand side of this last expression constitute the
usual Hamiltonian of a one-dimensional harmonic oscillator (of angular frequency
eB/mc) and, since the canonical coordinates g2, p5, and g’ 3 do not appear in H

(i.e., are ignorable or cyclic variables), p}, ¢"*, and p); are constants of motion [see
(8.36)].

If f is a differentiable real-valued function defined on 7*M, the rate of change
of f along a curve C followed by the system in its time evolution is given by

d
a(f 0oCO)|  =Cylfl1=Xan)caylf1=Xanu [)(C (1))

1=ty
= {H, f}(C(10)). (8.43)

Hence, f is a constant of motion if and only if {H, f} = 0. The Hamiltonian H is a
constant of motion since {H, H} =0.

If f and g are both constants of motion, it is clear that {H, af + bg} = 0 for
a, b € R. By virtue of the Jacobi identity, we have, in addition,

{Hv {fvg}}:_{f7 {g’H}}_{g’{Hv f}}:O,

hence the set of constants of motion is a Lie subalgebra of C°°(T*M).



216 8 Hamiltonian Classical Mechanics

Constants of Motion and Symmetries If f € C°°(T*M) is a constant of motion,
then H is invariant under the (possibly local) one-parameter group of canonical
transformations generated by Xq s since

£x, H=XarH = (f, Hy=—(H, f} =0. (8.44)

Conversely, if H is invariant under a one-parameter group of canonical transforma-
tions then there exists, locally, a constant of motion associated with this symmetry.
In effect, if X is the infinitesimal generator of a one-parameter group of canonical
transformations, then d(£x6) = £x d9 = 0; hence, there exists locally a real-valued
function (defined up to an additive constant), F', such that

£x6 =dF,

that is, XJ d@ + d(XJ 0) = dF or, equivalently, X d6 = —d(X1 6 — F), which
explicitly shows that X is locally Hamiltonian [see (8.16)] and that it corresponds to
the function

x=X16 — F,

which is a constant of motion, as follows from 0 = XH = {x, H} = —{H, x} =
—Xa# x - The function F' can be chosen equal to zero if and only if X is the canonical
lift of a vector field on M (see Exercise 8.13) and in that case the expression for
the function y reduces to (8.24). (Here we are restricting ourselves to constants of
motion that do not depend explicitly on the time; the most general case is considered
in Sect. 8.7.)

Example 8.21 Let us consider a system formed by two point particles of masses m1
and m» in the three-dimensional Euclidean space, whose positions are represented
by the vectors r; = (x!, x2,x3) and ry = (x*, x7, x%). The configuration space for
this system has dimension six and can be identified with R? x R3. Denoting by
(q',...,4% p1,..., ps) the coordinates on T*M induced by (x',...,x%) in the
form defined in Sect. 8.1, the Hamiltonian has the expression

3 6
1 . 1 1
H=—- *ol) i P V=— )2 e )2 V’ 8.45
2(77 g )pipj + 2y ;:1(171) + s ;:4(191) + (8.45)

where (g'/) is the inverse of the matrix (g; ;) formed by the components of the metric
tensor of M with respect to the coordinate system (x ', ..., x%) [cf. (8.37)] and V is
the potential energy of the system.

If the particles do not interact with objects external to the system, in the absence
of velocity-dependent forces (such as the magnetic force), V must be a function
of |[r; — r2| only (more precisely, V = v(r), where v is a real-valued function of a
single variable and r = [(q4 — ql)2 + (q5 — qz)z + (q6 — q3)2] 1/2 is the distance be-
tween the particles). This means, for instance, that the Hamiltonian function (8.45)
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is invariant under the simultaneous translations of the particles in the x-direction,
that is, H is invariant under the one-parameter group of transformations

it =q'+1, @it =q"+1,
ofq' =q', ifi#1,4,  ¢'pi=pi

as can readily be verified. Clearly, this is a one-parameter group of canonical
transformations (in fact, ¢;* dg’ = dq’, ¢;*dp; = dp;) and its infinitesimal gen-
erator is 9/dq' 4+ 9/d¢*, which is globally Hamiltonian, (3/d¢' + 8/9¢*)Jdo =
—d(p1 + p4). Therefore p; + p4 is a constant of motion, which is associated with
the invariance of H under translations in the x direction and corresponds to the x
component of the linear momentum of the system (in fact, (3/dg' +8/9g*) H = 0).
In a similar way, p> + ps and p3 + pe are constants of motion that represent the y
and z components of the fotal linear momentum, respectively.

Since the distance between the two particles, |r, — ry], is also invariant under
rotations of the system, it is to be expected that there exist constants of motion
associated with this symmetry; however, in order to find a constant of motion it is
necessary that H be invariant under a one-parameter group of transformations acting
on the phase space and that these transformations be canonical. The infinitesimal
generators of the rotations about the x, y, and z axes in the configuration space are

3
9 LD .
x,:zgijk<xfﬁ+xf+3axk+3>, i=1,2,3. (8.46)
k=1

The canonical lifts X; to 7*M of the vector fields (8.46) are given by

s 9 9 s 9 9
Xi=) ejpld' —+a' P —= |+ _an|pi—+p;
i ]; zjk(q qu q 8qk+3 ]2:; ijk\ Pj O Pj+3 Pres
(see Exercises 8.12 and 8.15). As shown in Sect. 8.2, these vector fields are globally
Hamiltonian and correspond to the functions [see (8.26) and (8.46)]

3

L= ZSijk(quk +q¢'Pprys), i=1,2,3.
k=1

One can readily verify that, in effect, YiH =0, and therefore the functions L; are
constants of motion, which represent the Cartesian components of the foral angular
momentum. (Further examples are given in Sects. 8.4-8.6.)

Exercise 8.22 Consider the system formed by a block and a wedge discussed at the
beginning of this section (p. 212). Assuming that the potential energy is given by
V =i*(m1gy), where g is the acceleration of gravity, show that the Hamiltonian is
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given by

_ ma(p1)* + mi[(p2)? + tan? 0 (p1 + p2)?]

H
2mi[my + (my + my) tan? 0]

+mig tam@(q1 —qz).

Show that the canonical lift of 3/dx! +3/9x? is the infinitesimal generator of a one-
parameter group of canonical transformations that leave the Hamiltonian invariant,
and find the corresponding constant of motion. (Note that the one-parameter group
of diffeomorphisms generated by 3/dx' + 8/dx? corresponds to translations of the
mechanical system as a whole.) Show that (mq' + mag?)m g tan@ + %[([91)2 -
( p2)2] is a constant of motion, but that it is not associated with the canonical lift of
a vector field on M (and therefore, it corresponds to a so-called hidden symmetry;
see also Sect. 8.5).

8.4 Geodesics, the Fermat Principle, and Geometrical Optics

If M 1s a Riemannian manifold, one can consider the Hamiltonian function
H(ap) = %(apkxp) [see (6.10)]. In terms of the coordinates (g*, p;) of T*M, in-
duced by a coordinate system x’ on M, this Hamiltonian has the local expression

1 y

where (g'/) is the inverse of the matrix (g; ;) formed by the components of the
metric tensor of M with respect to the natural basis induced by the coordinates x’
(hence, H is a differentiable function). There exist several examples where there
appear Hamiltonians of this form. In the theory of relativity (special or general),
if M represents the space—time, the Hamiltonian function (8.47) corresponds to a
particle subject to the gravitational field (represented by the metric tensor g). Other
important examples, to be considered below, are those of a free rigid body (see
Sect. 8.6), geometrical optics, and the Jacobi principle. Since the Hamiltonian (8.47)
is defined starting from the metric tensor, it is to be expected that it shows a simple
behavior under an isometry.

Theorem 8.23 Let M be a Riemannian manifold and let H € C°°(T* M) be defined
by H(ap) = %(ap|otp); then the diffeomorphism v : M — M is an isometry if and
only if E*H =H.

Proof Let g = g;j dx’ ® dx/ be the metric tensor of M and let g’ = v/ *g; then
g dx @ dv) = (¥ g (') ® d(yx)
dxi o) d(x/ o)

k l
dxk dx! dx" ® dx’,

= (V*gij)
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which amounts to the relation
oM d(x" o) d(x! o)
axk ax! '

Using (8.47), (8.8), (8.10), and (8.48) we have

yrg =

(8.48)

ok 1 A AY R 7 %
v H= 5((7T0W) g/)W p)W*p))

1 . a(xk oyt dxl o1
:En*[(w*g”)<w*7(xax:f/ )>(‘Vk (xax:f )>]Pkpz

1
=5 (@) pepr,

which coincides with H if and only if ¢’ = g, that is, ¥ *g = g. |

If X € X(M) is a Killing vector field, X is the infinitesimal generator of a local
one-parameter group of isometries ¢; of M; according to Theorems 8.4 and 8.23, the
transformations @; are canonical and leave invariant the Hamiltonian (8.47), which
is equivalent to the existence of a constant of motion associated with the vector field
X. Since the infinitesimal generator of ¢; is the Hamiltonian vector field associated
with the function fx [see (8.23) and (8.24)], the function fx = X8 (or, in local
form, fx = (7*X")p;, where the X' are the components of X) is a constant of
motion.

Exercise 8.24 Show that, conversely, if X € X(M) and fx = X /6 is a constant of
motion for the system with Hamiltonian (8.47), then X is a Killing vector field.

Exercise 8.25 Show that the Hamilton equations corresponding to the Hamiltonian
(8.47) yield the geodesic equations (more precisely: the projection on M of the
integral curves of Xqp are the geodesics of M) and that if X is a Killing vector
field, the value of fx along an integral curve of Xgqy coincides with the value of
g(X, C") on the corresponding geodesic C (see Theorem 6.28).

Jacobi’s Principle Many of the examples considered in classical mechanics cor-
respond to Hamiltonian functions of the form

1 ..
H= E(Tr*g”)pipj +*V, (8.49)

in terms of the coordinates (¢’, p;) on T*M, induced by a coordinate system x! on
the configuration space M, where (g'/) is the inverse of the matrix formed by the
components of a metric tensor on M, and V is a function of M in R (this means that
the potential energy only depends on the configuration). The Jacobi principle states
that the orbits followed in M are the geodesics of the metric (E — V)g;; dx! ® dx/,
where E is the (constant) value of H determined by the initial conditions.
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In effect, assuming that dH |g—g # 0, we define the auxiliary Hamiltonian

H—7*V

h=—,
E—n*V

(8.50)

and we find that dh = (E — 7*V)"2[(E — n*V)dH + (H — E)dn*V]; therefore,
dhlg—g = (E — n*V)"'dH|y—g, and then we have Xyy|g—r =
(E — 7*V)Xan|g=E. Thus, at the points of the submanifold H = E, the vector
fields Xqgy and Xg;, are collinear, and therefore their integral curves differ only in
the parametrization. (Note that H = E amounts to 4 = 1.) Whereas the integral
curves of Xyy are parameterized by the time, ¢, the parameter of the integral curves
of Xy, is another variable, 7, which is related to ¢ as follows. If C is an integral
curve of Xgg on the hypersurface H = E, then t = [ (¢) with

U E—a'vyoc
- = — 7T [¢]
dr

[cf. (2.14)]. Indeed, the curve o (1) = C(I ' (7)) is a reparametrization of C that is
an integral curve of Xy, since, for f € C*°(T*M),

Xan (0 (1)) = [ﬁxdsz](c(rl(r)))

E
B 1 d(foC)
(E—m*V)(CUI 1 (r)) dr I-1(r)
B 1 d(foool)
(d[/d[)|]—1(.[) dr I-1(7)
B 1 d(foo)dl _d(foo)
T @A)y dT dt g, dr
From (8.49) and (8.50) we obtain the equivalent expression
1 gl
h= 5”*(m>l’il’f (8.51)

[cf. (8.47)], whose orbits in the configuration space are the geodesics corresponding
to the metric (E — V)g;; dx! ® dx/ (see Exercise 8.25).

Combining the foregoing result with the findings at the end of Sect. 6.2
(pp- 140-141) we conclude that the orbits in the configuration space of a system
with a Hamiltonian function of the form (8.49) correspond to the intersections of
the hypersurfaces b¥ = const, where b* = W /day and W is a complete solution of

gy AW aw
E —V 9xt ox/J

= const
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which depends on the parameters ay [cf. (6.73)]. This equation amounts to

oW oW
Y——— =const(E —V) (8.52)
oxt ox/

and, choosing the arbitrary constant appearing in (8.52) as 2, equation (8.52) be-
comes the Hamilton—Jacobi equation for the Hamilton characteristic function, W,

1, OW oW
TRALSLALENE v 8.53
28 axiond T (8.53)

[cf. (8.49)]. (Note that this equation involves quantities defined on M, noton T*M.)

Example 8.26 In terms of the parabolic coordinates (u, v) on E?, defined by x =
u? — v, y = 2uv, with v > 0, where (x, y) are Cartesian coordinates, the usual

metric of the Euclidean plane is given locally by
dx ® dx +dy ® dy = 4(u* + v?)(du ® du + dv ® dv);

therefore, the Hamiltonian function for the two-dimensional Kepler problem, which
corresponds to the potential V = —k/r, where k is a positive constant and r is the
distance from the particle to a fixed center of force (placed at the origin), is

_ipuz'i‘pv2 _ k
2m 42 +v?) w02’

where, by abuse of notation, we are using the same symbols for the coordinates u, v
and for their pullbacks under 7. Thus, equation (8.53) takes the form

1 oW 2+ W\ kg
8m(u? +v2) |\ du dv uz+02

Using the method of separation of variables we look for a complete solution of
the form W = F(u) + G(v) and we obtain (cf. Example 6.33)

dF\? 5
— | —4mk —8mEu” =a,
du

dG\?
(—) —4mk—8mEvZ=—a,
dv

where a is a separation constant. In this problem, the constant £, which represents
the total energy, can be positive, negative, or zero. The simplest case corresponds to
E =0, and we find that

W = V4mk + au + ~/4mk — av;

thus, equating 0 W/da to a constant b, say, we obtain

v

u
_ —b
2 4mk +a  2/4mk —a
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This equation corresponds to a two-parameter family of parabolas with foci at the
origin (the parameters a and b determine the orientation of the axis of the parabola
and its focal distance). The cases E < 0 and E > 0 are dealt with in a similar manner
and, as is well known, one obtains ellipses and hyperbolas, respectively, with one
focus at the origin.

Geometrical Optics The formalism of the Hamiltonian mechanics is applicable
to geometrical optics, in which it is assumed that the light travels along curves (the
light rays). At each point of an isotropic medium, which is assumed to be a Rie-
mannian manifold M (usually the three-dimensional Euclidean space), the speed of
light does not depend on the direction of the ray and is expressed as ¢/n, where c is
the speed of light in vacuum and 7 is a real-valued function defined on M, known
as the refractive index.

Since ¢/ n is the velocity of the light at each point of M, if the curve C : [a, b] —
M represents a light ray, the time spent by the light going from point C(a) to C(b)
along C is

1 [P I
;/ n(C(t))IIC,/Hdt:;/ \/nZ(C(z))g(c/,c;)dt, (8.54)

where g is the metric tensor of M. The variable ¢ appearing in the last integral
does not need to be the time, since the integral (8.54) is invariant under changes of
parameter. This invariance is similar to that of the integral (6.1), which gives the
length of a curve. In fact, comparing (8.54) with (6.1), one finds that the integral in
(8.54) represents the length of C defined by the metric tensor n2g.

According to Fermat’s principle, given two points of M, the path followed by
the light going from one point to the other is that for which the time required is
minimum or a stationary value. This implies that the light rays are the geodesics of
the metric n2g. Hence, the light rays are the projections on M of the integral curves
of Xqx, with the Hamiltonian function, H, locally given by

¢ (g
H= Eﬂ*<i—2)pipj (8.55)

[cf. (8.47) and (8.51); the constant factor ¢ inserted in (8.55) is introduced for later
convenience]. From (8.55) and the Hamilton equations (8.36) one deduces that if o
is an integral curve of X4y,

dg i
e ISAUH (di(t)) :c[n*(i—z)l?j](a(t));

equivalently, if C =m o0, i.e., C is the projection of ¢ on M,

dxi(C ij
% :c(i—z)(C(z‘))pj (o). (8.56)
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Hence, the square of the norm of C ; 1s
ik jl

ICHI? = gi) (C(r>)c2(i—2) (C®) pi(o () (%) (C®)pi(o @)

2 2H(@®))
n2(C (1))

kl
=2 (‘i—4) (C®)) pe(o®)) pi(o (1)) = (8.57)

Since {H, H} =0, H(o(r)) is some constant and if 7 represents the time, ||C, ||
must be c¢/n; therefore, from (8.57) it follows that the constant value of H along
any integral curve of Xqz must be ¢/2 and, therefore,

(7*¢"\pip;j = n*n*. (8.58)

Thus, in order for the integral curves of Xgg to be parameterized by the time,
the only possible value of the Hamiltonian function (8.55) is ¢/2; in other words,
any initial condition and any integral curve of Xgqy must lie on the hypersurface
H=c/2.

The existence of a condition of the form (8.58), which implies that not any point
of T*M is acceptable as an initial condition, is not a unique feature of geometrical
optics; in the theory of relativity (special or general) a particle subject, at most, to
a gravitational field moves along a geodesic of the space—time, which is a pseudo-
Riemannian manifold M. Therefore, we can choose the Hamiltonian function H =
%(n*g’j )pi pj- Then, if the integral curves of Xqp are parameterized by the proper
time of the particle, we have |(*g/) p; pjl= m2
particle [cf. (8.58)].

As we shall show now, the Snell law follows from (8.55). Assuming that M
is the Euclidean space of dimension three, making use of Cartesian coordinates
(x,y,z), the components of the metric tensor are g;; = §;;; then, from (8.55) and
the Hamilton equations it follows that in a region where n is a constant, the light
rays are straight lines. If we assume that the plane z = 0 is the boundary between
two regions with distinct (constant) refractive indices n; and ny; n =nj for z > 0
and n = ny for z < 0 (the function 7 is then discontinuous at z = 0, which can be
avoided, assuming that n changes smoothly from of n; to n1 around z = 0), then the
Hamiltonian function (8.55) does not depend on x nor y, therefore p, and p, are
constants of motion [see (8.36)]. From (8.56) it follows that if a light ray forms an
angle 6 with the z axis then P+ py2 = (p:2 + py2 + pzz) sin? 6 = (7*n?)sin 0,
where we have made use of (8.58). Since px2 + py2 is constant, it follows that

c2, where m is the rest mass of the

ni sin 91 =np sin 92, (8.59)

where 61 and 6; are the angles made by the light ray with the z axis in the regions
z > 0 and z < 0, respectively. The fact that p, and p, are constant implies that the
incident ray, the refracted ray, and the z axis are coplanar. Equation (8.59) is the
usual expression of Snell’s law.
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Making use again of the result of Exercise 6.32, the light rays in a homogeneous
medium can be obtained from a complete solution of the PDE

08 0S8
= = — constn? (8.60)
dax! dxJ
[cf. (6.73) and (8.52)]. If the arbitrary constant that appears in this equation is set
equal to 1, the resulting equation is the eikonal equation (and S is called the eikonal).
The light rays are orthogonal to the surfaces S = const. (which represent the wave
fronts).

8.5 Dynamical Symmetry Groups

As we have shown, each constant of motion that does not depend explicitly on the
time corresponds to a possibly local one-parameter group of canonical transforma-
tions that leave the Hamiltonian invariant; now we shall study in some detail the ac-
tion of an arbitrary Lie group on a symplectic manifold that leaves invariant a given
Hamiltonian. Usually, attention is restricted to actions by symplectomorphisms; in
many elementary examples, one has a Lie group of transformations acting in an
arbitrary manner on a manifold M, which does not need to possess any additional
structure, and then this action is lifted to the cotangent bundle of M. In the other
cases, one has to consider directly the action by symplectomorphisms of a Lie group
on a symplectic manifold. We shall begin with the simplest case, assuming that we
have a Lie group that acts on a configuration space; we will only have to put together
several results obtained above.

Lifted Actions Let G be a Lie group that acts on the right on a differentiable
manifold M; that is, each g € G defines a diffeomorphism R, : M — M (with
Rq(p) = pg, see Sect. 7.6). The diffeomorphism R,, in turn, gives rise to a dif-
feomorphism R_g: T*M — T*M, defined by (8.7), which is a canonical transfor-
mation; moreover, R_g*G = 0 (see Theorem 8.4). For p € M and ), € T*M, each
X € g defines a curve 1 > exptX, in G; a curve f = Rexprx(p), in M, and a curve
t = Rexprx(ap), in T* M. The tangent vectors to these curves at t = 0 are X, X;;,
and X, ,» respectively (with X+ being the canonical lift of X*) (see Sect. 7.6).

As a consequence of the fact that R_g*Q = @ for all g € G, in particular,
m*@ =0, for all X € g; therefore, £5+6 = 0, which means that the vector field
X+ is globally Hamiltonian

X+1do = —d fx+, (8.61)

where

fx+ =Xt1o (8.62)
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[see (8.23) and (8.24)]. This expression together with the relation (aX + bY)™ =
aXt +bY™T, for X,Y € g and a, b € R, imply that the mapping X — fx+, from g
into C*°(T*M), is R-linear (i.e., f(;x+pY)+ = afx+ + bfy+). By combining Theo-
rem 7.61 and (8.30) we also have

Sy = fixy y+ = Ux fy+)s (8.63)

and therefore the mapping X — fx+ is a Lie algebra homomorphism.
Summarizing, given the action on the right of an arbitrary Lie group G on M,

the mapping (g, o)) = R_g(oz p) defines an action of G on the right on 7*M so that

each R_g is a canonical transformation (or symplectomorphism); the vector fields

induced on T*M by this action are globally Hamiltonian, with X* corresponding
to the function fx+ in such a way that the map from g into C°°(T*M) given by
X+ fx+ is a Lie algebra homomorphism.

Now, if a given Hamiltonian, H, is invariant under the transformations R_g (.e.,
R_g*H = H for all g € G), then Rexpx*H = H for all X € g, which implies that
0=£5+H = X+H = { fx+, H} [see (8.19)], i.e., each function fx+ is a constant
of motion. The constants of motion obtained in this manner are homogeneous func-
tions of first degree in the variables p; [see (8.26)]. However, in many cases of
interest, some constants of motion are not homogeneous functions of first degree in
the p;, and, therefore, are not associated with the action of a group on M their ex-
istence is a consequence of groups of canonical transformations on 7*M that leave
the Hamiltonian invariant, which do not come from a group that acts on M (see
Examples 8.29-8.32, below).

Hidden Symmetries Let G be a Lie group that acts on the right on 7*M in
such a way that for each g € G the transformation R, : T*M — T*M, given by
R4 (x) = xg, is a canonical transformation, that is, R,*(d6) = df. Then the vector
field X on T*M associated with the vector field X € g is locally Hamiltonian (see
Lemma 8.5); hence, for each X € g there exists locally a function ux € C*(T*M),
defined up to an additive constant, such that

Xt 1do = —dux (8.64)

[cf. (8.16)]. As we shall see, under certain conditions, it will be possible to choose
the functions wx in such a way that the mapping X +— ux is a Lie algebra homo-
morphism.

Starting from the relations (aX +bY)T =aXT +bY T and [X, Y] = [XT, Y],
valid for every pair of elements X,Y of the Lie algebra of G, with a,b € R, it
follows that

dpaxsry = —(@X +bY)T1d0 = —(aX T +bYT)Ido

=adpx +bduy =d(apx +buy)



226 8 Hamiltonian Classical Mechanics

and, similarly, using (8.18) and (8.19), we find

duxy) = —I[X, YT 1do = —[XT, YT]Ido
=d{ux, ny}, forX,Yeg, a,beR.

This means that the functions pgx+»y — apux — by and px y) — {ux, ny} are
constant. Using the freedom in the definition of each of the functions ux, they can
always be chosen in such a way that y,x1py = aux +buy for X, Y eg, a,b e R.
In fact, if {Xy,...,X,,} is a basis of g and ux; is a function such that X;rJ do =
—dux;, then for X € g, given by X = a'X;, we define ux by ux = aiuxi; then we
have

dux =d(a’px,) =a' dux, = —a'X;1d6 = —(a'X;) " Jdo = —X* 1do

and, as can readily be verified, u,x+»py = aux + buy.

In what follows we shall assume that we have a set of functions ux satisfying
(8.64) with p,x4+py —apux —buy equal to zero. However, it will not always be pos-
sible to simultaneously make p[x,y] — {i4x, ny} also equal to zero for all X, Y € g.

As pointed out already, the difference wx y; — {ux, iy} is a constant function
whose value, denoted by c(X,Y), depends on X and Y (hence, we can consider
c as a real-valued function defined on g x g, i.e., ¢ : g X g — R). Then we have
c(X,Y) =—c(Y, X) and since

M[aX+bY,Z] — {MaX+bY > MZ} = Ma[X,Z)+b[Y,Z] — lapux +buy, nz}
=apx,z) + buyy,z) — a{ux, nuzt — by, nz},
it follows that c(aX+bY,Z)=ac(X,Z)+bc(Y,Z),for X, Y,Z € g, a,beR. In
other words, the map ¢, from g x g into R, is skew-symmetric and bilinear. [In the

language of cohomology of Lie algebras, c is a cochain; see, e.g., Jacobson (1979,
Chap. III).]

Exercise 8.27 Show that ¢([X,Y],Z) + ¢(IY,Z],X) + ¢([Z,X],Y) = 0. (This
means that ¢ is a closed cochain.)

Theorem 8.28 There exists a set of functions py such that duy = —X*1d6,

Koxqpy = altx + by, and '“EX,Y] = {ux. uyl. for X,Y e gand a,b € R, if and
only if there exists h € g* such that ¢(X,Y) = h([X, Y)).

Proof If such a set of functions uy exists, the condition duy = —X*_Jd6 implies
that the difference ux — it is a constant whose value, denoted by /(X), may depend
on X. Then

h(aX + bY) — ah(X) — bh(Y)

= WaX+bY — alxX — by — Wyx py +apx +buy
=0,
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for X, Y € g and a, b € R; that is, & is linear; hence, h € g* and

c(X,Y) = pux,y) — {ux, ny}
= 1tix.y; T 1 (X, Y1) = {uk + A (X), 1y +h(Y))
= Iix.y) — (s my) +A(1X, YD)
= h([X,Y]),
for X, Y eg.

Conversely, if there exists & € g* such that ¢(X,Y) = A([X, Y]), we define
M/x = ux — h(X), for X € g; since £(X) € R and # is linear we have dp& =dux =
—X*_]dé. Furthermore,

Hax+py — alx — by
= UaX+bY — apux —buy —h(aX +bY) + ah(X) + Dh(Y)

=0,
and
mix.y) — s iy) = px vy — A (X, YD) = {ux — h(X), py — h(Y)}
=c(X,Y) — h([X,Y])
=0,
for X, Yeganda,beR. 0

A necessary condition for the existence of an & € g* such that ¢(X,Y) =
h([X,Y]) is obtained making use of the Jacobi identity and the linearity of 4, i.e.,

c(IX, Y1, Z) + c([Y, Z],X) + ¢([Z, X1, Y)
=h([[X,YIZ] + [[Y,Z],X] + [[Z,X],Y])
= 0’

which is always satisfied (see Exercise 8.27). For some Lie algebras (e.g., the
semisimple Lie algebras) this condition is also sufficient [see, e.g., Jacobson (1979,
Chap. III).].

Example 8.29 Let G be the additive group R? and let M = R?. For each g =
(a, b) € R? we define Ry : T*M — T*M by

Ry*q'=q' +a+ Kbpa,
1
« 2 2 )
R,*p1=p1—b,
Ro*pr = pa,
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where (¢!, ¢, p1, p2) are the canonical coordinates on T*M associated with the
natural coordinates of R?, and K is an arbitrary real constant. These expressions
define an action of G on T*M such that each R, is a canonical transformation. In
fact,

Re*(dp1 Adg' +dpr Adg?) =dpi A (dg' + Kbdps) +dpr Ad(q* + Kbdpy)
=dp1 A dq1 +dpa A dq2.

In order to find the vector fields induced on 7*M by the action of G, we note
that, according to (8.65), for «), € T*M, the mapping @, : G — T*M, defined by
Py, (8) = Rg()p), is given by the expressions

¢ap*q1 = ql(ap) +X1 + Kp2(ap)x2,
1, 52
2 2 2 2
(pocp*q =q (Olp) +K(P1(0lp)x - E(x ) ), (8.66)
Cba,,*Pl = pl(O{p) _x2’
Do, *p2 = pa(ay),

where (x1 , xz) are the natural coordinates on G, that is, if g = (a, b), then x 1 (g)=a
and xz(g) = b. Making use of (7.60) and (8.66) we find that

& 0 . 0
i \oxt ), \og g,
9 9 ) 3
%*e(ﬁ) “PZ“"”(@) *Kf’““ﬂ(@) ‘(ﬁ) |
e o ap «p

p

Thus, .if X; and Xj are the left-invariant vector fields on G such that (X;), =
(0/9x"),, the corresponding vector fields on 7*M are

0 0 0 0
Xt="  Xi=Kp-o o2
dq! dq' dg*  dp
These vector fields turn out to be globally Hamiltonian; indeed, XI"J df = —dp
and X;Jd@ = —d(q' 4+ Kpi1 p>2). Hence,

ux, = p1 + const, UX, = q1 + Kp1p2 + const,

and one finds that {ux,, ux,} = Xfr,uxz = —1. (Note that ux, is not a homoge-
neous function of degree 1 in the p; and, therefore, it cannot come from a group of
canonical transformations on 7*M induced by a group of transformations on M.)
However, [X1, X7] =0 (G is an Abelian group) so that if we want to have a linear
mapping X — ux, then px, x,] = 0, which cannot coincide with {ux,, ux,}, no
matter how we choose the arbitrary constants contained in ux, and wx,. (Note that
c(X1, X2) = u[x,.X,] — {x,, ux,} = 1, but, since [X1, Xz ] = 0, there does not exist
h € g* such that ¢(X1, X) = h([X1, X2]), in accordance with Theorem 8.28.)
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The Hamiltonian function

_}712+1722Jr )
B 2m qu

H

9

which corresponds to a particle of mass m in a uniform field (e.g., a uniform grav-
itational field with acceleration 1/ m?K), is invariant under the action (8.65). [In
fact, one can readily verify that Xi+p2 =0and Xl+ (q2 + %Kplz) =0, fori=1,2;
therefore any function of only p» and ¢% + %K p12 is invariant under the action
(8.65).]

Example 8.30 Now we shall start by specifying a Hamiltonian function and we
shall find a group of canonical transformations that leave the Hamiltonian invariant.
Taking M = ]R3, we shall consider the Hamiltonian function

H= }(plz +p2? + p3’), (8.67)
m

which corresponds to a particle of mass m and electric charge e in a uniform mag-
netic field B = B (3/9x>), where B is a constant, provided that we use the symplec-
tic 2-form & = dp; Adg’ + (eB/c)dg' Adg?, on T*M; (¢', 42, 4%, p1, p2, p3) are
the coordinates on 7* M induced by the natural coordinates of R>, and c is the speed

of light in vacuum (see Example 8.19).
The vector fields /dq’,i = 1,2, 3, on T*M satisfy dH/dq' = 0 and are globally

Hamiltonian since
d eB
—Jw=—d(p1 — —¢*),
dg! c

0 | d n eB |
— = — —_— ,
57 P2 q

c
0
—lw=—dps.
9q° P3
Hence, the functions
eB , eB
K15p1—7q, Kzzpz+7q, K3 = p3

are constants of motion. (Note that K| and K> are not homogeneous functions of
degree 1 in the p;.) The (globally) Hamiltonian vector fields corresponding to them
are

0

Xdk, = Yl

W’ XdIQ = XdK3 = @§

therefore [see (8.19)]

eB
(K1, K2} =Xgk, K2 = —
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{K2, K3} = X4k, K3 =0,
{K3, K1} =Xk, K1 =0,

which implies that the Lie brackets of the vector fields X4k, are all equal to zero
[see (8.20)].

Proceeding as in Sect. 6.1, we can find the one-parameter group of diffeomor-
phisms, @, generated by an arbitrary linear combination
9 2 0 3 0

— ta —+a —.
Bql 8q2 8q3

a Xik;, =a
The result can be expressed in the form ¢ *q’ = ¢’ +a's, os*pi = pi (i =1,2,3).
Thus, the vector fields Xk, are induced by the action of the additive group R3 on
T*M given by

Riq'=q'+d',  Rpi=pi (=123,

for g = (al, a?, a3) € R3. One can readily verify that these transformations are
canonical (in fact, Rg*dqi =dg' and R,*dp; = dp;; hence R,*w = w), give an
action of R3 on 7*M, and leave invariant the Hamiltonian (8.67). As in Exam-
ple 8.29, if B # 0, it is impossible to find a Lie algebra homomorphism from the
Abelian Lie algebra of R3 into C®°(T* M), associated with this action.

It may be noticed that the Hamiltonian (8.67) also satisfies

S S L P
T2 T aqn T oy T Pap )T T

The vector field appearing on the left-hand side of the last equation is the canonical
lift of the infinitesimal generator of rotations about the x3 axis (see Exercise 8.15)
and is globally Hamiltonian

9 5 5 . eB
(ql—z — ¢ =+ pi—— pz—)J<dpi Adg' +—dg" A dqz)
dq ap2 ap1 c

= —d{q'p2—p1 + (eB/20)[(a")" + (¢°)°]}-
Thus,
%[(41)2 +(4%)]

eB eB
=q'(p2+ 4" ) —¢*| p1 — =—4*
2c 2c

is a constant of motion. Note that, as shown in Example 8.20, (ql,qz,q3,
1 — %qz, P2+ %ql, p3) is a set of canonical coordinates for the symplectic
structure considered here, but the constants of motion K; and K> do not coincide

with p; — ez—f_qz and py + ez—fql, respectively, for B # 0.

Ly=q'pr—q*p1 +
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Exercise 8.31 Show that
{L3, K} =—-K>, {L3, K2} = Kq, {L3, K3} =0.

Example 8.32 The Hamiltonian function

_ L " 32 4 ma)()
=5 E(pl) Z (8.68)

corresponds to an isotropic harmonic oscillator in #n dimensions; m is the mass of
the oscillator and wy is its angular frequency. The ¢’ and p; appearing in (8.68)
are the canonical coordinates induced by a set of Cartesian coordinates x’ on the
n-dimensional Euclidean space. Defining the complex (row) vector

b= (—ip1 +mwoq', ..., —ip, +mwoq"),
the Hamiltonian function (8.68) can be expressed in the form

1 .
H = —Dbb', (8.69)
2m

where b is the Hermitian adjoint of b (obtained transposing and conjugating the
row b).

Let SU(n) be the group of unitary complex n x n matrices with determinant
equal to 1; then for U € SU(n) the Hamiltonian function (8.69) is invariant under
the transformation

b bU, (8.70)

since by virtue of the unitarity of U, we have bb' — bU (bU)" =bUUb" = bb'.
Furthermore, for each U € SU(n), the transformation (8.70) is canonical as can be
seen noting that

A
0 = bi gi=2tb 8.71)
2mawq

where the b; are the components of b, the bar denotes complex conjugation, and

. n . n
: 1 — — 1 —

dpi ANdg' = —— E db; —db;) A (db; +db;) = E db; A db;.
Di q dma i:l( i i) A (db; + db;) 2mag o i i

Equation (8.70) amounts to Ry *b; = b; Ul.j, where U = (Ul.j), so that

Ry*(dpi Adg') = ZRU db; A Ry* db; = ZU’deb A dby

2ma)o mawg “

= Zdb Adbj =dp; Adg'.

meo
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(As in previous examples, the use of complex quantities, such as the b;, simplifies
the computations, but is not essential.)

Thus, SU(n) acts on the right on the phase space by means of canonical transfor-
mations and, therefore, the fields XIJr on the phase space, induced by this action, are
Hamiltonian, at least locally. In what follows we shall consider in more detail the
case with n = 2, showing that the vector fields X are actually globally Hamiltonian
and that, in contrast to Examples 8.29 and 8.30, the functions ux can be chosen in
such a way that the map X — px is a homomorphism of Lie algebras.

Substituting the matrix U = expta’X; given by (7.54) into (8.70) and using
(8.71) we find that (cf. Example 7.59)

w1 1 20, b 3 | I
Rexpraix; 4" =q cos(Kt/2) +|a“q” + ——(a’p1 +a' p2) | sin(K1/2),
maq K
* 2 2 2 1 1 | 3 I .
Rexptaixi q- =q°cos(Kt/2) —|a“q —m—a)o(a pL—a pz) ?sm(Kt/Z),
I .
Rexpraix; P1 = p1cos(K1/2) + [a® p2 — mawo(a’q’ +a1q2)]E sin(Kt/2),

1 .
Rexptaixi*pz = ppcos(Kt/2) — [a2p1 +ma)0(a1q1 —a3q2)]E sin(Kt/2),

and calculating the tangent vector to the curve given by these expressions at t =0
we obtain the vector field

TSR PP GE I KR Y K
2

mawg dg! mawo dg?
1 0
+ E[azpz — mcuo(a3q1 + alqz)]ﬁ
- l[—azp] —may(a'q' —a’q®)]— ’ (8.72)
2 apa’

which is globally Hamiltonian; its contraction with d6 gives —d(a’ Mx;), where

1
MX, = om (Plpz +m woquqz)
1
nx, = 5 (a® = p2q'). (8.73)
1
Xy = m{(m)2 — (p)” +m’e’[(¢")" = (¢7)°]}.

Recall that the functions px; are not uniquely defined by (8.72); as we shall show
below, with the choice (8.73) one obtains a Lie algebra homomorphism. Note also
that, out of these three constants of motion, only ux, is a homogeneous function
of degree 1 of the p;, and therefore it is the only one associated with a group of
transformations acting on the configuration space; see (8.26).
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It can readily be verified directly that these functions satisfy the relations

3

(x ;) =D ik 1, (8.74)
k=1

which correspond to the relations [X;, X;] = 22:1 &ijk X satisfied by the basis of
su(2) given by (7.21).

A convenient way of calculating the Poisson bracket on the left-hand side
of (8.74) consists of employing the definition (8.19), which yields {ux;, ij} =

Xj,ux ;» noting that the vector field X;r is the coefficient of a’ on the right-hand
side of (8.72). For instance, from (8.72) and (8.73) we obtain

{MXI, MXz}
N 2<mw0 aq! + mawq 9g* neod ap1 neod op> 2(p1q p4’)
= UX;-

The results established in the preceding paragraphs, in connection with Lie
groups that act on the cotangent bundle of a manifold by means of canonical trans-
formations, also apply if in place of the cotangent bundle of a manifold one con-
siders any symplectic manifold, replacing the fundamental 2-form dé by the corre-
sponding symplectic form.

Example 8.33 The rotations about the origin in R3, which form the group SO(3),
leave invariant the sphere S2 as well as its area element, which will be denoted
by w. The 2-form w defines a symplectic structure for S? (see Example 8.18) and,
by virtue of the invariances already mentioned, the vector fields Xt induced by
the action of SO(3) on R3 are tangent to S2 and are, at least locally, Hamiltonian. In
fact, expressing the vector fields S,‘f, given in Example 7.58, in terms of the spherical
coordinates one finds that

0 0
ST = sinq&@ + cotf cos ¢ —

¢’
SJF——cosqbi—i—cotesinqﬁi (8.75)
2 90 ¢’ '
d
st=—"
d¢

which shows that these vector fields are tangent to the sphere and contracting them
with w = sin8 dd A d¢, we obtain —d(sin 6 cos ¢), —d(sin 6 sin¢), and —d cos 9, re-
spectively [cf. (8.49)], thus showing explicitly that the S,J{r are locally Hamiltonian.
[Since the spherical coordinates are not defined globally on S?, from the previous
computations we cannot conclude that the S,:r are globally Hamiltonian. For in-
stance, in the domain of the spherical coordinates, w = d(¢ d cosf), but w is not an
exact 2-form.]
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In the present case, from (7.63) it follows that Sy = % Z?,j:l &kij[Si, Sj1, there-

fore, S,j = %Z? j=1 Ekij [S;’, S;T], and since according to Theorem 8.7 the Lie
bracket of two locally Hamiltonian vector fields is globally Hamiltonian, the vector
fields S,j are globally Hamiltonian. It may be noticed that S,fJ w = —dxk, where
%% is the restriction of the Cartesian coordinate x* to S2 (that is, gk =j*xk , Where
i : S — R3 is the inclusion map). Finally, making use of the expressions (8.75) one
finds that

{)Ei,)éj} = Sj)%j = 8l'jk)ek.

Example 8.34 The so-called Kepler problem corresponds to the motion of a parti-
cle in a central force field with potential energy V = —k/r, where k is a positive
constant and r is the distance from the particle to the center of force. Assuming that
the motion of the particle takes place in the three-dimensional Euclidean space, the
Hamiltonian function expressed in terms of the canonical coordinates induced by a
set of Cartesian coordinates is

k

H .
V@O + (@22 + (¢3)?

(8.76)

= m(mz + P22 + P32) -
The Hamiltonian (8.76) is invariant under the transformations on the phase space
induced by the rotations about the origin in the Euclidean space, which implies
the conservation of the angular momentum, L; = ¢; jkqj Pk, With summation over
repeated indices (see Exercise 8.15). But, as is well known, the so-called Runge—
Lenz vector

mk
A=px (rxp) — —r, (8.77)
r

where r is the position vector of the particle, is also a constant of motion (that
is, the functions A; = p;p;q' — p;q’ pi — mkq'/\/q*q* are constants of motion).
Since the A; are not homogeneous functions of first degree in the p;, the existence
of these constants of motion is not related to transformation groups acting on the
configuration space M =IE3.

Of course, in principle we can find the (possibly local) one-parameter group of
transformations generated by each vector field Xq4,, which must be formed by
canonical transformations that leave H invariant. However, it is possible to relate
the Kepler problem with other problems in such a way that the conservation of the
A; becomes obvious. In this example we shall restrict ourselves to the trajectories
in phase space on which H has the constant value £ = 0. In order to identify the
canonical transformations associated with the conservation of the A;, we introduce
the new coordinates

O =a-L-, =123,
PjDj

where ag is a constant with dimensions of linear momentum times length. Then we
obtain p; = agQ'/(Q’ Q/), and a straightforward computation shows that
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i

Pqul:aijdeql
Qiqi ap i i i iszko
~i(wgrg) - Gigr 40 0 G
=d(aoQngj>+P,-dQ",

where
20%¢* 0" — 0*0*q'
(Q/Q7)?

so that (Q*, P;) are canonical coordinates [cf. (8.12)]. Then we have

P, =a

_ a0’q'q’
(Q70/)*

By combining the foregoing expressions we also have

i

1 .
P = a—0(2pqupi — pkrkq'). (8.78)

We now introduce the auxiliary Hamiltonian
h= 2mk2a02(a02 —2mQ' Q’.H)_2
which satisfies
dh = 8m>kap*(ap> —2m Q' Q'H) > (Q' Q' dH +2H Q' dQ').
Hence, on the hypersurface H = 0,
22 4mk

iidH’ =M aH|
00 H=0 a02r H=0

8m
dhlg=0=

a04

which means that on this hypersurface the integral curves of Xy, only differ in
parametrization from those of Xqz.
In terms of the new canonical coordinates, the auxiliary Hamiltonian £ is given
by
1

h=—PP; (8.79)
2m

which has the form of the usual Hamiltonian for a free particle of mass m moving in
the three-dimensional Euclidean space [cf. (8.49)] and therefore is invariant under a
group of canonical transformations isomorphic to the group of rigid motions of E?.
Equivalently, the six functions P; and é&;jk Q/ Py are constants of the motion (but
only along the integral curves of Xgy lying on the hypersurface H = 0). Making
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use of (8.78) one readily verifies that, on the hypersurface H =0, we have P; =
—2A;/ap and &;jx Q7 Py = &ijrq’ pk, thus explaining the conservation of angular
momentum and of the Runge—Lenz vector.

A problem in geometrical optics closely related to the Kepler problem of classical
mechanics is the so-called Maxwell’s fish-eye, which is characterized by a refractive
index of the form

a

n= PR (8.80)
where a and b are real constants (with dimensions of length squared) and r is the
distance from a given point O. (As usual in this context, we assume that light prop-
agates in three-dimensional Euclidean space.) The spherical symmetry of the func-
tion (8.80) implies that the corresponding Hamiltonian (8.55) is invariant under the
canonical transformations induced on T*E3 by the rigid rotations about O. This
invariance leads to the conservation of the components of the “angular momentum”
Li=¢g; jkqj Pk, where the g’ p; are the coordinates induced by a Cartesian coordi-
nate system with origin O. (In fact, the L; are conserved if the refractive index is
any function of r only.)

Exercise 8.35 Show that the specific form of the refractive index (8.80) implies that
the Cartesian components of the vector

rx(pxr)— o2 _ (8.81)

2./ppP

[cf. (8.77)] are also conserved, that is, the functions ¢/q/p; — qujqi
—ap;/(2,/pjp;) are constants of motion.

Making use of the conservation of the vector (8.81) one can readily show that
the vector p traces a conic with one of its foci at the origin and that the light rays
are circles or arcs of circles. In a similar manner, making use of conservation of
the Laplace—Runge—Lenz vector (8.77), in the case of the Kepler problem one finds
that the orbits are conics with one of the foci at the origin and the momentum traces
circles or arcs of circles [see, e.g., Goldstein (1980, Chap. 3)].

8.6 The Rigid Body and the Euler Equations

A nice application of the formalism developed in this chapter and the previous ones
is found in the study of the rigid body motion. As we shall show, by restricting
ourselves to the motion of a rigid body with a fixed point, the configuration space
can be identified with the group of rotations in the three-dimensional Euclidean
space, SO(3).

In order to study the motion of a rigid body with a fixed point, it is convenient to
consider an orthonormal basis {€], €}, €}} fixed in the body, with the orientation of
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the canonical basis {e;, e>, e3} of R3. Then, the configuration of the rigid body can
be represented by means of a real 3 x 3 matrix whose columns are the components
of €}, €,, €; with respect to the canonical basis. This matrix is orthogonal, as a
consequence of the fact that the basis {e/1 , e/z, e/3} 1s orthonormal, and its determinant
is equal to 1, by virtue of the assumed orientation of the basis. In this manner we
have a one-to-one correspondence between the configurations of the rigid body and
the orthogonal 3 x 3 matrices with determinant 1; thus, the configuration space of a
rigid body with a fixed point can be identified with the underlying manifold of the
group SO(3).
Using the definitions given in Example 7.58, one finds, for instance, that

cost —sint 0
exptS3=| sint cost O],
0 0 1

as can readily be verified by noting that the matrices

cost —sint 0
y;=| sint cost O
0 0 1

form a one-parameter subgroup of GL(3,R) and calculating y; one obtains S3;
therefore y; = exptS3 (see Sect. 7.4).

According to the definition given above, if the rigid body is initially at the con-
figuration represented by g € SO(3), then (exptS3)g represents the configuration
obtained by rotating the body about the e3 axis through an angle ¢. Note that if
the configuration of the rigid body is represented by the matrix whose rows are the
components of €}, €, &, with respect to the canonical basis, then the configuration
obtained by rotating the body about the e3 axis through an angle ¢ corresponds to
gexp(—1S83).

According to the results established in the proof of Theorem 7.48, the infinitesi-
mal generator of the one-parameter group of transformations ¢;(g) = (exp#953)g is
the right-invariant vector field whose value at the identity corresponds to the ma-
trix S3, which will be denoted by S3. Hence, S3 is the infinitesimal generator of
rotations of the rigid body about the ez axis. In a similar way, the right-invariant
vector field Sk, whose value at the identity corresponds to the matrix Sk, is the in-
finitesimal generator of the rotations of the body about the e, axis.

On the other hand, for g € SO(3), the matrix g(exptSk) corresponds to the con-
figuration of the rigid body that, being originally in the configuration represented
by g, has been rotated through an angle ¢ about the e axis fixed in the body. This
implies that the left-invariant vector field Sy, whose value at the identity corresponds
to the matrix Sg, is the infinitesimal generator of rotations about the e}( axis.

The vector fields Sy and SL on the configuration space M = SO(3) define Hamil-

tonian vector fields Sy and Sk on the phase space T*SO(3) (their canonical lifts),
which correspond to the functions

L;=S;10 and K;=S§, 6, (8.82)
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respectively [see (8.24)]. In terms of the notation used in (8.24), L; = fs, and
K= fS,-' Then, according to (8.30) and (7.63), the Poisson brackets for the func-
tions L; are given by

{Li, Lj}y={fs;» fs;} = fisi8;1= Z&kask ZgukLk (8.83)

Since the left-invariant vector field S; is the infinitesimal generator of rotations about
the e; axis fixed in the body, the function L; corresponds to the ith component of
the angular momentum of the rigid body with respect to the axes fixed in the body.
Similarly, the function K; corresponds to the ith component of the angular momen-
tum of the rigid body with respect to the canonical basis of R3 (the axes “fixed in
space”). From Theorem 7.48 and (7.63) it follows that [Si, Sj] = — 22:1 siijk,
and using again (8.30) it follows that the Poisson brackets for the functions K; are
given by

{Ki, K;) Zg,JkKk (8.84)

Finally, from Theorem 7.49 we see that the Lie bracket of each of the vector fields
S; with each of the fields S; vanishes; hence

{Li,K;}=0. (8.85)

If (x!, x2, x3) is a local coordinate system for SO(3), the vector fields Sk can be
expressed in the form
;0

Sk = e (8.86)

where the M ;{ are real-valued functions defined on the domain of the coordinates x'.
From (8.82) one concludes that the components K; of the angular momentum of the
rigid body with respect to the axes fixed in space are given in terms of the canonical
coordinates ¢’, p; induced by the x’ by means of

K= (7*M])p; (8.87)

[see (8.26)] (since ¢' = w*x’, the only effect of 7* on the expressions for the Ml.j

is replacing the variables x’ by g'). The 1-forms &' that form the dual basis to {Si}
are right-invariant and have the local expression

f = MFdx', (8.88)

where (Z\;Ij.) is the inverse of the matrix (M;'.) (ie., M}M,ﬁ =4b).
The functions ]\;Ilk relate the angular velocity of the body with respect to the

axes fixed in the space with the velocities dx’ (g(1)) /dt. If £ — g(¢) is a dif-
ferentiable curve in SO(3) that represents the configuration of a rigid body as
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a function of time ¢, then the tangent vector to that curve is given locally by
(dx? (g(¢))/de)(9/ axh) ¢(r) and can also be expressed as a linear combination of the
tangent vectors (Si) ¢(r) in the form ol (t)(Si) ¢(1)- Since S,- is the infinitesimal gen-
erator of rotations about e;, £2°(¢) is the angular velocity of the body about the e;
axis. From the equality (dx’(g(#))/df)(8/8x")¢() = 227 (t)(Si)¢(r) and (8.86), there
results

, - dxj t
@) = M;. (g(t)) % (8.89)
or, by abuse of notation,
Ri=M dx’ (8.90)
T dr '

In a similar way, the basis {S;} of s0(3) and its dual, {'}, have expressions of
the form

- - .
Sk = M/;c@, ot =M% dx', (8.91)
where the M’ }C are real-valued functions defined on the domain of the coordinates

x! and (1\71 ! 3.) is the inverse of the matrix (M’ ’J) The components of the angular
momentum of the rigid body with respect to the axes fixed in the body are given by

Li=(z*M7)p;, (8.92)
and
o dyd
Q=M= 8.93
id (8.93)

is the component of the angular velocity of the body about the e axis.

Exercise 8.36 Show that the relations (8_.83) are equivalent to the Maurer—Cartan
equations for the left-invariant 1-forms «’.

Euler Angles A commonly employed coordinate system for SO(3) is that formed
by the Euler angles, though there are several slightly different forms of defining
them. Following the convention of parameterizing a rotation g € SO(3) by means
of the three angles ¢ (g), 6(g), and ¥ (g) in such a way that

g = (exp#(8)S3)(exp(£)S1) (exp ¥ ()S3), (8.94)

the configuration corresponding to g is obtained rotating the body first about the ¢,
axis by an angle ¢(g), continuing with a rotation by 6(g) about the e} axis and,
finally, with a rotation by ¥ (g) about €}. Since these rotations are made about the
axes fixed in the body, according to the discussion at the beginning of this section,
each of these rotations multiplies by the right those applied first. In order to have
a coordinate chart, the values of the Euler angles are restricted by 0 < ¢ < 2,
0<b6<m0<y <2m.
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The explicit form of the functions M j., ]\71;, M’ i]., and M’ ;, can be conveniently

obtained with the aid of Theorem 7.35. Calculating the product g~! dg, from (8.94)
we obtain

¢ ldg = (e—va3e—951 e—¢s3) d(e¢s3eeslews3)
=e VS 05185dge?S1eVS eV 5d0e? S 4 S3dy. (8.95)
On the other hand, we can see that, for instance,
e V55eVS = (cosyr)S1 — (sinyr)Ss,. (8.96)

Indeed, denoting by R (1) the left-hand side of (8.96), differentiating with respect to
¥ and using (7.63) one finds that dR /dyr = —e V535381V 4+ e V535,853V =
—e ¥535,e¥53 . In a similar manner one obtains d2R/dw2 =e VSB[S3, $r]e?¥S =
—e V538,e¥5 = —R; therefore, R = (cosy¥)A + (siny/)B, where A and B are
matrices that do not depend on . Evaluating R and dR/dy at ¥ = 0 we have
R(0) =81 = A and (dR/dyr)(0) = —S, = B, thus showing the validity of (8.96).

Now making use of (8.96) and the relations similar to it obtained by cyclic per-
mutations of the indices, from (8.95) one arrives at the expression

¢ 'dg =e V5 (cosh S5 + sinb $»)e? 53 dgp + (cos ¥ S1 — sinyr S»)do + Sz dyr
= [cosQ S3 4 sin6(cos ¥ S + sinyr Sl)] d¢ + (cosyr S; —sinyr $7) do
+ S3dyr
= (sinf siny¥r d¢ + cos ¥ dB) S + (sinb cos ¥ dp — sinyr d) S
+ (cos@ d¢ + dyr) Sa, (8.97)

where the coefficient of the matrix ~Si_ is the 1-form o' [see (7.46)] and comparing
with (8.91) we obtain the matrix (M’ ’J.). Then, it is easy to calculate the dual basis

to {w'}, and the result is

S| =cschsiny 0 + cos 0 cotd siny 9
= mny — — — ny —,
: 90 30 oy

0 d 0
S> =cscHcosyy— —sinyy — — cotf cos Yy —, (8.98)
a¢p 20 oY
0
S3=—.
oy

(The last of these equations also follows directly from the definition of the Euler
angles, taking into account that S3 generates rotations about the € axis.) It should
be noticed that the expressions on the right-hand side of (8.98) are not defined at
6 = 0, but 8 does not vanish in the domain of the coordinate system ¢, 8, 1. In fact,
a straightforward computation gives o' A w? A > =sinfdd A d¢p A diyr, but the
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left-invariant 3-form w! A w? A @® is everywhere different from zero. Then, using
(8.91), (8.92), and (8.98) we find that

Ly =cscOsiny py + cosy pg — cotd sinyr py,,
Ly =cscOcosyr py — sinyr pg — cott cosyr py, (8.99)
L3 = py,

where, by abuse of notation, the variables 7 *¢, 7*6, and 7 * have been denoted by
¢, 6, and ¥, respectively; that is, in (8.99), the Euler angles are regarded as variables
defined on the phase space T*SO(3).

The 1-forms &' can readily be obtained by means of the relation &' = —1*w' (see
Exercise 7.31) using the fact that t*¢ = —, (*0 = —6, and (*y = —¢ [see (8.94)];
in this way we obtain, for instance,

. 0 0 ad
S| =cscHsing— + cosqb% —cotf sin¢>£,

oY
S 0 ¢a+'¢a+t9 ¢8 (8.100)
= —CSCU COSQO—— SIn@— CO CoOSQ——, .
2 oy 90 3¢
) B}
S = T
3 8(]5

and, therefore,

K| =cscOsing py + cosp pg — cotfsing py,
K> = —cscOcos py +sing pg + cotd cos ¢ py, (8.101)
K3 = pgy.

Dynamics of a Rigid Body If the curve ¢ — g(¢) in SO(3) corresponds to the
motion of a rigid body with a fixed point, from the elementary definition of the
kinetic energy of a particle, it follows that the kinetic energy of the rigid body is
given by Ex = %Ii j9R2'12'7 | where 22’ (¢) is the component of the angular velocity
of the body about the e} axis and the constants /;; = I;; are the components of the
inertia tensor of the body with respect to the basis {e/, €}, €}. From (8.93) and
(8.91) it follows that

L i -1 1,
Ex = I (M} dx* @ M} dx') (g, ¢)) = 5 (Ije' @ ') (g]. 8. (8.102)

where g; is the tangent vector to the curve ¢ — g (7).

The tensor field I; ja)i ® w/, appearing in (8.102), is symmetric and positive
definite (excluding the case where the rigid body is formed by point particles
aligned on an axis passing through the fixed point of the body); therefore it is
a metric tensor for the manifold SO(3). Furthermore, since the /;; are constant
and the o' are left-invariant 1-forms, I; ja)i ® wl is a left-invariant metric, 1.e.,
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Ly*(Ijjo' ® w)) = I;;0' ® w’ for g € SO(3). In other words, for each g € SO(3),
the transformation L, from SO(3) onto itself, is an isometry and the right-invariant
vector fields on SO(3) are Killing vector fields for this metric, regardless of the val-
ues of the components of the inertia tensor /;;. Making use of the local expression
for the ¥ given in (8.91), we can also write the metric tensor in the standard form,

Lo @ = 1; MM d* @ dx! = gy dx* @ dx!, (8.103)

where 8kl = I,']'M/;'CM/ZJ’.

It should be stressed that all the rigid bodies with a fixed point possess the same
configuration space [the underlying manifold of the group SO(3)], but the metric on
this manifold is given by the inertia tensor of the body.

The vector fields S; form a rigid basis with respect to the metric /; ja)i R wl.
Comparing equations (7.63) and (6.62), and using (6.63) it follows that the con-
nection 1-forms for the corresponding Riemannian connection, with respect to this
basis, are

3
1
lij==3 > imemjic = Limemik = limemi ).
m=1

(See also Appendix B.)

In the particular case where I;; = 15;;, where I is a constant (which corresponds
to the so-called spherical top), the left-invariant vector fields S; are also Killing vec-
tor fields. Indeed, we have £5, (18 0/ ® o) = I8 [(£5,0)) ® & + 0/ ® £5,0];
on the other hand, from (3.39), (7.63), the Maurer—Cartan equations, and (3.27),
£5,0' =S; 1dw’ +d(SiJw’) =S; ) (— ek Aw') = e;ji0'; hence,

£, (1850’ ® W*) = I (itm + eimp) 0™ ® * =0.

In this case, the connection 1-forms for the basis formed by the S; are I j=
—%I & jka)k and from the second Cartan structural equations (5.18) one finds that
%ij = J—tlw" A w/, or, equivalently, Riji = %I(S,'kSﬂ — ;18 k), which corresponds
to a space of constant curvature [see (6.100)]. With this metric, SO(3) is locally
isometric to the sphere S>. (However, SO(3) and S3 are globally distinct; whereas
S3 is simply connected, SO(3) is not.) Using, for instance, the expressions given
by (8.97) for the 1-forms ' in terms of the Euler angles one finds that the metric

I(Sijcoi ®a)j is
1[d6 ® df + d¢ ® d¢p + dyr @ Ay + cosO(dp ® dyr + dy ® de)].

Exercise 8.37 Show that if (/;;) = diag(/y, I, I3) (a symmetric top), then S3 is a
Killing vector field of the metric /;; o' Q@ wl.
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Going back to the general case, from (8.102) and (8.103) it follows that the ki-
netic energy of a rigid body with a fixed point can also be expressed in the form

1 ..

T:E(n*g”)pipj, (8.104)
where (g'/) is the inverse of the matrix g ;= IuyM’ f.‘]\71’ IJ [cf. (8.47)]. (In contrast
to Ex, T is a function defined on the phase space.) According to (8.92), we also
have

1 ..
T=21YLiL;. (8.105)

where (I'/) denotes the inverse of the matrix (I; 7). The standard Hamiltonian func-
tion for a rigid body is the sum of its kinetic and potential energies. If the axes of
the coordinate system fixed in the body are principal axes of the inertia tensor [with
respect to which the matrix (/;;) is diagonal, (/;;) = diag(Iy, I2, I3) and, therefore,
(1Y) =diag(1/1y, 1/1, 1/13)], the Hamiltonian is then

Li? + Ly’ + Ly’ + TtV (8.106)
R e A :
2n T2 o

where 11, I, I3 are the so-called principal moments of inertia [see (8.105)] and V
corresponds to the potential energy. From (8.43), together with (8.106), (8.83), and
the properties of the Poisson bracket that follow from the definition (8.19), we find
that

dL,
—=1{H, L
” { 1}

1 1
= 1{Ll,Ll}Ll +

1
= {Ly, L1}Lo+ —{L3, L1}L3+{n*V, L}

I I3

1 1

=——1IL7l3+ —LrL3+ {JT*V, Li}.
I I

The functions L; appearing in (8.105) and (8.106) are generating functions of the

rotations of the rigid body about the axes fixed in the body [see (8.82)]. However,

according to its elementary definition, the angular momentum should depend lin-

early on the angular velocity. From the Hamilton equations (8.36) and (8.104) one
finds that

dg'  9H 3T
e~ 0pi  Opi
Hence, making use of (8.92) and (8.93),

(*g")p;-

. . k .
L= (W*M/;)pj _ ”*(M/{gjk)ddit _ ﬂ*(M/;gjkM/éc)Q/l —1,0".
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Thus, with respect to the principal axes of the inertia tensor, L; = I;£2’* (without
sum on i), and we have

dg/l
dt

I — (L —1)R7%27%=Nj, (8.107)

where N| = {7*V, L1}. In an analogous way we obtain

d9/2
h— —(h—1)R'"27 =N},
t/3 (8.108)
I = — (I — L)R'"'Q"? =N,

with N/ = {z*V, L;}. Since L; is a generating function of rotations about the e} axis
(fixed in the body), the functions N correspond to the components of the torque
with respect to the axes fixed in the body. Equations (8.107) and (8.108) are known
as the Euler equations.

When V =0, the torque is equal to zero and the Hamiltonian (8.106) reduces to
the kinetic energy T, which is given by (8.105) or by (8.104); therefore, the Euler
equations (8.107) and (8.108) with N/ = 0 amount to the equations for the geodesics
of the metric /;; o @wl.

Finally, we consider the case of a symmetric rigid body with a fixed point in a
uniform gravitational field. Choosing, as usual, /1 = I and taking the fixed point of
the body as the origin of the coordinate systems fixed in space and in the body, from
(8.106) and (8.99) one finds that

1 (pp — cosO py)? Py’
H=—|py? [ cosb, 8.109
21 [m * sin? 6 * 213 Fmetcos ( )

where m is the mass of the body and / is the distance from the fixed point to the
center of mass. Since H does not depend on ¢, V¥, and ¢, the Hamilton equations
(8.36) imply that

D¢ = const, Py = const, H = const(= E) (8.110)

(i.e., K3 and L3 are constants of motion; cf. Exercise 8.37). On the other hand

d9 O0H
T _P @8.111)
dr ape I
therefore, from (8.109)—(8.111) one obtains the separated equation
I (dO\?  (pg —cosb py)? , Py
—| =) + +mglcosO=E =E — —, 8.112
2 <dt> 21, sin* 6@ 8 213 ( :

which is usually obtained by means of the Lagrangian formalism [see, e.g., Gold-
stein (1980, Sects. 5-7)].
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8.7 Time-Dependent Formalism

In the foregoing sections we have restricted ourselves to the case where the Hamil-
tonian is a real-valued function defined on the phase space. The Hamilton equations
(8.36) then constitute an autonomous system of ODEs (that is, the right-hand sides
of the Hamilton equations (8.36) do not depend explicitly on ¢). However, the for-
malism can readily be extended to the more general case where the Hamiltonian
depends explicitly on time, and even in those cases where a given Hamiltonian does
not depend explicitly on time, it is convenient to consider canonical transformations
that lead to a new Hamiltonian that may depend on time.

Throughout this section, P will denote a 2n-dimensional differentiable manifold,
which in many cases will be the cotangent bundle of some n-dimensional differen-
tiable manifold. We begin by noticing that for a given 2-form £2 on P x R, of the
form 2 =dp; Adq' —dH A dt, where (¢', p;, t) is a local system of coordinates
on P x R and H € C*®(P x R), there exists a unique vector field A € X(P x R)
such that At = 1 and A2 = 0. In fact, a straightforward computation shows that
these two conditions imply that

0H 9 0H 0 a

- . +
dpi 9q'  9q' dp; Ot
and therefore the integral curves of A are determined by the Hamilton equations

i H ; H
d(g oC)=8 oC. d(p,oC):_a c.

ds opi ds aq!

d(to C) _
ds -

1. (8.113)

The last equation, which amounts to At = 1, means that the integral curves of A
are parametrized by ¢, which represents the time. In what follows ¢ will denote the
natural coordinate of R, but ¢’, p; need not be coordinates on P (for instance, the
functions x and r = /x2 + yZ, where (x, y) are the natural coordinates of Rz, form
a coordinate system on R x R (that covers, e.g., the half-plane y > 0); whereas x
is the natural coordinate on the first copy of R, r is not a coordinate on the second
copy).

The local expression of §2 considered above follows from d§2 = 0 and the con-
dition that at each point x € P x R, the linear mapping from 7, (P x R) into
T} (P x R), given by vy — v, £2, has rank 2n. The kernel of this mapping has
dimension one and is generated by A,. (Actually, the Darboux Theorem guaran-
tees the local existence of 2n functionally independent functions, P;, Qi, such that
2 =dP; AdQ'. By means of a canonical transformation (see below) one can take
£2 to the desired form.)

Symmetries and Constants of Motion As shown in Sect. 8.3, in the case where
the time evolution of a mechanical system is defined by a Hamiltonian vector field,
Xam, on T*M, a function f € C*°(T*M) is a constant of motion if and only if
the vector field Xq s generates a one-parameter group of canonical transformations
that leave the Hamiltonian invariant (i.e., XqrH = 0). Even for such mechanical
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systems, there exist constants of motion that depend explicitly on time (see, e.g.,
Example 8.38 below), which therefore are not related with symmetries in the frame-
work developed in the preceding sections. As we shall show, whenever the evolution
equations can be expressed in the form of the Hamilton equations, any constant of
motion (that may explicitly depend on time) is associated with a one-parameter
group of symmetries.

We will say that the vector field X on P x R is a symmetry of 2 if £x62 =0. As
a consequence of the formula £x 2 = X 1d§2 + d(XJ£2), and the fact that d§2 =0,
we see that X is a symmetry of £2 if and only if the 1-form X £ is closed (cf.
Lemma 8.5). Thus, if X is a symmetry of £2 there exists, locally, a function x €
C°(P x R) such that X_J£2 = —dy. Then, the function y is a constant of motion,
i.e., Ax =0. Indeed,

Ay =Aldy = —AJXIR) =XJAJR)=0.

The vector field A satisfies the symmetry condition £4£2 = 0, but no nontrivial
constant of motion is associated with A, since A_£2 = 0.

Conversely, given a constant of motion, x, there exists a vector field X, defined
up to the addition of a multiple of A, such that X ]2 = —dy (then X is a symmetry
of £2). In fact, writing
0 0 0

+B—+C—

X=A—
aq! ap; ot

the condition X | £2 = —dx amounts to
—dy = XJ(dp; Adg' —dH Adr)
= (Xpi)dq' — (Xg')dp; — XH)dt + (Xt)dH
= B;dg' — A'dp; — (XH)dr + CdH,

that is,
d oH d : oH d 0H oH
X __p—c2Z, L _,y_clh X _ 4l T
g’ g’ dpi Ipi ot dq’ dpi
From the first two equations we find that
.0 oH d oH
Al=X o =2
api opi aq' 0q'
and substituting into the last equation we obtain
dx dx dH 9x dH
at ~ dpi dqg'  dq' dp;’
which is equivalent to the assumed condition A x = 0. Thus, we have
dx o dx 0
X=X X % L cA, (8.114)

“Opidqi dq' opi
where C is an arbitrary real-valued differentiable function [cf. (8.17)].
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Thus, any constant of motion (which possibly depends explicitly on the time) is
associated with a symmetry of £2, but, in contrast to the result derived in Sect. 8.3,
we do not necessarily have XH = 0 (cf. Example 3.17).

Example 8.38 The vector field

9 9 9 9
A=t e 2 _,,2% 2 (8.115)
m dgl  m 9g? opy ot

where m and g are constants, is the only vector field that satisfies the conditions
Ar =1and AJ2 =0, with £ given by

2 2
prp mgq2> Adr, (8.116)
2m

2 =dp; ndg! +dp; A dg? —d(
ie., H=(pi1>+ p2%)/(@2m) + mgq? is a Hamiltonian function (which represents
the total energy of a particle of mass m in a uniform gravitational field, with g being
the acceleration of gravity) for the equations of motion defined by A.

Even though (3/3g2)H = mg # 0, one can verify that £5/342§2 = 0; in fact, one
finds that (3/0¢%)] 2 = —d(py + mgt), i.e., 3/dg? is a symmetry of 2. Hence,
according to the discussion above, x = p, + mgt is a constant of motion, which
explicitly depends on time. (Note that H does not explicitly depend on ¢ in the
coordinate system employed here.)

If X is a symmetry of £2, then
(ExA)J2 =£x(A12) — Al(£x$2) =0,

and therefore £x A must be proportional to A.

For a given vector field A, the set of constants of motion is a vector space over R
(with the usual operations of sum of functions and multiplication by scalars) which
can be made into a Lie algebra by defining

{x1, x2} =Xix2, (8.117)

where X is a vector field such that X; 2 = —dy [cf. (8.19)]. As we have shown,
the vector field X is defined up to the addition of a multiple of A, but this ambiguity
has no effect on the definition (8.117) since A xp = 0. The bracket {x1, x2} is indeed
a constant of motion because A{x1, x2} = AXix2 = [A, Xi]x2 =0, since [A, X1] =
—[X1, A] is proportional to A.

Furthermore, if X» is a vector field such that X, §2 = —dyx», [X1, X»] is also a
symmetry of §2 (see Exercise 2.30) and

(X1, X012 = (£x,X2) 12 = £x, (X0 ) 02) = —£x, dxo = —d{x1, x2}
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[cf. (8.18)]. We also have
{x1, x2t =Xix2 = X1 J (X2 J2) =202(X1, X2),
which implies the skew-symmetry of the bracket [cf. (8.22)].

Exercise 8.39 Show that the bracket (8.117) satisfies the Jacobi identity.

From (8.114) and (8.117) one obtains the local expression

1. o) = X192 91 9x2
KX = 9g ~ aq’ opi

[cf. (8.21)].

Canonical Transformations The coordinates qi, pi, as well as the Hamilto-
nian H, in terms of which the 2-form 2 has the form dp; A dqi — dH A dt, are
not defined uniquely by £2. There is an infinite number of sets {Q’, P;, K} such
that (Q', P;,t) is a coordinate systemon P x R and £2 =dP; A dQ! — dK A dt
(which implies that the integral curves of A are determined by equations of the form
(8.113), with {Q', P;, K, t} in place of {¢', p;, H, t}). Indeed, the equality

dp; Adg' —dH Adt =dP; AdQ' —dK Adt
is equivalent, e.g., to
d(pidg' — Hdt — P;dQ" + K dt) =0.
In turn, this is locally equivalent to the existence of a function F such that
pidg' — Hdt — P;dQ' + K dt =dF; (8.118)

cf. Example 3.16. (Note that we consider these transformations as coordinate trans-
formations, that is, as passive transformations that do not affect the points of the
manifold P x R.) If g%, Q, and ¢ are functionally independent, they can be used as
local coordinates on P x R, and from (8.118) it follows that

oF oF oF
=—, P = =
aq!

——  K—-H=—, (8.119)
FYo) ot

Di
The function F is a generating function of the canonical transformation.

Example 8.40 The coordinate transformation

C
¢g'=0'+0% ¢=—(P—-P),
eB

1 eB

p1==(P1+ P), p2= =
C

2 1
=3 ()
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with K = H, where e, B, and ¢ are nonzero constants, is canonical. In fact, one
readily verifies that

dpi Adg' +dpr Adg?> =dP; AdQ' +dP, AdQ?; (8.120)

moreover,
p1dg' 4 prdg* — P1dQ! — P,dQ? —d[ 7> (0% - Q)}

but the set {ql, q2, Ql, QZ, t} is not functionally independent and, therefore, the
relations (8.119) make no sense. However, (8.120) also follows from

pirdg' —¢*dp, + Q'dP + Q*dP,

_d 1 1 2c P+ 1 1+ 2c P

) q oB p2 )1 5 q oB p2 )2
and (among other choices) the set {ql, p2, P1, P>, t} is functionally independent.
Therefore, using (ql, P2, P1, Pr, 1) as local coordinates on P x R, the coordinate
transformation considered here can be reproduced from the generating function F =

%(q1 pz)Pl +5 (q + pz)Pz, appearing on the right-hand side of the last
equation One can readily Verrfy that the relations

_9F ,  OF o= IF o F
Pr=5q0 17 oy o ~ap,

are equivalent to the given coordinate transformation.

Alternative Hamiltonians It is not widely known that for a given vector field
A € X(P x R), with Ar = 1, there exists an infinite number of closed 2-forms of
rank 2n, §2, such that A_J£2 = 0, which are not multiples of one another (except in
the case where dim P = 2; see below). For instance, one readily finds that the vector
field (8.115), considered in Example 8.38, contracted with the closed 2-form

2 =dpy Adg' +dpy A dg? _d<p1p2 +mgq ) Adr, (8.121)
m

yields zero, but §2” cannot be written as some real-valued function multiplied by the
2-form £2 given by (8.116). In fact, by means of a straightforward computation, one
readily verifies that £2 and £2’ can be expressed as

p1p2

2 2
_|_
2 =dp Ad(q + —g) +d(ps +mgt) /\d<q2 LT P2

2m=g (8.122)

2 2
+
_d(p2+mgt)/\d<q +w)+dp1/\d(q2+pl 21?2 )
’8 2m-g
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The vector field 3/dg>, which is a symmetry of §2, is also a symmetry of £2’, but
now (9/d¢g>)J 2" = —dpy, which implies that p; is a constant of motion.

The only way in which the vector field A satisfies the relations A | £2 =0 and
AJ 2" =0, considered in most textbooks on analytical mechanics [e.g., Goldstein
(1980, Sect. 9-1)], is the trivial one, where £2’ differs from §2 at most by a constant
factor.

For a given vector field A € X(P x R) such that Ar = 1, the local existence
of an infinite number of closed 2-forms of rank 2n, §2, such that Al 2 =0
can be demonstrated in the following way. Let x!, x2,..., x*" be 2n function-
ally independent constants of motion (i.e., Axi =0,i=1,2,...,2n); then 2 =
dy' Adx?+dy3 Adx* + - +dx? ! Adx?" is closed, has rank 2n (as a conse-
quence of the assumed functional independence of the x*), and we have

AlQ = (AXl)dXZ _ (AX2) Xm 44 (AXanl)dXZn - (AXZn)dXanl

since, by hypothesis, A Xi =0,fori =1,2,...,2n. The ordered set of constants of
motion {x 1 XZ, e XZ”} is not unique; we can simply make permutations of the
functions x! [as in (8.122)] or we can replace x', x?2, ..., x*" by any functionally
independent set of functions of them.

Conversely, if £2 is a closed 2-form of rank 2n such that A §£2 = 0, according
to the Darboux Theorem, £2 is locally of the form dp; A dqi , with the set {qi , Di}
being functionally independent. Then, from A_| 2 = 0 it follows that the g¢°, p; are
constants of motion.

The Case dim P =2 In the special case where dim P = 2, locally there exist es-
sentially only two functionally independent constants of motion, x ', x2; any other
two functionally independent constants of motion, x’ 1 X/Z, must be functions of
x', x? only, hence

9 /1, 2
dy'' Ady? = . x) dx! Ady?.

A0 x?)
Furthermore, the Jacobian determinant appearing in the last equation must be a func-
tion of x! and x2 only and, therefore, is a constant of motion (cf. Exercise 3.18).
Thus, when dim P = 2, the 2-form £2 is not unique, but is defined up to multiplica-
tive constant of motion (see Example 8.44, below).

We can give another proof of the assertion above, which allows us to find the
2-forms £2 explicitly, without assuming that we know explicitly all the constants of
motion.

In terms of an arbitrary coordinate system (x, y,¢) on P x R, the vector field A
can be written as

5 9 9
A=fopgl 4 2 8.123
Fox T8% Tar (8.123)
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where f, g € C°(P x R) are given, and any 2-form on P x R has the local expres-
sion

2 =221dx Ady +2213dx Adt +282-3dy A dt,

for some £2;; € C*°(P x R).
The condition A_l 2 = 0 amounts to

0=AJRQ =2[(—gR12 — 213) dx + (f 212 — 223) dy + (f 213 + g£223) dr];
hence, §213 = —g$§212 and §273 = f 213, that is,
2 =2Qp[dx Ady + (fdy — gdx) Adt], (8.124)

where only the function £21, remains unspecified. The rank of £2 can only be O or
2; therefore, if £21 # 0, the rank of £2 is equal to 2. Finally, from the condition
d£2 = 0 one readily finds that the function £21, has to satisfy the linear PDE

F e g, (U8 g (8.125)
ax %oy Tar )T T \ax T oy ) '

The non-uniqueness of £2 comes from the fact that (8.125) has infinitely many solu-
tions; if £212 and [2{2 are two solutions of (8.125), setting v = [212/[212, one finds
that Av =0, i.e., v is a first integral.

Once 21, satisfies (8.125), the 2-form (8.124) can be written in the “canonical
form” dp A dg — dH A dt, introducing two auxiliary functions ¢, ¥ € C*°(P x R)
such that

0
— — )2 —|(g —)212|=0. 8.126
L —2e]+ 5 [(g — d)212] (8.126)
This condition guarantees the local existence of a function H € C*°(P x R) such
that

2212[(f —¥)dy — (g — ¢) dx] = —dH + terms proportional to dr.  (8.127)

Thus
2 =2212(dx —ydt) A(dy —¢dt) —dH A dt.

Since §2 and dH A dt are closed forms, 26212 (dx — ¢ df) A (dy — ¢ dt) is closed and
by virtue of the Darboux Theorem, there exist functions p, g such that 2§21, (dx —
Yde) A(dy —¢dt) =dp Adg, so that 2 =dp Adg — dH A dt. These results are
summarized in the following proposition.

Proposition 8.41 Let P be a differentiable manifold of dimension two. Given a
vector field A on P x R such that At = 1, locally there exist infinitely many rank 2,
closed 2-forms $2 such that A1§2 = 0. Any pair of such 2-forms, 2, 2', are related
by 2" = v82, where v is a real-valued function satisfying Av =0 (i.e., v is con-
stant along the integral curves of A). For each 2, locally there exist coordinates
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(g, p,t) on P x R, where t is the natural coordinate of R, and some func-
tion H € C®°(P x R), defined up to canonical transformations, such that §2 =
dp Adg —dH Adt.

Example 8.42 The system of first-order ODEs

dx dy 1y—ux

a Y dt -1

corresponds to the linear second-order ODE

d?x t dx X

- - -0
dr? t—ldt+t—1

and to the integral curves of the vector field

a ty—x 0 ad
A=y— 2
Yox T 1 ey T

[cf. (8.123)], thatis, f =y and g = (ty —x)/(t — 1). Therefore, the component £2;
must satisfy the PDE [see (8.125)]

8+ty—x8+89_ t,Q
Yox T i—1 8y o) T i

A solution to this equation is

1

Q=
=00 e

(the factor 1/2 is included for later convenience).

Condition (8.126) is satisfied choosing ¢ =ty /(¢ — 1), ¥ = 0, and substituting
these expressions into (8.127) we find that, up to an additive function of ¢ only,

H— 1 y? x2
_(1—z)ef<?+2(t—1))

28212(dx — Y dr) A (dy — ¢ dr)
—L(d —I—t—ydz‘)/\d
T -\ VT T *

(1—1)e

Hence, we can take p = y/[(1 — t)e’] and ¢ = x. Further examples can be found in
Torres del Castillo and Rubalcava-Garcia (2006) and Torres del Castillo (2009).

and
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Exercise 8.43 Show that the vector fields

0x ay’ dx  dy
are symmetries of the 2-form 2 found in Example 8.42. Find the first integrals
associated with these symmetries and their Poisson bracket. Show explicitly that £2
is proportional to the exterior product of the differentials of these two first integrals.
(Note that all this can be done making use of the original coordinates (x, y, t).)

Example 8.44 In the case of a one-dimensional harmonic oscillator, the standard
Hamiltonian is
2 2.2
p mwo~q
H - + )
2m 2

where g, p are canonical coordinates induced by a coordinate x on the configuration
space, m is the mass of the oscillator and wy is its angular frequency. The expression
H = (p/2m)? + (Vm/2Zwoq)?* corresponds to the square of the distance from
the origin to the point (p/~/2m, /m/2woq) of R?. Then, the analogs of the polar
coordinates are

vm/2woq _ . maoq

t _

P=+H, Q = arctan ———— = arc
p/N2m 4

and one finds that

D m 0
PdP ANdO =d| — d — =—d dg.
nde <m)A (V2‘”°q> 2 P

2
dpandg —dH Adt = —PdP AdQ —d(P?) Adt
o

Hence,

2P
— 22 (AP AdQ — wodP Adr).
o

The factor 2P /wy = 2+/H /wq appearing on the right-hand side of the last equation
is a constant of motion and the function wg P is a Hamiltonian for the new canonical
coordinates (Q, P).

Thus, in accordance with Proposition 8.41, the 2-form £’ = dP A dQ —
wodP A dt differs from 2 =dp A dg — dH A dt by a factor which is a constant
of motion. Finally, it may be noticed that

Q' =dP Ad(Q — wot).

Hence, both P and Q — wot are constants of motion.



Appendix A
Lie Algebras

Definition A.1 A Lie algebra, L, over a field K, is a vector space over K which
possesses a mapping from L x L into L, usually denoted by [ , ], such that
(i) itis bilinear
[u,av + bw] = alu, v] + blu, w], (A.1)
[au + bv, w] = alu, w] + b[v, w], (A.2)

foru,v,welL,a,bek,
(1) it is skew-symmetric

[u,v] =—[v,u], (A3)

for u, v € L (by virtue of (A.3), the linearity of the bracket on the second argu-
ment (A.1) implies its linearity on the first argument (A.2), and vice versa),
(iii) it satisfies the Jacobi identity

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] =0, (A4)

for u, v, w € L. A Lie algebra is Abelian if [u, v] =0 foru,v € L.

Let L be a Lie algebra of finite dimension (that is, L is a vector space of finite di-
mension), and let {¢;}7_, be a basis of L. Owing to the bilinearity of the bracket, the
value of [u, v], for u, v € L arbitrary, is determined by the values of [e;, e;] (i, j =
1,...,n),forifu = ule; and v = vjej, we have [u, v] = [u'e;, vjej] =ulvi[e;, ejl.

Since [e;, e;] must belong to L, [¢;, e;] = cf.‘jek, where cf.‘j (i,j,k=1,...,n)are
n3 scalars, called the structure constants of L. The values of the structure constants
are not independent, since the bracket must be skew-symmetric, and it satisfies the

Jacobi identity, which imposes the following relations among the cf.‘j:
k __ k
m 1 m .l m 1
Cijckm +Cjkcim +Ckicj)11 =0. (A.6)
G.F. Torres del Castillo, Differentiable Manifolds, 255
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Exercise A.2 Let V be a vector space and let gl(V') be the set of the linear maps
from V to V with the usual sum and multiplication by scalars, and with the bracket
given by [A, B] = AB — BA. Show that gl(V) is a Lie algebra. If V is of finite
dimension and {e;};_, is a basis of V, the linear transformations ¢>§. defined by

¢’ (ex) = 8je;, form a basis of gl(V). Show that (97, L1 = (875] 8! — 515750) 5.

Definition A.3 Let L be a Lie algebra. A subalgebra, M, of L is a subset of L
which is a Lie algebra with the operations inherited from L.

Since most of the properties that define a Lie algebra are automatically satisfied
by any subset of a given algebra (for instance, the bilinearity and skew-symmetry
of the bracket), it suffices to employ the criterion given by the following theorem in
order to show that some subset is or is not a subalgebra.

Theorem A.4 Let L be a Lie algebra and let M C L. M is a subalgebra of L if and
only if foru,v e M and a € K, the elements u + v, au and [u, v] belong to M.

The proof of this theorem is immediate and is left to the reader.

Definition A.5 Let L be a Lie algebra and M a subalgebra of L. M is an ideal of L
ifforueMandvel,u,vleM.

L itself and {0} are ideals of L, and if L is Abelian, then any subalgebra of L is
invariant.

Definition A.6 A Lie algebra, L, is simple if it is not Abelian and does not possess
other ideals apart from L and {0}. L is semisimple if the only Abelian ideal contained
in L is {0}.

For example, the set of globally Hamiltonian vector fields of a symplectic man-
ifold is an ideal of the Lie algebra of the locally Hamiltonian vector fields (see
Sect. 8.2).

Definition A.7 Let L and L, be two Lie algebras over the same field K. A map
f Ly — LjisaLie algebra homomorphism if

(i) f is a linear transformation (i.e., f(au + bv) =af(u) + bf (v), foru,v € L1,
a,b eK)and
(1) f([u,v]D) =1[f@), f(v)],foru,veL;.

If, in addition, f is bijective we say that f is a Lie algebra isomorphism.

Exercise A.8 Let f : L1 — L; be aLie algebra homomorphism. Show that Ker f =
{ueLi| f(u) =0} 1is anideal of L.
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Invariant Metrics

Any Lie group can be turned into a Riemannian manifold in such a way that all
the left translations L (or the right translations R,) are isometries. Let G be a Lie
group and let {w!,..., "} be a basis for the left-invariant 1-forms; if (a; j) 1s any
(constant) non-singular symmetric n X n matrix, then

aijo’ @ (B.1)

is a metriq tensor on G, which is a left-invariant metric since Lg*(a; ja)i Rwl) =
ajjo' @, forall g € G.If (a;;) is posiftive definite, the metric (B.1) is also positive
definite. If, in place of the 1-forms @' we employ right-invariant 1-forms, in an
analogous manner we obtain a right-invariant metric. A metric on G is bi-invariant
if it is left-invariant and right-invariant simultaneously.

From the results of Sect. 7.5 it follows that the right-invariant vector fields are
Killing vector fields for any left-invariant metric (see Exercise 7.51). For a bi-
invariant metric, the right-invariant vector fields, and the left-invariant vector fields
are Killing vector fields.

Example B.1 The 2 x 2 real matrices of the form (8 f ), with x > 0, form a Lie
subgroup of GL(2, R). Making use of Theorem 7.35, from the equation

Xy 1 dx dy\  [(x7' —yx7'\[dx dy
0 1 0 0/ \o0 1 0 O
_(x7tdx x7ldy
- 0 0

o 1 0 1 0 1
=x dx(o O>+x dy(0 O)

o' Ex_ldx, a)zzx_ldy,

it follows that

form a basis for the left-invariant 1-forms. Using the fact that the inversion mapping,
1(g) =g ! isgiven by *x =x~1, ¥y = —yx~! [see (7.3)], one finds that the basis

G.F. Torres del Castillo, Differentiable Manifolds, 257
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of the right-invariant 1-forms &' = —*o', is

o' =x"ldx, @ = —yx~ldx +dy,

and the dual basis is given by

. 3 9 )
X =x 2> 4y2 X,=2 B.2
=AYy 27 % (B.2)

(cf. Example 7.47). Thus, X; and X, are Killing vector fields for the metric
ajjo' @/ =x7[aj; dx ®dx +aj2(dx ® dy +dy ® dx) +az dy ® dy], no matter
what the values are of the constants a1, a2, and a;. In particular, taking a;; = §;;,
we obtain the metric

x72(dx ® dx + dy ® dy), (B.3)
which is the metric of Poincaré’s half-plane [see (6.19)] and possesses three linearly
independent Killing vector fields (see Example 6.12).

Exercise B.2 Show that if G is connected, the metric a; ja)" ® w’ is also right-
invariant if and only if

aimc'jﬂk +ajmciy =0, (B.4)
where the c; « are the structure constants of G with respect to the basis (o).

Exercise B.3 Find a basis for the left-invariant 1-forms and its dual basis for the
group formed by the 3 x 3 matrices of the form

S O =
O = =

Z
v, x,y,zekR,
1

which is related to the Heisenberg group [see, e.g., Baker (2002), Sect. 7.7]. De-
termine the structure constants of the group in this basis. Is it possible to find a
bi-invariant metric?

Since the coefficients a;; in (B.1) are constant, the dual basis {X;} to {o'} is a
rigid basis with respect to the metric g;;0' ® w’; thus, comparing [X;, X ;] = cf.‘ij
with (6.62) one finds that cf.‘j = ij,- — Fkij = 21"k[j,-], where the I“ijk are the Ricci
rotation coefficients for the basis {X;}. Using the identity (6.63), we obtain

1 m m m
Tijk = E(aimckj —ajmCy; — akiji)- (B.5)
The foregoing expression is simplified if the metric (B.1) is bi-invariant because in

that case the last two terms on the right-hand side of (B.5) cancel [see (B.4)], leaving

1
Tijk = 5aimclj (B.6)
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so that the connection and curvature forms in this basis are

1., 1
FIJZEC;(]CU and %lJ:Z

NS (B.7)

Cchfnzw
respectively [see (5.26), (7.34), and (A.6)]. Hence, the components of the curvature
with respect to the basis {X;} are

R ju = %(c’fkcfnl — c;”lc,’nk) = —%c,’njc,r:}. (B.8)
It may be noticed that in the expressions (B.7) the matrix (a;;) does not appear
and, furthermore, that they make sense independently of choosing a metric on the
group. It can be directly verified that, with respect to a basis for the left-invariant 1-
forms, {', ..., ®"}, the connection 1-forms (B.7) define a connection with torsion
equal to zero. Hence, in any Lie group there exists a torsion-free connection, defined
in a natural way, without having to specify a Riemannian metric.
From (B.6) it follows that, if the metric (B.1) is bi-invariant, the coefficients I5

are totally skew-symmetric, since, in general, I jx = —I'j;, while from the relation
c,’?j = —c'%, it follows that I};; = —TIjx;. Combining these formulas one finds that
Ijx = —TI%;ji. If the dimension of G is two, then the total skew-symmetry of the

Ricci rotation coefficients implies that they are equal to zero and, since (a;,,) must
be invertible, c,’é} = 0 and, therefore, G must be Abelian.

If the dimension of G is three, the skew-symmetry of I} implies that I5; =
b &;ji, where b is some constant. Then, from (B.6), we have

cpy =2a"beij, (B.9)
where (a'™) is the inverse of the matrix (a;,,); therefore

Zc;njcl’?l = b*aP! epima?™ eqik = b2al det(a”) (aipakj — ajjaxp)

and from (B.8) we obtain
Rijr = b? det(a”) (aixaj — ajlajg), (B.10)

which means that G is a constant curvature space (see Examples B.6 and B.8).
For any value of b, the structure constants (B.9) satisfy the Jacobi identity (A.6).
It can be noticed that in this case, if the six vector fields X; and X,- (i=1,2,3)
are linearly independent, then they form a basis for the Killing vector fields of G,
since the maximum dimension of the Lie algebra of the Killing vector fields of a
Riemannian manifold of dimension n is n(n + 1) /2.

Exercise B.4 Show that for any Lie group, G, the left-invariant vector fields X;,
and the right-invariant vector fields X; are linearly independent if and only if the
center of the Lie algebra of G is {0}; that is, if and only if zero is the only element
of g whose Lie bracket with all the elements of the algebra is equal to zero.
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Exercise B.5 Show that if a; ja)i ® w’ is a bi-invariant metric on G, where {'}
1s a basis for the left-invariant 1-forms, then VyZ = %[Y, Z] and R(Y,Z)W =
—%[[Y, 7], W], for Y,Z,W € g, where V denotes the Riemannian connection as-
sociated with the bi-invariant metric and R is its curvature tensor. Show that the
integral curves of any left-invariant vector field are geodesics.

If c; « denote the structure constants of an arbitrary Lie algebra, then the constants

k
gij = —cichk (B.11)
form a symmetric matrix, g;; = —c’J‘.mc?}C = —c;?,’(clj‘.m = gij. Furthermore, making
use of (B.11), and the identities c;?}.cfnk + c]mkcfm. + cfnj =0 and c;.k = —c}{J. [see
(A.5) and (A.6)] one finds that
m m S r m S r m
8imCix + &jmCix = —CirCmsCik — CjrCmsCik

) m .r m .r _ S r m
= c;, (cRsem; + Csjcmk) CirCmsCik

_(_ s .m __ s m\.r s om.r s r _m
= (—ciicrns Crkcis)cmj+circsjcmk CirCmsCik

=0.

Hence, if G is a connected Lie group and {w'} is a basis for the left-invariant
1-forms, the tensor field g;; o' @w’, with the g; ;j defined by (B.5), is bi-invariant (see
Exercise B.2). However, the matrix (g;;) can be singular, and therefore g; ;' ® w’
does not need to be a Riemannian metric on G. It can be shown that the matrix
(8ij), defined in (B.11), is invertible if and only if the Lie algebra is semisimple
(that is, it does not have Abelian proper ideals) [see, e.g., Sattinger and Weaver
(1986, Chap. 9)].

It may be noticed that the components of the Ricci tensor associated with the
curvature tensor (B.8) are given by R;; = % gij» with g;; defined by (B.11).

Example B.6 Let us consider the group G = SU(2) with the parametrization given
by the Euler angles, ¢, 0, v,

g = (expp(2)Xs) (expO(2)X1) (exp ¥ (2)Xs), (B.12)

where {X1, X3, X3} is the basis of su(2) given in Exercise 7.19 [cf. (8.94)]. From
(7.54) it follows that (B.12) is equivalent to

NGE 0 cosf/2 ising/2Y (eV/? 0
§= 0 e 92 ) \ising/2 cos6/2 0 e V2
( S OH/20050/2 i@/ 2ging )2 )

ielV=0/25ing/2 e 1@+V)/2¢c050/2 (B.13)

where, by abuse of notation, we have simply written ¢, 6, 1, in place of ¢ (g), 0(g),
and ¥ (g), respectively. As in Example B.1, we can make use of Theorem 7.35 to
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find the basis of the left-invariant 1-forms, dual to the basis {X;, X, X3}. Since
the structure constants for the basis {X, X», X3} are the same as those of the basis
{S1,S3, S3} of s0(3), equations (8.95)—(8.100) hold if S; is replaced by X;; hence
the set

o' =sin6 siny dg + cos ¥ d,
w? = sinf cos ¥ dp — sinyr d6, (B.14)
> =cosf d¢ + dy
is the dual basis to {Xi,X>,X3}. Making use of the fact that [X;,X;] =
Zi:ﬁijkxk = Skls,-ijl, we have cll.j = Sklsijk; therefore, from (B.11), g;; =
—8Pksimpéqmsjkq = —Slpk(éjpéki — 8idkp) = 28;;, which is an invertible matrix
and g;j0' ® v/ =2§;j0' ® w’/. From (B.14) we then have
gij0' ® v =2[d¢p ® dp +do ® df + dy ® dyr
+ cos6(d¢ @ dy + dy ® d¢)]. (B.15)

According to the foregoing results, we may conclude that the metric (B.15) is bi-
invariant. As we shall show below, this metric is essentially the usual metric of the
sphere S3.

The underlying manifold of the group SU(2) can be identified with the sphere S°
in the following manner. All the elements of SU(2) are of the form

x+iy z4iw
(—z—i—iw x—iy)’ (B.16)

where x, y, z, w are real numbers such that x2+ y2 + z2 + w? = 1. Hence, there
is a one-to-one correspondence between the elements of SU(2) and the points of
S3 ={(x,y,z, w) € R*|x? + y> 4+ z2 + w? = 1}. From the expressions (B.13) and
(B.16), separating the real and imaginary parts, one obtains a local expression for
the inclusion of SU(2), or S3, in R* (i : SU(2) — R*), namely

* 19 1(¢+1/f) j* 19 i l(¢+‘/’)
i*x =cos =0 cos — , i*y =cos —0sin - ,
27 %3 Y PR

i*zz—sin10s1n1(¢—w), i*w:sinlecosl(qﬁ—w).
2 2 2 2
The pullback under i of the usual metric of R* is then
i*(dx ®dx +dy ® dy + dz ® dz + dw ® dw)
= i[dd) ®d¢ 4+ do @ df + dy ® dyr + cos0(dg @ dy + dyr @ dg)],

which, except for a factor 1/8, coincides with the metric (B.15). This means that
the metric (B.15), which, as we have shown, is the metric of a constant curvature
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space, is essentially the standard metric of S3 (which is, clearly, a constant curva-
ture space). Moreover, the left-invariant vector fields S; [given by (8.98)] and the
right-invariant vector fields S,- [given by (8.100)] of SU(2), are Killing vector fields
for the metric (B.15) and, therefore, for S3. Thus, the Lie algebra of the Killing
vector fields of S3, which is so(4) [the Lie algebra of SO(4)], possesses the basis
{S1,S,, S3, —Sl, —Sz, —S3}, which satisfies the relations

3
[Si.S;1=)_&ijuSk.

k=1
. . 3 . (B.17)
[(=80). (=8p] = eijc(=Sp).
k=1
[Si, (=$)]=0;
hence, s0(4) is the direct sum of two copies of su(2):
s50(4) =su(2) ®su(2). (B.18)

Each g € SU(2) can be regarded as a point of S? (by expressing g in the
form (B.16) and taking the corresponding x, y, z, w as the coordinates of a point
of $?), and for any g1 € SU(2), both Ly and R, are isometries for the met-
ric (B.15). Hence, if (g1, g2) € SU(2) x SU(2), the mapping g > Lg Ry, 8 =
81882 = Rg, L, g, from SU(2) onto SU(2), can be seen as an isometric map from
S3 onto S3. In fact, it turns out that any isometry of S3 that does not change the
orientation is obtained in this manner, with g; and g» determined up to sign; if
(g1,82) € SU2) x SU(2), then (—g1, —g2) also belongs to SU(2) x SU(2) and
Lg Ry, = L_g R_g,. From the preceding discussion it also follows that any rota-
tion about the origin in R* can be represented in the form

X +iy 4w x+iy  z+iw
(_Z/_Hw/ X —iy’ =81\ _. 4w X — iy g2 (B.19)
[cf. (7.65)] with g1, g2 € SU(2) determined up to sign. [This result is the counterpart
of (B.18).]

Exercise B.7 Show that from (B.19) it follows directly that the transformation
(x,y,z,w) > (x', ¥, 7/, w’) belongs to SO(4).

Example B.8 The functions «, 8, y : SL(2, R) — R defined by
1 1 1
g=|exp Ea(g)Xl exp B (8)(X2 +X3) || exp Ey(g)Xl ; (B.20)

where {X1, X7, X3} is the basis of s[(2, R) given in Example 7.16, form a local
coordinate system for SL(2, R), alternative to that defined by (7.4). From (B.20)
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and (7.51) we then have
_ e*/? 0 coshB/2 sinhg/2 e?/? 0
8=\ 0 e2)\sinhp/2 coshp2)\ o e 2

B ( e@t)/2cosh B/2  e@ )/ 2ginh B/2 )

e~ @ V)/25inh B2 e~ @tV)/2¢cosh B/2 (B.21)

where we have written «, 8, y instead of a(g), B(g), v(g) [cf. (B.13)]. The dual
basis to {X1, X, X3}, expressed in terms of the coordinates «, 8, ¥, can be obtained
making use of (B.20) and Theorem 7.35, which leads to [see (7.20)]

1 1 1
g 'dg = 3 eXP(—EVXI) eXp(—Eﬁ(Xz + X3))

1 1
- Al exp(zﬂ(Xg + X3)> exp(inl) da

1 1 1 1
+ 2 CXP<—5VX1>O»2 + )»3)CXP<§VX1) dg + EM dy
1 |
= E(coshﬁdot +dy)r + 7€ Y (sinh B da 4+ dB)A;
1
+ 3¢ (—sinh pdar + dB)A3,

and thus

1
o' = 5 (cosh fda +dy),

1
0 = Ee—y (sinh B da + dB), (B.22)

3 1 .
1) =§e)’(—smh,3da+d,3).

On the other hand, from (7.20) we find that [A[, A2] = 2X2, [A2, A3] = Ay,
[A3, A1] = 2A3 (i.e., the structure constants that are different from zero are given
by C%z =2= cg 1 cé3 = 1) and from (B.11) it follows that

-8 0 0
@)= 0 0 —4); (B.23)
0 —4 0

therefore, using (B.22) and (B.23),
gijo @ = —4(2&)1 Qo'+’ R0’ +0’® a)z)
= —2[da ® do +dB ®dB +dy @ dy
+ cosh B(da @ dy +dy ® do)] (B.24)
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is a pseudo-Riemannian bi-invariant metric on SL(2,[R) and, with this metric,
SL(2,R) is a constant curvature space. (Note that g; ja)i Qw = -8 ®w! —
20+ %) @ (0* + @) + 2(0? — %) ® (w?* — »?), which explicitly shows that this
metric is pseudo-Riemannian.) In a similar manner to the case of SU(2), considered
in the foregoing example, SL(2, R) with the metric (B.24) can be identified with a
submanifold of R*, provided that in the latter we introduce a pseudo-Riemannian
flat metric [cf. Conlon (2001), Sect. 10.7].
Indeed, any element of SL(2, R) is of the form

<x+w y+z) (B.25)

Z—y XxX—w

where x, y, z, w are real numbers with xZ + y2 — 72 — w? = 1. This means

that the underlying manifold of SL(2, R) can be identified with the hyperboloid
N ={(x,y,z,w) € R*| x> 4+ y> — z2 — w? = 1}. Comparing (B.21) with (B.25),
one finds the following local expression for the inclusion of SL(2, R) in R*:

1 1 1 1
i*x=cosh§,800sh§((x+)/), i*yzsinhiﬁsinhi(a—y),

2 = sinh B cosh (e — 7) j* h g sinh - (e + 7)
i*z = sinh =B cosh — (o — y), i*w = cosh = B sinh — (« ,
. 2 2 Y 2 Ty

hence, the metric induced on SL(2, R), or on N, by the pseudo-Riemannian metric
dx ® dx +dy ® dy — dz ® dz — dw @ dw of R* is

i*(dx ®@dx +dy ®dy —dz ® dz — dw ® dw)
1
=—Z[da®da+d,3®dﬁ+dy ®dy + coshB(da @ dy + dy ®da)]

and coincides, except for a factor 1/8, with the metric (B.24). Then, owing to the bi-
invariance of (B.24), the left-invariant vector fields of SL(2, R), together with the
right-invariant ones are Killing vector fields for the metric (B.24) and for the metric
induced on N. On the other hand, N and the metric dx ® dx +dy ® dy —dz ® dz —
dw ® dw are invariant under the linear transformations of R* into R* represented
by the real 4 x 4 matrices, A, with determinant equal to 1, such that

1 1
At A= , (B.26)

which form the group SO(2, 2), whose dimension is six. Thus, in an analogous way
to (B.18), we have

50(2,2) =sl(2,R) & sl(2, R). (B.27)
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Since for any g € SL(2,R), the transformations L, and R, are isometries
of the metric (B.24), if (g1,g2) € SL(2,R) x SL(2,R), the transformation
g+ Lg Ry, g = g1882, from SL(2, R) onto SL(2, R), is an isometry and can be
identified with an isometric transformation from N onto N. That is, using (B.25),
the expression

4w Y+ (x4+w y+z
(Z/_y/ - w =81 -y x—w 82 (B.28)

gives an isometric transformation from N onto N, for any pair of elements g1, g» €
SL(2,R), and it turns out that any transformation belonging to SO(2, 2) can be
represented in this manner with g; and g, determined up to a common sign.

Harmonic Maps The harmonic mapping equations constitute a generalization
of the geodesic equations (5.7). In their general form, given two Riemannian
manifolds, N and M, of dimensions n and m, respectively, a differentiable map
¢ : N = M is harmonic if

1 d 8(¢*xk) 8(¢*x]) 8(¢*x’)
- / (Y,B * k O{ﬂ _
V1A By“( e s )+ (6" i) h T

where (h*f) is the inverse of the matrix (hop), formed by the components of
the metric tensor of N with respect to a local coordinate system (y!,...,y"),
h = det(hgp), (xl, ...,x™) is a coordinate system on M and the F}‘i are the
Christoffel symbols corresponding to the metric tensor of M in the coordinate sys-
tem x' [see, e.g., Hélein (2002)]. When N =R, with y1 =t and h1] = 1, equations
(B.29) reduce to the equations of the geodesics (5.7). When M = R, with its usual
metric, equations (B.29) reduce to the Laplace equation, V2¢ =0 [see (6.113)].

An interesting fact is that in the case of a harmonic map ¢ : N — G, where G is
a Lie group that admits a bi-invariant metric, equations (B.29) amount to

1 9 « d
T [ 6 (555) | =0 (530

k

where the o* are left-invariant 1-forms on G. In effect, the 1-forms w* can be ex-
pressed locally in the form
of = Mk dx',| (B.31)
with each M € C*°(G). Then
9 k
g = M Xy, (B.32)

ox

where the X are the left-invariant fields that form the dual basis to {w*}. Using the
properties of a connection [see (5.1)], from Exercise B.5 it follows that the Christof-
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fel symbols for the bi-invariant metric of G with respect to the coordinate system x’
are given by

9
kg = Mivx, (M7X;)
= M;X, (M;)X, + MM’ Vx X,
. 1 .
aka X, +2MkM Xy, X, ].

Since the Christoffel symbols F;k are symmetric in the indices j, k, while
M ,§ M J’ [X;, X,-] is antisymmetric in these indices, using (B.32), it follows that

ri=m— O mr

Fo M. (B.33)

where (1\7 ;'.) is the inverse of the matrix (M;.), and the parentheses denote sym-

metrization on the enclosed indices [e.g., ) = %(t,- i+l
Thus, from (B.31), (1.23), and (1.24) we have

e (&)

dy dyP
_ et (g gt) L 2O o 9O 9@ (OM]
B 9y 9y ayp dye ox/ )

Using the fact that (h*P) is symmetric, from (B.33) we then have

5 ()

9 AR 0@ x) (@)
_ * 1 rk af v ap
_(‘PMS)[}’ By ayp T ayE gy P ]

which shows the equivalence of (B.29) and (B.30) in the case where M is a Lie
group with a bi-invariant metric.

As pointed out previously, when N = R with the usual metric, the equations
for a harmonic map reduce to the geodesic equations. Hence, the equations for a
geodesic, C, of a group G with a bi-invariant metric, can be expressed as

tfen()-

[see (B.30)]; therefore (C*a)k)(a/at) = gk, where each a* is a real constant. That
is, w¥ (C) = a*, which amounts to C/= a*X; (C(r)). Thus, in this case, a geodesic
is an integral curve of some left-invariant vector field (cf. Exercise B.5).
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Taking into account that, when G is some subgroup of GL(p, R), a basis for the
left-invariant 1-forms can be found from the relation g~ 'dg = A w® [see (7.46)],
where the A, are constant matrices that form a basis for a representation of the Lie
algebra of G, it follows that equations (B.30) amount to the matrix equation

19 w198\ _
—|h| ay_a (\/m}l 8 W = 0, (B34)

where it is understood that g is an arbitrary element of G, parameterized in terms of
the y* through themap ¢ : N — G.

Each Killing vector field of a Riemannian manifold, M, gives rise to a con-
served quantity, constant of motion, or first integral of the geodesic equations (The-
orem 6.28). This result can be extended to the equations for the harmonic maps:
with each Killing vector field of a Riemannian manifold M and each harmonic map
¢ : N — M one obtains a vector field on N whose divergence is equal to zero. (Such
vector fields are called conserved currents.)

This assertion can be proved using (B.29), (1.23), and (1.24), denoting by K ! the
components of a Killing vector field with respect to the coordinate system x’ and by
gij the components of the metric tensor of M,

1 9 A (p*xb)
/ oaff k(. i
May“[ A9 k) =555 ]

Lap 3(@*x7) 9(9"x")

7¢*(g,-k1<") — ¢*(sikK")(¢*I%)

ayP 9y« ay¥ ayp
_ ot a<¢*;ck> D(¢"x*) ¢*[a<gik1<f> g Kj]
ay ay¥ ax*
=0, (B.35)

where the last equality follows from (6.14) and (6.55), and the fact that the factor
h*P[3(p*x*)/9yP1[3(p*x%)/0y*] is symmetric in the indices k, s. The left-hand
side of this equality is the divergence of the vector field

A(p*xk)
ayﬁ ay¥

J=n"?¢*(giK')

[cf. (6.108)].

As pointed out at the beginning of this appendix, the left-invariant and the right-
invariant vector fields are Killing vector fields for a Lie group with a bi-invariant
metric; therefore, the relation (B.35) holds if the K I are the components with respect
to the coordinate system x’ of a left-invariant or right-invariant vector field, when M
is a Lie group with a bi-invariant metric. In fact, the m relations (B.30), applicable
in the case where M is a Lie group with a bi-invariant metric, are particular cases of
(B.35).
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Exercise B.9 Show that for each value of the index p, the functions K’ = g"/ M ]’.7

are components of a Killing vector field with respect to the coordinate system x’,
where the M ; are the functions defined in (B.31). (In fact, they are components of a
left-invariant vector field.) Show that the relations (B.30) follow from (B.35), using
these m Killing vector fields.
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