
PH4105/5105 problem set 3

Q 1) Find the integral curves starting at (x0, y0) and the one-parameter

group of transformations generated by the vector field

X =
1

x2 + y2

(
x
∂

∂x
− y ∂

∂y

)

Q 2) In this problem, X, Y ,Y i ∈ X (M). For a rank k cotensor field t, we

know that

£Xt (Y 1, . . . ,Y k) = X (t (Y 1, . . . ,Y k))−
k∑

i=1

t (Y 1, . . . , [X,Y i] , . . . ,Y k)

Using this, show that

[£X ,£Y ] t = £[X,Y ]t

Q 3) Remember that the exterior derivative of a k-form ω is defined by

(k + 1) dω (X1, . . . ,Xk+1) =
k+1∑
i=1

(−1)i+1X i

(
ω
(
X1, . . . , X̂ i, . . .Xk+1

))
+

∑
1≤i<j≤k+1

ω
(

[X i,Xj]X1, . . . , X̂ i, . . . , X̂j, . . .Xk+1

)

From this definition, show that dω is multilinear and completely antisym-

metric.

Q 4) If α ∈ Λ1 (M) and ω ∈ Λk (M) prove that for Xi ∈ X (M)

α ∧ ω (X1, . . . , Xk+1) =
1

k + 1

k+1∑
i=1

(−1)i+1 α (Xi)ω
(
X1, . . . , X̂i, . . . , Xk+1

)
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Q 5) Prove that for f ∈ C∞ (M) and ω ∈ Λk (M)

d (fω) = df ∧ ω + fdω

Q 6) For X ∈ X (M) , ω ∈ Λk (M) , show that

£Xω = Xydω + d (Xyω)

Q 7) Verify, by explicit calculation starting from the definition of the exterior

derivative that

d2ω = 0

where ω ∈ Λ2 (M).
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