
Geodesic Equation by Euler Lagrange’s Equations

1 Introduction

In our whole discussion below, we assume (M , g) is a Riemannian manifold and all the maps are smooth
(C∞). Let γ : [a, b]→M be a smooth curve. Recall that the energy functional

E(γ) :=
1

2

∫ b

a

∥∥∥∥dγdt (t)

∥∥∥∥2

γ(t)

dt. (1)

This functional measures the total kinetic energy of a particle traveling along γ with the speed dictated by γ.
In this article, we will try to �nd the critical point of the above functional andwill show that the curve which
is a critical point is a geodesic. Recall that if we try to �nd the stationary point of a function f : R→ R, we

usually �nd x0 such that
df

dx

∣∣∣∣
x0

= 0. In order to �nd stationary function of a functional I(f) (function

of functions) we usually solve a speci�c system of di�erential equation, Euler-Lagrange Equations. This
problem is solved using the technique called Calculus of Variations. In the next section we will derive the
Euler Lagrange equations.

2 Euler-Lagrange Equations

The calculus of variations is concerned with the maxima or minima of functionals (mappings from a set of
functions to the real numbers). Calculus of variations seeks to �nd y = f(x) such that the integral

I(f) =

∫ x2

x1

F (x, y, y′) dx (2)

is stationary. Functions that maximize or minimize functionals may be found using the Euler–Lagrange
equation of the calculus of variations which we are going to derive. We will assume all the functions are
smooth (although onlyC2 is enough).

Derivation of E-L Equation. Lety(x)makes I stationary and satis�es the conditionsy(x1) = y1 andy(x2) =
y2.

• Introduce a function η(x) such that η(x1) = η(x2) = 0

• De�ne
ȳ(x) = y(x) + εη(x).

Note that ȳ represent family of curves after �xing η(x).
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Figure 1: ȳ(x) = y(x) = εη(x)

Now we can restate the problem �nd the particular ȳ(x) which makes I =

∫ x2

x1

F (x, ȳ, ȳ′) dx stationary.

Note that I is a function of ε so to make I stationary, set

dI

dε

∣∣∣∣
ε=0

= 0

=⇒ d

dε

∣∣∣∣
ε=0

(∫ x2

x1

F (x, ȳ, ȳ′) dx

)
= 0

=⇒
∫ x2

x1

∂F (x, ȳ, ȳ′)

∂ε

∣∣∣∣
ε=0

dx = 0

=⇒
∫ x2

x1

[
∂F

∂ȳ

∂ȳ

∂ε
+
∂F

∂ȳ′
∂ȳ′

∂ε

]∣∣∣∣
ε=0

dx = 0

=⇒
∫ x2

x1

[
∂F

∂ȳ
η +

∂F

∂ȳ′
η′
]∣∣∣∣
ε=0

dx = 0
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=⇒
∫ x2

x1

[
∂F

∂ȳ
η +

d

dx

(
∂F

∂ȳ′

)]∣∣∣∣
ε=0

Integration by parts on the second term∫ x2

x1

∂F

∂ȳ′
η′ dx =

�
��

�
��*

0
∂F

∂ȳ′
η

∣∣∣∣x2
x1

−
∫ x2

x1

d

dx

(
∂F

∂ȳ′

)
η dx

=⇒
∫ x2

x1

(
∂F

∂ȳ
− d

dx

(
∂F

∂ȳ′

))
η

∣∣∣∣
ε=0

dx = 0

=⇒
∫ x2

x1

(
∂F

∂y
− d

dx

(
∂F

∂y′

))
η dx = 0

The above expression is true for all η satisfying η(x1) = 0 = η(x2) and hence

∂F

∂y
− d

dx

(
∂F

∂y′

)
= 0

Remark. Like in the case for a function f : R → R, the zeros of the �rst derivative of f are critical points,
they might not be extrema, similarly the Euler-Lagrange equation is a necessary condition for a minima or
maxima. It does not tell anything about the nature of the critical function.
More generally, the Euler-Lagrange equations of a functional

I(x) =

∫ b

a
f(t, x(t), ẋ(t)) dt

are given by
d

dt

∂f

∂ẋi
− ∂f

∂xi
= 0, i = 1, 2, · · · , n

3 Geodesic Equation

Nowwehave a tool to �nd out the critical values of functionals. Sowewill apply this to the energy functional
(1) to get the critical points.

If in the local coordinates, the curve γ(t) is (x1(γ(t)), · · · , xn(γ(t))) and we use the abbreviation

ẋi(t) =
d

dt
(xi(γ(t))).

Then,

E(γ) =
1

2

∫ b

a

∑
i,j

gij(x(γ(t)))ẋi(t)ẋj(t) dt (3)

Theorem. The Euler-Lagrange equations for the energyE are

ẍi +
∑
j,k

Γijkẋ
i(t)ẋj(t)ẋk(t) = 0, i = 1, · · · , n (4)

with
Γijk =

1

2

∑
l

gil (gjl,k + gkl,j − gjk,l) , (5)
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where (
gij
)
i,j=1,··· ,n = (gij)

−1

(
i.e.
∑
l

gilglj = δij

)
(6)

and
gjl,k =

∂gjl
∂xk

. (7)

The expression Γjki are called Christo�el symbols.

Proof. Applying the Euler-Lagrange equations to the energy functional,

d

dt

 ∂

∂ẋi

∑
j,k

g)jk(x(γ(t)))ẋj(t)ẋk(t)

− ∂

∂xi

∑
j,k

gjk(x(γ(t)))ẋj(t)ẋk(t)

 = 0, i = 1, · · · , n

=⇒ d

dt

∑
k

gikẋ
k +

∑
j

gjiẋ
j

−∑
j,k

gjk,iẋ
j ẋk = 0, i = 1, · · · , n

=⇒
∑
k,l

gik,lẋ
lẋk +

∑
k

gikẍ
k +

∑
j,l

gji,lẋ
lẋj +

∑
j

gjiẍ
j −

∑
j,k

gjk,iẋ
iẋk = 0 i = 1, · · · , n

=⇒

∑
j

gij ẍ
j +

∑
j

gjiẍ
j

+

∑
k,l

gik,lẋ
lẋk +

∑
j,l

gji,lẋ
lẋj −

∑
k,j

gjk,iẋ
j ẋk

 = 0, i = 1, · · · , n

=⇒ 2
∑
j

gij ẍ
j +

∑
j,k

(gij,k + gki,j − gjk,i)

 ẋj ẋk = 0, i = 1, · · · , n

=⇒
∑
j

gij ẍ
j +

1

2

∑
j,k

(gij,k + gki,j − gjk,i)

 ẋj ẋk = 0, i = 1, · · · , n

=⇒
∑
i,j

gligij ẍ
j +


∑
j,k

(
1

2

∑
i

gli(gij,k + gki,j − gjk,i)

)
︸ ︷︷ ︸

Γl
jk

 ẋj ẋk = 0

=⇒
∑
j

δlj ẍ
j + Γljkẋ

j ẋk = 0, l = 1, 2, · · · , n

=⇒ ẍl + Γljkẋ
j ẋk = 0, l = 1, 2, · · · , n.

ẍl + Γljkẋ
j ẋk = 0, l = 1, 2, · · · , n

Thus, we obtain (4).

We de�ne a geodesic as a smooth curve γ : [a, b]→M satisfying (4).
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