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Introduction

What is it and why is it important

LCS =
κ

2
εµνρAµ∂νAρ (1)

Chern Simons arises in context of planar physics-a new type of gauge
theory.

Deceptively trivial but novel features pop out when coupled to
dynamical matter field and Maxwell term.

Self Duality

Important application in Quantum Hall effect.

Boundary Phenomenon in 3+1 Dimensions.
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How such term arises Boundary Phenomenon

Boundary Phenomenon

S =

∫
d4xεαβγδ∂αAβ∂γAδ (2)

For a finite sample, we write

S =

∫
d4xχbε

αβγδ∂αAβ∂γAδ (3)

S =

∫
d4xχb∂α

(
εαβγδAβ∂γAδ

)
(4)
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How such term arises Boundary Phenomenon

Boundary Phenomenon Contd...

Now

χb∂α

(
εαβγδAβ∂γAδ

)
−∂α

(
χbε

αβγδAβ∂γAδ

)
= − (∂αχb)

(
εαβγδAβ∂γAδ

)
(5)

Lets assume the boundary is X-Y plane

∂αχb = δ(z) (6)

So we have
− (∂αχb)

(
εαβγδAβ∂γAδ

)
= εβγδAβ∂γAδ (7)
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How such term arises SSB generating CS term

SSB generating CS term

In 2+1 D we have genralised definition of covariant derivative

Dµ = (∂µ − ıeAµ − ıgεµνρAρ) (8)

Consider the Abelian Higgs Model

L = −1

4
FµνF

µν +
1

2
(Dµφ)∗ (Dµφ)− α

(
|φ|2 − a2

)2
(9)

Non zero VEV of scalar field can generate CS term 2egv2εµνρA
µ∂νAρ.
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Pure Chern-Simons

Chern-Simons Lagrangian

LCS =
κ

2
εµνρAµ∂νAρ (10)

It is possible to write down such lagrangian only in odd dimensions!

Lorentz invariant, Gauge Invariant, local, and topological.

Under gauge transformation it picks up a boundary term.

δLCS =
κ

2
∂µ (λεµνρ∂νAρ) (11)

Deceptively Trivial Equation Of Motion:

Fµν = 0 (12)
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Coupling to Matter field

Classical Euler Lagrange equation

κ

2
εµνρF νρ = Jµ (13)

Note Bianchi identity goes as

εµνρ∂µF
νρ = 0 (14)

⇒ ∂µJ
µ = 0 (15)

Bianchi Identity is compatible with current conservation.
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Coupling to Matter field Anyonic Behaviour

Coupling to Matter Field

Euler Lagrange equation can be recast in the following form

ρ = κB (16)

J i = κεijEj (17)

First one is Gauss law-a constraint enforced by the lagrange multiplier
A0.

The second one says current is perpendicular to electric field.

It ties a magnetic flux to the charge.
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Coupling to Matter field Anyonic Behaviour

Anyons

For two particles, configuration space

R2 ×
(
R2 − {0, 0}

)
Z2

(18)

π1

(
(R2−{0,0})

Z2

)
= Z

Anyonic behaviour-Aharanov Bohm effect with phase.

exp
(
ıe
∮
C
~A · ~ds

)
= exp

(
ıe2

κ

)
Anyonic exchange phase e2

2κ
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Coupling to Matter field Anyonic Behaviour

Solving the Constraint Equation

From κB = κεij∂iAj = ρ we get

~A = −1

κ

∫
d2x ′~G (~x − ~x ′)ρ(~x ′) (19)

where εij∂iGj = −δ2(~x)

Now use
εij∂iεαj∂

α = ∇2 (20)

Hence

Gj = − 1

2π
εαj∂

αln(r) (21)
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Coupling to Maxwell term

Topological Mass

LMCS = − 1

4e2
FµνFµν +

κ

2
εµνρAµ∂νAρ (22)

Corresponding EOM is

∂αF
αβ +

κe2

2
εβµαFµα = 0 (23)

Define dual field F ∗µ = 1
2εµνρF

νρ

(
εαβρ∂α + κe2gβρ

)
F ∗ρ = 0 (24)
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Coupling to Maxwell term Topologically Massive Theory

Topological Mass

(
εαβρ∂α + κe2gβρ

)
F ∗ρ = 0 (25)

Now use ενµβε
αβρ∂α∂

µF ∗ρ = ∂µ∂µF
∗ν to yield(

∂µ∂µ +
(
κe2
))

F ∗ν = 0 (26)

So mass of the excitation is κe2.Note the dimension in 2+1.

The theory remains gauge invariant.
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Coupling to Maxwell term Topologically Massive Theory

Propagator

Take gauge fixing term − 1
2ξe2 (∂µA

µ)2

Gαρ =
p2gαρ − pαpρ − ıκe2εαργp

γ

p2
(
p2 − (κe2)2

) +
ξpαpρ
p4

(27)

The physical mass can be identified at nonzero poles at κe.

The unphysical massless mode decouples with proper gauge choice i.e
ξ → 0.
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Coupling with Proca Equation

Coupling with proca

LTM = −1

4
FµνFµν +

1

2
m2AµAµ +

1

2
µεµνρAµ∂νAρ (28)

∂µF
µν + m2Aν +

1

2
µεναβFαβ = 0 (29)(

∂µ∂
µ + m2

)
Aν + µF ∗ν = 0 (30)(

εαβρ∂α + µgβρ
)
F ∗ρ + m2Aβ = 0 (31)(

∂µ∂
µ + m2 + µ2

)
F ∗ν + µm2Aν = 0 (32)
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Coupling with Proca Equation

Proca contd..

(
∂µ∂

µ + m2
)
Aν + µF ∗ν = 0 (33)(

∂µ∂
µ + m2 + µ2

) (
∂µ∂

µ + m2
)

+ µ
(
∂µ∂

µ + m2 + µ2
)
F ∗ν = 0 (34)

(
∂µ∂

µ + m2 + µ2
)
F ∗ν + µm2Aν = 0 (35)

(
∂µ∂

µ + m2
+

) (
∂µ∂

µ + m2
−
)
Aν = 0 (36)

where

m2
± =

[(
m2 +

µ2

4

) 1
4

± µ

2

]2

(37)

The gauge field Aµ has got two distinct masses m±.
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Coupling with Proca Equation Polarisation

Polarisation-Degree of Freedom

∂µF
µν + m2Aν + µεναβ∂αAβ = 0

(38)

∂νA
ν = 0 (39)

kνe
ν = 0 (40)

(
∂µ∂

µ + m2
)
Aν + µF ∗ν = 0 (41)

eν± =
ıµεναβkαeβ±(
m2
± −m2

) (42)

Gauge field Aµ has one independent polarization each on k2 = m2
±.
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Coupling with Proca Equation Polarisation

Propagator

Gµν =
igµν

(
p2 −m2

)
+ µεµναk

α(
p2 −m2

+

) (
p2 −m2

−
)

+
ıpµν

[
µ2 − (ξ − 1)

(
p2 −m2

)]
(p2 − ξm2)

(
p2 −m2

+

) (
p2 −m2

−
) (43)

The physical poles at m± are identified with two physical massive
mode of excitation.

The unphysical pole at ξm is gauge dependent and can be made zero
with ξ → 0.
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Self Duality

Self Duality of Proca

(
∂µ∂

µ + m2
)
Aσ = 0 (44)

The self dual factorisation would be(
δµσ ∓

1

m
ελµσ ∂λ

)(
δρµ ±

1

m
ενρµ ∂ν

)
Aρ = 0 (45)

Clearly the equation is satisfied by

Aµ = ± 1

m
εµνρ∂

νAρ (46)

Lorentz condition is automatically satisfied.

Propagates one mode only.
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Self Duality

Self Duality of Proca coupled with CS

Corresponding to each mass there is a self dual field.

Aµ = ± 1

m±
εµνρ∂

νAρ (47)

Now

∂µF
µν + m2Aν +

1

2
µεναβFαβ = 0 (48)

can be factored into[
δµσ ∓

1

m±
ελµσ ∂µ

] [
δρµ ±

1

m∓
ενρµ ∂ν

]
Aρ = 0 (49)
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Thank You
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