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The formal quantum mechanics is built upon the following two
basic equations in general:

X |ψ〉 = x |ψ〉 (1)

P |ψ〉 = −ı h̄
d

dx
|ψ〉 (2)

Now the question is can we select these operators in any other
fashion so that the physics will remain invariant??
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Lets make a change

We claim the following will do the job:

X |ψ〉 = x |ψ〉 (3)

P |ψ〉 = −ı h̄(
d

dx
+ f (x))|ψ〉 (4)
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CHANGE OF BASIS

Let |x̃〉 = exp( ıg(X )
h̄ )|x〉 = exp( ıg(x)

h̄ )|x〉 where f (x) is derivative of
g(x)

As the change is unitary it will not affect the inner product.

All the physics is contained in inner product.
So physics will remain invariant under this change of basis.
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CALCULATING THE MATRIX ELEMENT

We will now show under this change of basis our operators will
take the desired form.

〈x̃ ′|X |x̃〉 = exp(
ı
h̄
(g(x ′)− g(x)))〈x ′|X |x〉 (5)

=⇒ 〈x̃ ′|X |x̃〉 = δ(x − x ′) (6)

Now we will do the tedious calcultion for momentum matrix
element.

Note
〈x1|P |x2〉 = −ı h̄δ(x1 − x2) d

dx2

〈x̃ |x1〉 = exp( ıg(x)
h̄ )δ(x − x1)
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INTEGRATE MY FRIENDS!!

∫
〈x̃ |P |x̃ ′〉〈x̃ ′|ψ〉dx̃ ′ =

∫∫∫
〈x̃ |x1〉〈x1|P |x2〉〈x2|x̃ ′〉〈x̃ ′|ψ〉dx1dx2dx̃ ′

=
∫∫∫

exp− ıg(x)
h̄ δ(x − x1)(−ı h̄)δ(x1 − x2) d

dx2
exp

ıg (x ′)
h̄ δ(x2 − x ′)ψ(x̃ ′)dx1dx2dx̃ ′

Lets do integration over x2 first:

=
∫∫

exp− ıg(x)
h̄

δ(x − x1)(−ı h̄)δ(x1 − x ′)
d

dx ′
exp

ıg(x ′)
h̄

ψ(x̃ ′)dx1dx̃ ′

Lets do integration over x1 then-

=
∫

exp− ıg(x)
h̄

(−ı h̄)δ(x − x ′) exp
ıg(x ′)

h̄
[

ı
h̄
f (x) +

d

dx ′
]ψ(x̃ ′)dx̃ ′
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CONTINUE

=
∫

[−ı h̄
d

dx
+ f (x)]δ(x − x ′)ψ(x̃ ′)dx̃ ′

So 〈x̃ |P |x̃ ′〉 = [−ı h̄ d
dx + f (x)]δ(x − x ′)

We have an unitary basis change that indeed permits an
alternative operator selection!!!!
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WHATS SO FUNDAMENTAL IN SUCH CHANGE??

Lets look at the commutator of X and P in its new form.

[X , P ] = ı h̄ Its the same relation what we would have got
without any change.

So we can conclude we can select operator anyway unless we
violate the fundamental commutation relation. Coz Nature is
depicted through this relation.
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